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Abstract

The gravothermal collapse of self-interacting dark matter (SIDM) halos can pro-

duce intermediate-mass black holes and alleviate some of the tension around the

formation of supermassive black holes observable today. The goal of this work is

to find a general calibration for the gravothermal fluid model, which can correctly

simulate the core collapse of different SIDM halos. This method would enable the

description of the evolution for the halo without the need for an expensive N-body

simulation. For calibrating the gravothermal fluid code, three halos are simulated

for different values of the calibration constant as well as the scaling of the heat

conductivity. This is then compared to an N-body simulation and another method

called KiSS-SIDM. The results of this comparison indicate that using these two

parameters, the simulation results of KiSS-SIDM can be somewhat matched in

accuracy, but with both of these methods still having some problems at describing

parts of the evolution of these halos.

Zusammenfassung

Der gravothermale Kollaps von Halos aus selbst-wechselwirkender dunkler Materie

(SIDM) kann schwarze Löcher von mittlerer Masse erzeugen und somit möglicherweise

Probleme in der Entstehungsgeschichte von supermassiven schwarzen Löchern

lösen. Diese Arbeit dient dem Kalibrieren des Gravothermal Fluid Models zum

Simulieren des Kernkollapses von verschiedenen selbst-wechselwirkenden dunkle

Materie Halos. Durch diese Methode ist es möglich, die Evolution des Halos zu

beschreiben, wofür sonst teure N-body Simulationen gebraucht werden. Für die

Kalibrierung des Gravothermal Fluid Models werden drei Halos für unterschiedli-

che Kalibrierungskonstanten sowie Skalierungen bei der Wärmeleitung simuliert.

Die Ergebnisse deuten darauf hin, dass unter Verwendung dieser beiden Parame-

ter die Genauigkeit einigermaßen mit den der KiSS-SIDM Simulationsergebnisse

übereinstimmen, aber beide Methoden noch Probleme bei der Beschreibung von

Teilen der Evolution dieser Halos haben.
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1. Introduction

The goal of cosmology is to model the evolution of the universe. This entails the need

for accurate predictions of the very beginning, starting with quantum fluctuations, the

so-called ‘Seeds of Structure’, up to the present, where these seeds developed into all

structures observable today [1]. Currently, the ΛCDM cosmological model is one of the

best at describing the whole evolution of our universe and is in good agreement with a

wide range of observations, including large-scale structures, the anisotropy of the cosmic

microwave background (CMB) and the light element abundance [2]. However, it also has

some problems, where the model’s predictions do not match our current measurements.

Some difficulties of the theory matching observations, like the core-cusp problem [3]

or the missing satellite problem [4], led to the proposal of self-interactions between

dark matter particles (SIDM) [5]. The gravothermal core collapse of SIDM halos could

also help to explain the occurrence of high redshift supermassive black holes [6] and

modeling the collapse of these halos could prove to be helpful at finding limits for the

interaction cross-section of SIDM. Today this is mostly done via N-body simulations,

which are computational expensive. Thus finding other methods, which are faster and

less expensive but can accurately simulate the halos evolution and core collapse, is an

open field of research and scientific debate.

The aim of this work is to compare the gravothermal fluid approach for simulating SIDM

halos to an N-body simulation and a method called KiSS-SIDM. It starts with a short

overview on why SIDM is interesting to consider (Section 2), explains and derives the

gravothermal fluid method and gives a short overview on how the N-body simulation

and KiSS-SIDM work (Section 3). The initial conditions for the three halos are detailed

in Section 4, followed by the results of the simulations (Section 5) and the conclusion

from the comparison of the three different methods (Section 6).
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2. Theory

2.1. Cosmology

Only six parameters are needed to characterize the ΛCDM model, with the latest values

coming from the final Planck measurements [7]. These parameters are

• Baryon density: ωb = 0.022 33(15)

• Cold dark matter density: ωc = 0.1198(12)

• Approximation of the sound horizon at recombination (ΘMC): 100ΘMC = 1.040 89(31)

• Reionization optical depth: τ = 0.0540(140)

• Amplitude of curvature perturbations (As): ln(10
10As) = 3.043(14)

• Primordial spectral index: ns = 0.9652(42)

Although ΛCDM is successful at explaining many important things concerning the struc-

ture and evolution of our universe [2], like the temperature fluctuations of the cosmic

microwave background seen in Figure 1, there are three important aspects of it which

involve physics outside the standard model of particle physics. Two of these are incor-

porated into the name ΛCDM. The first one being dark-energy, represented by the Λ for

Einstein’s cosmological constant, while CDM is the abbreviation for cold dark matter.

The third one is inflation [2].

The following passages will give a short overview on why these additions to the Big Bang

model are needed to account for phenomena observed in the present universe.

2.1.1. Inflation

One of the shortcomings of the Big Bang model is encapsulated in the Horizon Problem.

It concerns the isotropy of the Cosmic Microwave Background (CMB) observed today

which is in contradiction with the fact that the CMB should, according to the Big

Bang model, consist of roughly 105 causally disconnected regions [8]. This would have

made the development of a thermal equilibrium and therefor our observations of an

almost uniform CMB temperature impossible. This problem can be resolved through

the introduction of inflation by postulating that this thermal equilibrium is a remnant

of a once fully causally connected universe, before it entered into a phase of exponential

expansion [8].
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Figure 1: In the upper panel the multipole moment l, which corresponds to the angular

scale, is plotted against the temperature fluctuations of the cosmic microwave

background and fits (blue line) the prediction from the ΛCDM model to it.

The lower panel shows the deviations of the measurements from the model

(residuals). This figure is reprinted from Figure 1 of Ref. [7]
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2.1.2. Dark Energy

An accelerated expansion was introduced to explain the age of the universe implied by

some globular clusters [9], as well as the observations of high-redshift supernovae [10]

with an observed distance greater than what was expected for a matter-only Universe.

For this, the cosmological constant Λ was reinstated in the ΛCDM model representing

dark energy with an equation of state w = −1.

2.1.3. Dark Matter

With his discovery in 1933, that the visible matter in galaxy clusters is not sufficient to

hold them together, Fritz Zwicky proposed the existence of cold dark matter (CDM) [11].

The first theory for this cold and only gravitationally interacting non-baryonic matter

was proposed in 1982 by James Peebles [12] and later refined by Blumenthal et al. [13].

Today, the discrepancy between the matter density ωm ≈ 0.14 and the baryon density

ωb ≈ 0.02 [7], is strong evidence for the existence of CDM [2]. Its density is measured

at ωc ≈ 0.12 [7].

At the moment there is much research being conducted on CDM with many theories

concerning its nature and possible means of detection, be it direct or indirect, as well

as its production using accelerators. But there are some problems with the description

of CDM in ΛCDM, of which two are the Core-Cusp problem and the Missing Satellites

problem.

2.1.4. Missing Satellites Problem

In 1993, Kauffman et al. found a discrepancy between the estimated number of DM sub-

halos and the observed number of satellite galaxies [14]. This problem got more pressing

as more accurate simulations found the same phenomenon [4][15], which can be seen in

Figure 2. Although in recent years there seems to be an increase in newly discovered

Milky Way satellites [16], there still remains a discrepancy between the predictions of

some models and observations [17]. But if this problem persists, accounting for starless

sub-halos [17] or reducing the number of satellites in simulations by properly including

baryons, which was already shown to work to some extent in Ref. [18], could help to

alleviate it.
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Figure 2: Here, the number of sub-halos is plotted against their circular velocity vc nor-

malized by the circular velocity Vglobal of the halo they inhabit. This is done for

the Milky Way and the Virgo cluster, where there are included measurements

for both represented by the dots, and the corresponding simulation results with

the dashed lines for galactic sized halos and the solid line for a cluster halo.

There is a difference of roughly a factor of 50 between the simulated number

of satellites larger than the dSph and the observed number. This figure is

reprinted from Figure 2 of Ref. [15]
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2.1.5. Core-Cusp Problem

In the 1980s, observations indicated that (gas-rich, late-type) dwarf and disk galaxies

have dark matter distributions with a cored central region of almost constant DM den-

sity [3]. With the emergence of numerical N-body simulations for CDM, Navarro et

al. described in Ref. [19] an ‘universal density profile’ for DM halos, which is known as

the Navarro-Frank-White profile

ρNFW(r) =
ρs

r
rs

(
1 + r

rs

)2 . (1)

Navarro et al. and others found that simulations of halos based on CDM result in a cusp

like (ρ ∝ r−1) central DM distribution. The difference between these two profiles can be

seen in Figure 3. With high-resolution velocity fields many of the possible observational

or physical systematic effects regarding the measurements had their potential impact

significantly reduced [3]. This let to the formulation of the core-cusp problem, which

tackles the discrepancy between the observations and simulations. Possible solutions are

baryonic effects or alterations to the DM model, like introducing interactions between

the DM particles, which will be shown in the next subsection.

Figure 3: The different density profiles for the central halo regions. The blue dotted

line represent the cuspy NFW profile, while the red solid line shows the cored

profile favored by observations and recreated using SIDM simulations. This

figure was reprinted from Figure 4 (right panel) of Ref. [20]
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(a) (b) (c)

Figure 4: Velocity and density profiles as well as the ratio between the minor and major

axis for a CDM and SIDM halo. This figure is reprinted from Figure 2 of

Ref. [20].

2.2. SIDM

By introducing the possibility for the DM particles to scatter elastically via 2-body in-

teractions, Spergel and Steinhardt [5] tried to solve the problems CDM has at describing

small scales. This change to the inner workings of DM has a great effect on the makeup

of DM-Halos. The isothermal velocity dispersion is almost constant for SIDM halos,

while decreasing near the center for CDM (see Figure 4a). This is because the self in-

teractions make heat transfer possible, heating up the central regions. It also creates

a cored density profile, in contrast to the cuspy profile of CDM, which can be seen in

Figure 4b, and leads to more spherical halos, seen in Figure 4c, where the ratio between

the minor to the major axis is closer to 1 for the SIDM case. While SIDM halos are

less concentrated and therefore at greater risk of tidal stripping or evaporation due to

ram pressure, which would lead to fewer satellites, these effects can be neglected, as the

upper bound for the cross-section per unit mass σm ≈ 1.00 cm2 g−1 [20] favored at the

moment [21], [22] is too low for them to be relevant. Most models today also take it to

be at least slightly velocity dependent [20].

2.3. Evolution of SIDM Halos

Assuming an initial NFW profile for an isolated SIDM halo with an interaction cross-

section per mass σm = 5.00 cm2 g−1, its evolution, as described in Ref. [23], is the

following:
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The early stages are characterized by a long mean free path (LMFP, the mean free path

is longer than the Jeans length) dominated heat transfer. Equalizing velocities in the

central regions, caused by the self-interactions of the dark matter particles lead to an

increasing core temperature, which results in an expanding core with constant density.

The now isothermal core has reached the point in its evolution, where the central density

is at its minimum. This is followed by the core collapse, with the central density greatly

increasing. This continues until the thermal conductivity for the short mean free path

(SMFP, the mean free path is shorter than the Jeans length) κSMFP is greater or equal

to the one for the LMFP κLMFP

κSMFP ≥ κLMFP , (2)

in the core, which indicates the start of the SMFP core collapse. Thus, the now optically

thick core’s density and temperature start increasing faster. The evolution of the halo

ends with reaching the relativistic instability and the formation of a black hole.

3. Simulation Methods

3.1. The Gravothermal Fluid Model

A computational less taxing method, compared to N-body simulations, to model SIDM

halos is the gravothermal fluid model, in which DM is a thermally conducting fluid in

quasistatic virial equilibrium and the halo is isotropic and spherical with a density ρ(r, t)

and mass profile M(r, t). The gravothermal evolution of such a halo can be described

via four equations [24]. The derivation follows Jason Pollack [25] and starts from the

equations of hydrostatic equilibrium, mass conservation and heat conduction.

3.1.1. Mass Conservation

According to the law of mass conservation, a spherically symmetric mass distribution

M at radius r is given by

M(r) =

∫ r

0

4πr′2ρ(r′) dr′, r ∈ [0,∞) , (3)

with the corresponding density profile ρ(r). For the purposes of the problem at hand, it is

helpful to write this expression in its differential form, which gives the first fundamental
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equation
∂M(r)

∂r
= 4πr2ρ . (4)

3.1.2. Hydrostatic Equilibrium

It starts from Poisson’s equation for gravity

∇2ϕ = 4πGρ , (5)

with the gravitational potential ϕ and the gravitational constant G. Since spherical

symmetry is assumed, the Laplace operator can be written as ∇2ϕ = 1
r2

∂
∂r

(
r2 ∂ϕ

∂r

)
, which,

together with Equation (4), simplifies to

∂ϕ

∂r
=

GM

r2
. (6)

Using the Euler momentum equation for a gravitational potential

∂v⃗

∂t
+ (v⃗∇)v⃗ = −∇p

ρ
−∇ϕ , (7)

and the fact that the flow velocity v⃗ = 0 in a hydrostatic equilibrium, gives the following

expression

ρ
∂ϕ

∂r
= −∂p

∂r
. (8)

Assuming a monoatomic ideal gas, its thermal energy per particle is given by the kinetic

energy

Ethermal =
1

2
m⟨v⃗2⟩ = 3

2
kBT , (9)

with the particle mass m, the three-dimensional velocity dispersion ⟨v⃗2⟩, the temper-

ature T and the Boltzmann constant kB. The corresponding one-dimensional velocity

dispersion follows from the relation

ν2 = ⟨v2i ⟩ =
1

3
⟨v⃗2⟩ = kBT

m
, i ∈ {x, y, z} . (10)

The equation of state for an ideal gas

p =
NkBT

V
=

ρ

m
kBT = ρν2 , (11)

together with Equations (6) and (8) gives the second fundamental equation for the

hydrostatic equilibrium
∂ρν2

∂r
= −GMρ

r2
. (12)
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3.1.3. Heat Transfer

The heat flux ϕq, with conduction as transfer method, is given by Fourier’s law

ϕq = −κ
∂T

∂r
, (13)

where κ is the thermal conductivity. The corresponding luminosity L(r) is the heat

transferred through a sphere of radius r

L = 4πr2ϕq . (14)

The combination of these two equations results in the third fundamental equation

L

4πr2
= −κ

∂T

∂r
. (15)

Since the second law of thermodynamics states, that a transfer in heat results in a change

of entropy

TdS = dQ , (16)

an additional equation to describe the system is needed. Starting from Equation (16)

and writing it in terms of the specific entropy s

T

(
∂s

∂t

)
M

=
1

ρV

(
dQ

dt

)
M

= −1

ρ
∇⃗ϕ⃗q , (17)

and using the expression for the luminosity from Equation (14) gives

T

(
∂s

∂t

)
M

= − 1

4πρr2
∂L

∂r
. (18)

Rewriting the first law of thermodynamics to be in terms of the specific entropy s and

specific internal energy u yields

dU = TdS − pdV → du = Tds+
p

ρ2
dρ . (19)

From this an expression for ds can be obtained

ds =
1

T

(
du− p

ρ2
dρ

)
. (20)

Using Equations (10) and (11) as well as that for an ideal gas u = 3kBT
2m

, gives

ds =
kB
m

[
3

2

dT

T
− dρ

ρ

]
. (21)

-10-



Integrating this gives an explicit expression for the specific entropy

s =
kB
m

ln

(
T 3/2

ρ

)
+ const. , (22)

which combined with Equations (10) and (18), simplifies to the fourth fundamental

equation
∂L

∂r
= −4πρr2ν2

(
∂

∂t

)
M

ln

(
ν3

ρ

)
. (23)

3.1.4. SIDM Gravothermal Fluid

The four derived Equations (4, 12, 15, 23) describe any monoatomic, nonviscous self-

gravitating fluid. To distinguish SIDM from other gravothermal fluids like globular

clusters, the thermal conductivity needs to be expressed using the cross-section σ [25].

The heat flux ϕq(r) is the combination of particles moving through a surface at r and

their respective thermal energies 3
2
kBT± with temperatures T+ right above the surface

and T− just below the surface. These temperatures, assuming equipartition of energy

between particles and using Chapman-Enskog theory, are in first order approximation

T± = T (r)± bλ
∂T

∂r
, (24)

with b = 23
√
π/32 and the mean free path (MFP) λ. Combining equations (13) and (15)

and writing the net heat flux in terms of the outwards and inwards moving heat flux

gives the following equation

L

4πr2
= ϕq(r) =

1

2
[ϕq,− + ϕq,+] =

1

2

[
nλ

τ

3

2
kBT− − nλ

τ

3

2
kBT+

]
, (25)

where ±nλ
τ

are the particles fluxes going in and out of the surface.

Using Equation (10), this simplifies to

L

4πr2
= −3bρλ2

2τ

∂ν2

∂r
. (26)

For this fluid, two regimes are considered. In the short mean free path (SMFP) case,

where λ ≪ H with the Jeans length H =
√

ν2

4πGρ
and with τ = λ

ν
the luminosity is given

by
L

4πr2
= −3bρνλ

2

∂ν2

∂r
, (27)

In the long mean free path (LMFP) case, where λ ≫ H, the limits λ → H and τ → tr

are adopted, with the relaxation time tr. The luminosity for this case is defined by

L

4πr2
= −3bρH2

2tr

∂ν2

∂r
. (28)
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To interpolate between the two regimes, the following relation is adopted from Ref. [26]

κ−1 = κ−1
SMFP + κ−1

LMFP . (29)

Inserting this into the heat flux equation gives

L

4πr2
= −3bρν

2

[
1

λ
+

bνtr
CH2

]−1
∂ν2

∂r
, (30)

where C is a calibrating constant that controls the onset of the core collapse by modu-

lating the significance of the LMFP regime [23].

From the mean free path

λ =
1

ρσm

, (31)

follows the relaxation time

tr = (aρσmν)
−1 , (32)

with a =
√

16/π, a constant for hard sphere interactions.

This all results in a form of Equation (15) which describes SIDM halos

L

4πr2
= −3abσmν

2

[
aσ2

m +
4πGb

Cρν2

]−1
∂ν2

∂r
. (33)

3.1.5. Numerical Implementation

The four equations describing the gravothermal fluid model for SIDM are

∂M(r)

∂r
= 4πr2ρ , (34)

∂ρν2

∂r
= −GMρ

r2
, (35)

L

4πr2
= −3abσmν

2

[
aσ2

m +
4πGb

Cρν2

]−1
∂ν2

∂r
, (36)

∂L

∂r
= −4πρr2ν2

(
∂

∂t

)
M

ln

(
ν3

ρ

)
. (37)

This means there are 6 variables, of which four are dependent {M , ρ, ν, L} on the two

independent ones {r, t}.
Introducing dimensionless variables via x̃ = x/x0 with scales

M0 = 4πr3sρs, ν0 =

√
GM0

rs
, t0 = (4πρsG)−1/2, L0 =

GM2
0

rst0
, σ0 =

4πr2s
M0

, (38)
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where the rs and ρs are the scale radius and density of the halo in question, Equa-

tions (34)-(37) can be rewritten as

∂M̃

∂r̃
= r̃2ρ̃ , (39)

∂ (ρ̃ṽ2)

∂r̃
= −M̃ρ̃

r̃2
, (40)

L̃ = −3

2
br̃2ṽσ̃m

(
aσ̃2

m +
b

Cρ̃ṽ2

)−1
∂ṽ2

∂r̃
, (41)

∂L̃

∂r̃
= −r̃2ρ̃ṽ2

(
∂

∂t̃

)
M̃

ln

(
ṽ3

ρ̃

)
. (42)

Solving these equations starts by spatially discretizing the halo into N concentric spher-

ical shells of fixed mass, initially spaced logarithmically between rmin and rmax. This

leads to two different kinds of quantities, where the extensive ones like M̃i and Ṽi denote

the value contained within the radius r̃i while L̃i gives it at r̃i. The intensive variables

like ρ̃i, ṽi, ũi and p̃i give the value at the midpoint for the shell they belong to. The evo-

lution of this initial configuration is a loop of two steps. In the first, a heat conduction

step is taken by introducing a change to the specific energy δũ ≃ −
(

∂L̃
∂M̃

)
δt̃, which is

obtained by rewriting Equation (42) [23].

The constraint for the time step is set as δt̃ = ϵt min0≤i≤N(tr,i/t0), with the relaxation

time tr,i of the i-th shell and ϵt = 10−4. This has the effect of pushing the shells out of

hydrostatic equilibrium. To correct this, the adjusted values ρ̃′i = ρ̃i + dρ̃i, p̃
′
i = p̃i + dp̃i

and r̃′i = r̃i + dr̃i need to be calculated for all shells so that

2
p̃′i+1 − p̃′i
r̃′i+1 − r̃′i−1

= −M̃i

r̃′2i

ρ̃′i+1 + ρ̃′i
2

, (43)

is true [23], while preserving the adiabatic invariant Ai ∼ p̃iṼ
5/3
i for i = 1, . . . , N − 1 in

the relaxation process. Mass conservation imposes the condition

dρ̃i = −ρ̃i
dṼi

Ṽi

. (44)

Since dρ̃i and dp̃i can be calculated through dr̃ and r̃

dρ̃i = −3ρ̃i
r̃2i dr̃i − r̃2i−1dr̃i−1

r̃3i − r̃3i−1

, (45)

dp̃i = −5p̃i
r̃2i dr̃i − r̃2i−1dr̃i−1

r̃3i − r̃3i−1

, (46)
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this is a search for a fitting set of dr̃i. Setting r̃0 = 0, L̃0 = 0 and dr̃N = 0, this can be

solved by linearizing Equation (43), yielding a system of N − 1 tridiagonal equations of

the form

aidr̃i−1 + bidr̃i + cidr̃i+1 = di , (47)

with the constants ai, bi, ci and di [23]. The hydrostatic adjustment is taken for every

heat conduction step until changes to r̃i are so small, that ϵr > max0<i<N |dr̃i/r̃i| is
satisfied [23] for ϵr = 10−14.

3.2. Other Methods

For comparing the results of the gravothermal fluid simulations, two other methods will

be used. These are a simulation named Kinetic Spherically Symmetric SIDM (KiSS-

SIDM) developed by James Gurian and Simon May [27] as well as an N-body simulation

by Moritz Fischer [28].

3.2.1. KiSS-SIDM

This method samples the distribution function with a finite number of tracer particles.

These tracers are then used to simulate elastic collisions, with the condition that both

scattering tracer have to be in the same cell. The cells are part of a discretized grid

making up the halo, with the condition that the cells need to be smaller than the mean

free path (MFP). If this condition gets violated by changes to the MFP happening

during the evolution, the affected cells get split into two. This splitting also occurs

when a fraction of the cells Jeans length, chosen to be 1/20, becomes smaller than the

cell itself. A lower limit for cell splitting is set by requiring that each cell contains at

least 32 tracers for it to be able to split. There is also an upper limit for collisions in

each cell for one time step which is set by

Γi = Niρiσm,max,ivmax,i∆t . (48)

Whether particles collide, is determined through rejection sampling of Γi random particle

pairs, where the condition for a pair to collide is given by

σm(vrel)vrel
σm,max,ivmax,i

> q (49)

with an estimate of the cross-section per unit mass σm,max,i and a random number q

drawn from a uniform distribution on [0, 1). It simplifies the problem by assuming
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spherical symmetry and thus only tracking the radial position and v⃗ = (vr, vϕ, vθ). This

leaves the time integration, where each time step gets split

K(∆t/2)S(∆t/2)D(∆t)S(∆t/2)K(∆t/2) , (50)

with the gravitational kick K, the scattering S and the position update D.

In Ref. [27], Gurian et al. explain that this approach has some advantages when compared

to the neighbor search in N-body simulations. The possibility to store and update the

cell each particle is in, makes the search for neighbors obsolete, because only particles

in the same cell can collide. An upper limit for the distance between two scattering

particles is set as the length of the MFP. The last advantage comes from the fact that

the maximum number of collisions is proportional to the time step. This means that

with smaller time steps the number of collisions also shrinks, making it feasible to adopt

time steps much smaller than the scattering timescale, which in turn makes it possible

to have global time steps, increasing the energy accuracy [29]. This time step is defined

as

∆t = min(∆tcoll,∆tgrav) , (51)

with the collision time step

∆tcoll = min
i

(
λMFP,i

vmax,i

)
, (52)

where λMFP,i is the same as in Equation (31) but uses the density and the estimate of

the cross-section per unit mass of the i-th cell. The other one is the gravitational time

step

∆tgrav = ϵmin
i
(tfree fall,i) = ϵmin

i

(
1√
Gρ̃i

)
, (53)

where ϵ = 0.02 is chosen.

3.2.2. N-body

The N-body simulations for infrequent scattering, done by Moritz Fischer, use his Pen-

Gadget3 module to simulate SIDM [28].

The particles used in the numerical setup represent phase-space patches made up of

multiple physical particles. Scattering between two particles can occur when the ker-

nel functions of both overlap. This kernel function W (r, h) represents the DM density

distribution of a numerical particle in configuration space [28]. The one used in this
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code is a scaled version of the one by Monaghan and Lattanzio [30]. The probability

of a physical particle with velocity ν, mass mχ, travel time t and total cross-section σ

moving through a constant density ρ to scatter, is given by

Pscatter =
σ

mχ

ρνt . (54)

This means that the expected number of physical particle scattering events for a pair of

numerical particles with overlapping kernels and densities ρi and ρj is

⟨N⟩ =
∫

ρi
mχ

Pscatter dV . (55)

Inserting Equation (54) and the mass of the other particle gives the estimated mass per

phase-space that scatters

⟨M⟩ = σ

mχ

|∆v⃗ij|∆t

∫
ρiρj dV , (56)

where the relative velocity ∆v⃗ij = ν⃗i − ν⃗j and the time step ∆t are used.

Since the numerical particles used all have the same mass mi = mj, the probability for

a mass m to scatter is

Pij =
⟨M⟩
m

=
σ

mχ

m|∆v⃗ij|∆tΛij , (57)

with the kernel overlap

Λij =

∫
W (|x⃗− x⃗i|, hi)W (|x⃗− x⃗j|, hj) dx⃗ . (58)

To ensure that the code has a good resolution in high number density regions and

all particles in low number density regions have at least Nngb neighboring particles to

interact with, the kernel size is chosen adaptively.

So, particles scatter if, for a chosen time step, a random number drawn from a uniform

distribution on [0, 1) is smaller than Pij. The changes to their respective velocities are

defined by

ν⃗ ′
i = ν⃗cms +

|∆v⃗ij|
2

e⃗ , (59)

and for the second particle

ν⃗ ′
j = ν⃗cms −

|∆v⃗ij|
2

e⃗ , (60)

using the velocity for the center of mass ν⃗cms =
ν⃗i+ν⃗j

2
and a random normalized vector

e⃗. The time step is defined as

1

∆t
∼ |∆v| σ↑

mχ

ρ

Nngb

, (61)
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with the momentum transfer cross-section

σ↑ = 4π

∫ 1

0

(1− cos θcms)
dσ

dΩcms

d cos θcms. (62)

The adaptive time step, used in this method, is either defined as

∆t = min(∆ti,∆tj) , (63)

for an active-active particle pair, or as

∆t = ∆tactive , (64)

for an active-passive one.

4. Setup

The goal of this work is to compare different SIDM halo simulation types to get an

overview of their validity. This is motivated by the fact that the standard N-body

simulations are very expensive both in computational power and the run time. Thus

incentivizing the search for a cheaper alternative. The two non N-body methods used

in this work are a method by James Gurian and Simon May called KiSS-SIDM [27] as

well as the Gravothermal fluid Code developed in Refs. [31], [32], which I used to set

up the simulations. The N-body simulations, used as reference, were done by Moritz

Fischer using his SIDM module for Gadget3. To get an overview on how the methods

perform with different halo masses and time spent in the LMFP regime, three different

halos were considered. The parameters describing these are shown in Table 1. The

Table 1: Halo parameters used in the three simulations

Name Mhalo [M⊙] ρs [M⊙ pc−3] rs [kpc] σm [cm2 g−1]

Halo1 sig80 2.78× 109 4.42× 10−2 1.28 80.00

Halo1 sig30 2.78× 109 4.42× 10−2 1.28 30.00

Halo2 sig80 3.24× 107 6.83× 10−2 2.51× 10−1 80.00

initial conditions of all three simulation methods follow a NFW profile but can vary

slightly in the density and in the minimum radius rmin of the halo, which can be seen for

Halo1 sig80 in Figure 5. While the slightly higher density for KiSS-SIDM in the outer

regions is due to the small number of bins used for this plot.
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Figure 5: The initial density profile for Halo1 sig80 of all three simulation methods.

4.1. Gravothermal Fluid Initial Parameters

Before starting a simulation with the gravothermal fluid code a few parameters need to

be set:

1. rs [kpc]: scale radius

2. ρs [M⊙/pc
3]: scale density

3. C [ ]: calibration constant

4. σm [cm2/g]: interaction cross-section per unit mass

5. nshells [ ]: number of shells to simulate the halo

6. rmin [kpc]: minimum radius

7. rmax [kpc]: maximum radius

8. tend [ ]: simulation end time

and some more, which will be omitted as they are not relevant to this work. The values

used for simulating the three halos can be found in Appendix A.
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5. Results

In the following sections the simulation results for the three halos will be presented.

The code used for the analysis and plotting can be found at https://github.com/

zjuk/Thesis_analysis_code.git. The central mass evolution at different radii (left

panels) and the relative mass error compared to the N-body simulation (right panels,

more information about the error calculations in Appendix B) will be used to compare

the methods (Gravothermal fluid, KiSS-SIDM, N-body).

5.1. First Halo

The beginning of the central mass evolution depicted in Figures 6 and 7 shows the

LMFP dominated heat transfer in which the halo core forms. This is characterized by

the drop in the central mass. The fact that this drop is not present in Figure 8 but

rather an almost constant mass, makes it clear that the core never reached a radius

of 1.00 kpc. Comparing both KiSS-SIDM and the gravothermal fluid in Figure 7 to

the N-body simulation reveals a spike in the relative error (right panel). This spike is

caused by an increased rate of mass loss in the center, right at the beginning. While

KiSS-SIDM quickly returns to a state where it oscillates around a relative error of zero,

the gravothermal fluid needs a bit longer for this.

During the core collapse both methods are similar to the N-body simulation, up until

the very end, where the collapse increases greatly in speed and the gravothermal fluid,

exhibiting a faster evolution, starts to diverge from both KiSS-SIDM and the N-body.

Since the gravothermal fluid has the calibrating constant C, four different values where

chosen to find the best fit, where C controls the onset of the core collapse, so the expecta-

tion is that these four runs only start to differ from that point onward. This can be seen

in the right panel of Figure 7, where the four graphs start to drift apart from one another.
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Figure 6: Left panel : Central mass evolution of Halo1 sig80 at renclosed = 0.05 kpc for N-

body, KiSS-SIDM and the gravothermal fluid with four different values for C.

Right panel : The respective relative errors for the enclosed mass compared to

the N-body simulation. Also included are the errors for the N-body simulation

(green error band) and KiSS-SIDM (red error bars).
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Figure 7: Central mass evolution of Halo1 sig80 at renclosed = 0.15 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with four different values for C.
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Figure 8: Central mass evolution of Halo1 sig80 at renclosed = 1.00 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with four different values for C.

5.2. Second Halo

The second halo has the same parameters as the one just discussed with σm being the

only difference between these two. In this case, it is σm = 30.00 cmg−2, which prolongs

the LMFP dominated phase in the early stages of the halo’s evolution. Therefore, in this

case the time interval examined for this halo is doubled. That is because, through the

lower interaction cross-section, the heat transfer is slowed down leading to a generally

slower evolution.

The corresponding error for both KiSS-SIDM and the gravothermal fluid for the initial

heat transfer phase can be seen in Figures 9 and 10. While the slow core collapse phase

is again the phase during the evolution where the relative error for both methods is

minimal and around zero, they have problems modelling the faster SMFP core collapse.

For the KiSS-SIDM case this faster collapse happens a little bit earlier, but with the huge

increases in central mass, this produces a relatively strong discrepancy to the N-body

simulation, which is shown in the right panel of Figure 9 and even in Figure 10, though

not so significant.

The gravothermal fluid on the other hand exhibits a slower core collapse, this time also

for renclosed = 1.00 kpc in Figure 11, which also leads to larger relative errors. These,

however, do not drop as much between Figure 9 and Figure 10 as is the case for the

KiSS-SIDM simulation.
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Figure 9: Central mass evolution of Halo1 sig30 at renclosed = 0.05 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with four different values for C.
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Figure 10: Central mass evolution of Halo1 sig30 at renclosed = 0.15 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with four different values for C.
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Figure 11: Central mass evolution of Halo1 sig30 at renclosed = 1.00 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with four different values for C.

5.3. Third Halo

The third halo has a similar evolution timescale as the second one. While the gravother-

mal fluid still has problems at modelling the early core formation, which can be seen in

Figure 12 and a slower core collapse resulting in an increasing discrepancy to the N-body

data, which can also be seen in Figure 13, KiSS-SIDM now generally overestimates the

central mass compared to the N-body simulation, while also exhibiting a slightly faster

collapse. For the case of renclosed = 1.00 kpc, shown in Figure 14, the changes in the mass

are relatively small, resulting in overall low errors, but with KiSS-SIDM being better at

modeling the trend of the N-body simulation.
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Figure 12: Central mass evolution of Halo2 sig80 at renclosed = 0.05 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with four different values for C.
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Figure 13: Central mass evolution of Halo2 sig80 at renclosed = 0.15 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with four different values for C.
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Figure 14: Central mass evolution of Halo2 sig80 at renclosed = 1.00 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with four different values for C.

5.4. Changing the Thermal Conductivity

In their paper Nishikawa et al. [23] stated that the key problem of the gravothermal

fluid method most likely stems from the interpolation of κ between the two mean free

path regimes. Thus, they proposed to use the more general form instead

κ−α = κ−α
LMFP + κ−α

SMFP . (65)

For α = 1 the original interpolation scheme gets recovered, but α ̸= 1 results in changes

to the evolution, which, paired with an adjusted value for C, can result in faster evolu-

tions with a decreased influence of the SMFP regime [23] and potentially increasing the

accuracy of this method.

Using Equation (65) for the interpolation of the thermal conductivity, Equation (41)

changes to

L̃ = −3

2
ab

r̃2ρ̃ṽ3

σ̃m

(
1 +

(
aC

b
σ̃m

2ρ̃ṽ2
)α)−1/α

∂ṽ2

∂r̃
. (66)

Simulating a few halos for Halo1 sig80 with different combinations of α and C enables

an interpolation of these runs for a different parameter combination. Minimizing the

mean squared difference between the mass contained in a sphere of radius r0.05kpc for

the interpolated run and the N-body simulation, is used to find a new parameter pair,

which came out as α = 0.512 and C = 0.885 using as initial data the simulations with

the parameters listed in Table 2.
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Table 2: Initial parameter pairs

α 0.4 0.4 0.6 0.8

C 0.95 1.2 0.8 0.753

The following figures show the different combinations of α and C for the first Halo.

The two runs, using α = 0.512, C = 0.885 and α = 0.6, C = 0.8 are able to model

the evolution really well for the smaller radii but show problems at modeling the early

mass transfer, seen in the two big spikes for the differences compared to the N-body

simulation in the right panel of Figure 15. While the KiSS-SIDM simulation just has

the first spike it does not have the second one.
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Figure 15: Central mass evolution of Halo1 sig80 at renclosed = 0.05 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with five different value pairs for α and C.
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Figure 16: Central mass evolution of Halo1 sig80 at renclosed = 0.15 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with five different value pairs for α and C.
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Figure 17: Central mass evolution of Halo1 sig80 at renclosed = 1.00 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with five different value pairs for α and C.

To see how well these parameters are at modelling the other two halos, choosing for ex-

ample renclosed = 0.05 kpc of Halo2 sig80, seen in Figure 21, it shows that α = 0.512, C =

0.885 is able to match and even outperform KiSS-SIDM in this case. But both models

have trouble simulating Halo1 sig30 for the two smaller radii (Figure 18 and 19).
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Figure 18: Central mass evolution of Halo1 sig30 at renclosed = 0.05 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with five different value pairs for α and C.
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Figure 19: Central mass evolution of Halo1 sig30 at renclosed = 0.15 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with five different value pairs for α and C.
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Figure 20: Central mass evolution of Halo1 sig30 at renclosed = 1.00 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with five different value pairs for α and C.
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Figure 21: Central mass evolution of Halo2 sig80 at renclosed = 0.05 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with five different value pairs for α and C.
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Figure 22: Central mass evolution of Halo2 sig80 at renclosed = 0.15 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with five different value pairs for α and C.
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Figure 23: Central mass evolution of Halo2 sig80 at renclosed = 1.00 kpc for N-body, KiSS-

SIDM and the gravothermal fluid with five different value pairs for α and C.

6. Conclusions

This work serves to find a general calibration of the gravothermal fluid method for sim-

ulating the core collapse of SIDM halos by comparing it to an N-body simulation and

another method called KiSS-SIDM. The free parameters available for this are the cali-

bration constant C and the scaling of the heat conductivity interpolation between the
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SMFP and LMFP regime.

The quality of the gravothermal fluid simulations for the three halos using just the cal-

ibration constant C as a free initial parameter does not reach an acceptable level of

accuracy. This is caused by the problems this method displays at simulating the early

mass transfer phase as well as the difficulties predominantly with the SMFP core col-

lapse. While the first problem is the same for all three halos considered, where a faster

mass transfer for the gravothermal fluid leads to a spike in the relative error, this is not

the case for the core collapse. While for Halo1 sig80 the four gravothermal fluid runs

exhibit a faster collapse, for the other two halos it is the exact opposite, where now the

halo collapses slower than in the N-body simulation.

Although changing the interpolation used for the heat conductivity κ to a more gen-

eral form using α, produces good results for the first (Halo1 sig80) and third halo

(Halo2 sig80) using α = 0.512 and C = 0.885, it can not simulate the steep central

mass increase during the late phases of the core collapse of the second halo as well.

This shows the difficulty of the gravothermal fluid method at finding a general calibra-

tion which produces good fits for a wide array of halos. Making it clear that for the

gravothermal fluid approach to be a viable option for faster SIDM halo simulation, fur-

ther development of the method regarding the calibration and interpolation of the heat

conductivity to also accurately model halos like Halo1 sig30 is required.

Also, KiSS-SIDM seems to be a promising alternative, which, for the most part, pro-

duces results very close to the N-body simulations, although it also seemed to struggle

with the very steep central mass increase during the late phases of the core collapse of

the second halo.

-31-



A. List of Parameters used for the Gravothermal Fluid

Code Runs

Table 3: Initial parameters used for the gravothermal fluid simulations

Parameter Halo1 sig30 Halo1 sig80 Halo2 sig80

rs [kpc] 1.28 1.28 0.25

ρs [M⊙/pc
3] 4.42× 10−2 4.42× 10−2 6.83× 10−2

σm [cm2/g] 80.00 30.00 80.00

nshells [ ] 200.00 200.00 200.00

rmin [kpc] 1.28× 10−3 1.28× 10−3 2.51× 10−3

rmax [kpc] 19.20 19.20 19.20

t̃end [ ] 255.00 555.00 690.00

B. Error for Gravothermal Fluid Code

One of the interesting graphs for the halo simulation is the evolution of the central mass

contained in a sphere of radius renclosed. This is done in the N-body simulation by adding

the masses of all shells contained in the sphere with radius r = renclosed and in KiSS-

SIDM by adding up the mass of all particles contained in this sphere. The error for

this method is the mass divided by the square-root of the number of particles contained.

Since the N-body simulation does this using shells, the different errors are combined

using this equation

∆m =

√√√√ N∑
i=1

∆m2
i . (67)

While in the gravothermal fluid approach the halo also gets discretized into separate

spheres, where the code gives out their respective masses. The central mass as a function

of the radius is made up of discrete points and not continuous, thus, in general, an error is

introduced because of differences in the chosen outer radius renclosed, gravothermal ̸= renclosed.

For the plots in the results section, a cubic spline was used to interpolate the mass of

the gravothermal fluid halo at renclosed.
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Figure 24: The relative error for the chosen outer radius of the gravothermal fluid com-

pared to renclosed using nshells = 450 for Halo1 sig80.

This graph shows, by looking at the structure of the error, how the gravothermal fluid

code works. It starts relatively random until the error starts to move along vertical lines

with an increasing tilt to the right side. Starting a new line, means that a new shell

is now the closest to the chosen radius. With advancing time, mass streams from the

center outwards, and with it the shells, resulting in the error first getting smaller as the

shell gets closer to the chosen radius. With the shell now moving past renclosed, the error

starts growing. When the shell moves too far, a new shell is now the best fit and the

whole thing repeats until the minimum of the central mass is reached and the mass in

the halo begins to flow back into the center, starting the gravothermal collapse. This

turning point, where the shells now start to move towards the center, is represented

by the arch around 0.50Gyr. Now the almost vertical lines start again, but this time

tilted to the left and losing tilt over time, as the collapse speeds up. At 4.00Gyr, the

maximum error increases as the nearest shells are now getting bigger.

-33-



Looking at the index of the chosen outer radius and plotting it over the whole evolution,

as shown in Figure 25, results in a graph which is very similar to the central mass

evolution of the halo (see Figure 7).
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Figure 25: Index of the shell closest to renclosed plotted over the duration of the evolution

using nshells = 450 for Halo1 sig80.
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Erklärung nach § 39 (15) Prüfungsordnung 2020 für den BAMA-Studiengang Physik
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Arbeit nicht - auch nicht auszugsweise - für eine andere Prüfung verwendet wurde.
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