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1 Abstract

Dark matter is one of the great mysteries in modern-day cosmology. Its proper-
ties of it can be studied through observations of gravitational waves emitted by
massive object inspirals inside of a dark matter background. This thesis focuses
on simulating those dark matter structures, which we call dark matter halos,
for the model of self-interacting dark matter. In particular, we are extending
the gravothermal fluid model that includes the interaction of the particles as
well as gravitational processes by adding a central black hole. These systems
containing a black hole surrounded by dark matter are of particular interest
since the central black hole over-concentrates dark matter in the inner regions
of the halo. During inspirals, this over-density is expected to leave an imprint
on the emitted signal.

For our simulation, we use a numerical implementation of the gravothermal
fluid model and extend it by inserting the black hole mass and adjusting the
fluid equations to account for the additional gravitational pull. With this nu-
merical approach to the system, we can reproduce semi-analytical predictions
of the over-densities. We can also show that growth processes are necessary
to generate these over-densities, which has implications for the genesis of such
systems. The agreement between our simulation and the prediction provides
a strong implication that the extended model and its implementation allow us
to realistically simulate large structures of dark matter.



4 2 INTRODUCTION

2 Introduction

Cosmologists seek to describe and understand the nature of the universe.
There was already a lot of work invested in this, but we are still facing sev-
eral unresolved mysteries. The task of finding a cosmological model which
describes the structure and dynamics as well as the origin, evolution, and ulti-
mate fate of our universe as we see it is still unfulfilled. Though this may seem
maddening to some, it is truly what motivates us and drives our curiosity.
Everything not understood tells us, that there is still a lot to explore!

2.1 The Lambda-CDM-Model

In modern cosmology there is a popularly accepted model. The Lambda cold
dark matter (A-CDM) model. This model gives a simple parametrization for
the evolution of a universe originating from a Big Bang. It assumes general
relativity as the correct theory of gravity on large scales and that the universe
is flat. It is often referred to as the standard model of cosmology because it de-
scribes key properties of our universe like the cosmic microwave background,
the large-scale structure and the accelerated expansion of the universe. The
A-CDM model assumes that the late time evolution of the universe is driven
by three major components. Dark energy (denoted by the A), dark matter and
baryonic matter. Baryonic matter is the ordinary form of matter, everything we
know is made of and is well studied. The other two components are more of a
mystery to cosmologists. Even though they are not well understood, they play
a huge role in the A-CDM model. Fig. 1 shows the shares of dark energy and
dark matter of the total energy density of our universe at the current moment.
With the current data, we assume that dark energy and dark matter make up
~ 95% of the universe’s total energy and dark matter accounts for ~ 85% of
the universe’s matter. While dark energy is used to explain the accelerated
expansion of the universe, dark matter is postulated to account for observed
gravitational effects that can not be explained solely by ordinary matter, such
as galaxy rotation curves, the large-scale structure, etc. (see e.g. [33]).

This thesis is devoted to investigating the nature of dark matter. There are
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Dark Matter

Dark Energy

Figure 1: Contributions of the three dominant components of our universe to
the total energy density (Reprinted from: [18])

multiple hints for its existence. One striking example is the so-called ‘missing
mass’ problem [8]. It compares the observed rotation curves of galaxies with
the ones postulated from the visible matter of the same galaxies and finds that
they are not agreeing. To make them agree, more invisible mass has to be
added to the postulation. With this example, we can truly see that dark matter
is not perceivable through ‘light” directly but only through the gravitational
imprint it leaves. This indicates that it does not interact electromagnetically
and is therefore not directly visible through classical telescopes. We affiliate it
with matter because of its gravitational imprint on the observations.

Besides this evidence, there is other like galaxy clusters and the large-scale
structure, gravitational lensing, the bullet cluster, etc., see [28] and [29] for a
well-written and detailed overview. The A-CDM model describes dark matter
as non-baryonic, cold, dissipationless and collisionless (see [10] and [21]). In
other words, it does not consist of protons and neutrons (non-baryonic), its
velocity is far below the speed of light (cold), it can not lose energy by emitting
photons (dissipationless) and the dark matter particles do not interact with
each other or ordinary matter in any other way than gravitationally (collision-
less).

Cold dark matter is the nowadays favored model for dark matter because it is
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in general agreement with the observations of the large-scale structure. The
idea is that dark matter ‘clumps’ together under its gravitational attraction to
form it. This agrees with our general concept of how the universe evolved
from a smooth initial state to the 'lumpy’ structure we find today [3]. Still,
the model of cold dark matter faces certain challenges, which makes it ques-
tionable. There are the core-cusp problem, the missing satellite problem, the
angular momentum catastrophe, the disk of satellite problem and the small
scale crisis. A nice overview of those is given in [24] and [33].

2.2 Dark Matter Density Profiles and SIDM Halos

The missing mass problem can be solved by introducing the concept of dark
matter halos. A dark matter halo is a structure of dark matter which is decou-
pled from the cosmic expansion and gravitationally bound. Often those halos
contain a galaxy or a galaxy cluster of ordinary matter while being a lot larger
than the enclosed structure. Since they explain the observation, rotation curves
are sometimes referred to as evidence for dark matter halos (see Fig. 2).

It is of particular interest for detection experiments how the dark matter mass
is distributed across the halo. One of the most commonly used mass/density
profiles for CDM is the Navarro-Frenk-White (NFW) profile. It fits a density
function to dark matter halos and was identified through analyzing N-body
simulations [16]. The function is given in (1) and relies on only two fitting
parameters s and ps, which make it a simple expression.

p(r)=—->— (1)
F (1)
The NFW profile describes a density distribution with an increasing density
towards the inner region and is therefore referred to as a cored density profile
(see e.g. [9]). Another cored density profile is the Hernquist profile. The
corresponding density function is given as [12]:

_ Ma 1
27T1’(a+r)3

p(r) (2)
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Figure 2: The 'Missing mass’ problem: Contributions from ordinary matter
to the circular velocity do not explain the observed circular velocity. To solve
this discrepancy another form of non-visible matter is introduced: dark matter.
(Reprinted from: [26])

Where a describes a scale length and M the total dark matter mass. We rewrite
this equation to compare it with (1)

p(r) = ﬁ, 3)

where we defined pg = M/ (27ta®). Like the NFW profile the Hernquist profile
also only relies on two fitting parameters. A length scale a and a density scale
po. It becomes clear that the main difference between the cored profiles is the
exponent of the bracket term. This influences the behavior of the profile in the
outer regions. Aside from these two profiles, others assume a finite core, i.e.
an inner region with a constant density. One of them is the pseudo-isothermal
profile [11] and its density function is given as:
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p(r)= ﬁ (4)

Again, this function needs two fitting parameters r. and py. For a general
comparison of the profiles see Fig. 3.

Dark matter density profiles
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Figure 3: Original density profiles: We present the three discussed dark matter
density profiles (NFW, Hernquist and Isothermal). This plot uses dimension-
less units and the same fitting parameters for all three curves. For the inner
regions, the flat behavior of the Isothermal profile is visible, as well as the iden-
tical behavior of NFW and Hernquist profiles. In the outer regions, the profiles
become distinguishable and show different behavior.

The NFW profile is a good approximation for halo simulations of collisionless
dark matter and different halo masses and redshifts in their equilibrium (viri-
alized) state. It is also quite successful, when compared to observational data
of large structures like galaxy clusters (see e.g. [19]). That is why we choose
this profile for further consideration but will discuss the results for the other
two as well. Still, this model is not perfect and has cases and regions where it
does not describe the observation.
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The problem we want to focus on is the core-cusp or ‘cuspy” halo problem [33].
It is observed that the density profile of the inner regions (the core) of a dark
matter halo is less dense than postulated from cold dark matter simulations.
There are different approaches to solving this discrepancy between observation
and simulation (see [15]). One way is to investigate if dark matter models dif-
ferent from the CDM model reproduce the observations. A promising model
is the one of self-interacting dark matter (SIDM) [33]. In SIDM models dark
matter particles scatter with each other and exchange energy and momentum.
Those scatterings are characterized by the self-interaction cross-section. For the
inner regions of dark matter halos, SIDM particle encounters are more likely
and eventually thermalize the core (see Fig. 4). The so produced isothermal
density profile solves the core cusp problem and is a natural feature of SIDM
models (see e.g. [27]).

Figure 4: The core cusp problem: Simulations of CDM produce increasing
densities for small radii. On the other hand observations indicate that the
profile is rather flat in the inner regions of the halo. The straight line represents
a typical NFW profile (corresponding to a CDM model) and the dashed line
a profile obtained from SIDM simulations. The SIDM model reproduces the
observed behaviour better than the CDM model. (Reprinted from: [23])



10 2 INTRODUCTION

2.3 Dark Matter Density Spike

Almost all large galaxies host a massive central black hole. The presence of
this mass could alter the dark matter distribution and eventually lead to over-
densities in the inner halo regions. In the dark matter density profile, this
additional attractive force leads to a density spike. Dark matter spikes are of
particular interest since recent studies seek methods to investigate the nature
of dark matter through gravitational waves (see e.g. [4]).

The density profiles of dark matter halos around a central black hole were
examined in a very prominent paper by Gondolo and Silk [9]. Under the
assumption that the black hole grew adiabatically, they studied the phase-space
distribution. Through their semi-analytical approach to the system, Gondolo
and Silk were able to find a generic expression for the density profile around
the black hole from the phase space distribution. This was the first work that
predicted the dark matter density spike. They considered two types of density
profiles, either with a finite core or with an inner cusp. For finite core models,
the prediction is a spike slope of s, = 3/2 in log-log space (independent of
the exact model), while for cuspy profiles the spike slope depends on the initial
slope <y of the profile in the inner region (see Fig. 5).

To generalize the problem they fitted each considered cuspy profile to a single
power-law profile

p(r) = po (L> _7, (5)

o
with 0 < ¢ < 2. In this fit the NFW and the Hernquist profile correspond to
v=1

Then the spike slope follows from [9] as

9 -2y
4—q°
Finally, the prediction for the spike slope of Hernquist and NFW profiles is
Ysp = 7/3.

As a check if observed behavior is really corresponding to a dark matter spike

Ysp = (6)

caused by the black hole, one can compare its position to the so-called spike
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Figure 5: The resulting density spike found by Gondolo and Silk: The slope
of the spike is independent of the model for finite core profiles (e.g. isother-
mal profile) and depends on the initial slope of the density for cuspy profiles.
(Reprinted from [9])

radius 75p. The spike radius is an approximation for the region, where the
gravitational influence of the black hole could concentrate dark matter to form
a spike (for further details see e.g. [6]). It is empirically defined as

rsp = 0.2ry, (7)

where ry, is the radius within which the gravitational pull from the black hole
dominates. It is approximately obtained by solving the integral

.
M(<r,) = 47(/ hp(r)rzdr = 2M3py, (8)
0

for r;,. With the spike radius, it is possible to divide the system into two parts.
These are the spike region which is within the spike radius and the outer region
which is outside the spike radius.
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2.4 Aim and Structure of this Thesis

The goal of this work is to find if the spike in the density profile can be com-
puted numerically with the gravothermal fluid model for self-interacting dark
matter, determine its slope and compare it with semi-analytical predictions.

The structure of this thesis is the following. First I introduce the Lambda-
CDM-Model and establish the importance of studying dark matter models, in
particular self-interacting dark matter. Then I am going to lay out the theoret-
ical foundation of the considered fluid model for self-interacting dark matter
and extend it to apply it to our system. Next, I will discuss the numerical im-
plementation of the model and present the obtained results. Finally, I am going
to summarize my work and provide an outlook for possible future research.
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3 Theoretical Foundations

The theoretical model used to describe the time evolution of the dark matter
halo is the gravothermal fluid model. In this section, I will introduce the
original gravothermal fluid model and discuss how the thermal conductivity
is incorporated. Then I will discuss how the model needs to be modified if a
central massive black hole is added to the system and discuss how the method
of Lagrangian Zones simplifies the computation.

3.1 The Gravothermal Fluid Model

The gravothermal fluid model is used to describe systems consisting of a self-
gravitating heat-conducting fluid. Being first imposed in 1980 by Lynden-Bell
and Eggleton [14], its original purpose was to describe the evolution of gas
spheres. However, the model proves to work sufficiently well on stellar hydro-
dynamics (see e.g. [5]) and self-interacting dark matter (see [2]). The applica-
tion on the latter is the main goal of this thesis.

The gravothermal fluid model relies on four equations, which arise from con-
servation of mass, hydrostatic equilibrium, heat conduction and the first two
fundamental laws of thermodynamics. For simplicity of the calculations, we
will consider spherical symmetrical systems. In the following sections, I will
justify the usage and sketch the derivation of those four equations. A more
complete and mathematically rigorous derivation of the equations can be found
in [22].

Conservation of Mass

This first equation follows directly from the integral definition of the mass.

/

M(r') = 4r /Or o(r)r?dr. )

Note that M(r) is the total dark matter mass within radius r and p(r) is the
density profile of the dark matter. To use this equation in a numerical imple-
mentation it proved to be handy to rewrite it in differential form. This leads to
our first gravothermal equation
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(10)

Hydrostatic Equilibrium

Obtaining the second gravothermal equation involves more derivation steps.
Presented here is a mere sketch of the derivation. To start, one has to combine
the Poisson equation of a gravitational potential (11) with the conservation
equation obtained before (10). This gives an expression for the body accelera-

tion (per unit mass);

10 op o GM
2 — 2 — —_— = —
Vg = 73, (r _ar) 4nGp & 3 o (11)

The next step is to use the Euler momentum equation (12), bearing in mind that
a fluid in hydrostatic equilibrium has no flow/macroscopic velocity (v = 0).
Here, p denotes the mechanic pressure.

d

a—‘;—i—(v»V)v:O:—%—Vqﬁ(:)Vp:—png (12)
By plugging in the previously obtained expression in (11), the second gravother-
mal equation of hydrostatic equilibrium is obtained:

dp _ GMp
or r2

(13)

Heat Conduction

The third equation considers the heat flux g within the system, which depends
on the temperature gradient VT and a conductivity coefficient x. Sometimes
this is called Fourier’s law of heat conduction. It is useful to write it in terms
of the luminosity L per spherical surface as discussed in [14];

L _KaT
1= a2 = or
The explicit form of this equation depends on the nature of the conduction. For

(14)

ordinary heat diffusion, it will rely on the mean free path between collisions.
This is of particular interest for the examined system and will be discussed in
section 3.2.
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Laws of Thermodynamics

For the fourth equation, the first and second law of thermodynamics need to
be evaluated for the system. To start the second law is written in terms of
specific quantities, e.g. the specific entropy s = S/M;

1
Tds = WdQ. (15)

To derive our equation, the time derivative is taken, which is a Lagrangian
derivative (denoted by the M). The Lagrangian derivative follows a certain
mass parcel. Lagrangian zones and their application in this thesis will be dis-

ds 1 /0Q
T (&)M =V (E)M (16

But Q/V is simply an energy density u, therefore it follows the conservation

cussed in section 3.4.

equation of energy:

Ju
- =0. 17
Now, this is used to rewrite (16). For the spherical symmetrical case and by

inserting the definition of the luminosity, we get:
d 1 1 dL
T(Z) =-vq=-—5>. (18)
ot ) 0 4rtpr? or
Starting from the first law of thermodynamics and rewriting in terms of specific

energy u and entropy s and then solving for ds gives:

ds:la—u

- L} dp. (19)

The specific energy u of an ideal gas reads as:
_ 3kt
C2m

Now (20) is inserted in (19), which is then integrated and gives the expression

(20)

for s:
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m p

Finally, we can plug this equation (21) into (18).

ke, (ﬂz) | 1)

oL 50 (0
5 = 4rtprv (g)’Ms (22)

Now with (28) this is written in terms of v. This gives the fourth equation for
the gravothermal fluid model:

oL s 0 (0
5 = 4rtprv (at)‘Mlnp' (23)

3.2 Thermal Conductivity

To determine the explicit form of (14), the elementary theory of thermal con-
ductivity of gases [14] is used. The ansatz is to determine the heat flux by
considering the positive and negative flux of heat/energy through an imagi-
nary surface.

1
1=5 (9in + Gout) , (24)

where the energy flux can be understood as the particle flux through the sur-
face times the average energy per particle. The particle flux is given by the
number density n times the quotient of mean free path A and the time between
collisions 7. The flux then reads as:

. %kBTl/\
4
where T;, and T,,; denote the temperature just above/below the imaginary

(_Tin + Tout) ’ (25)

surface. They can be approximated as [22] suggests with the expression in (26).
This is because the deviation from the surface temperature T(r) is the partial
derivative times the mean free path A and the effective impact parameter b,
which can be calculated from transport theory.

oT

Tinout = T(r) £ bAS (26)
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With (26) and inserting that n = p/m the expression (25) becomes
31 9 (kgT
= —— " bo— | — ). 27
1 2T bo or ( m ) @7)

To get rid of the temperature dependence, the partial derivative in the last term
has to be rewritten. To do so we can use the equipartition theorem of an ideal

gas
EkBT = Emv ~ o =V (28)
Now, this is put in terms of a one-dimensional velocity dispersion v.
2 2y _ L2
2= () = 5 () 29)

This leads us to the temperature-independent formulation of the luminos-
ity /heat flux

L 3bA? o2

a2~ 27 Par
This expression holds for monatomic fluids without loss of generality. To apply

(30)

it to the SIDM fluid which is considered in this work, two cases for the mean
free path A need to be examined. For this A needs to be compared with a
characteristic length scale H (gravitational scale height), which is the local Jeans
length r;(r) (31) for this system [2]. It can be imagined as the length over which
the gravitational pull decreases/increases by a factor of e.
20V

ri(r) = 1Go(r) (31)
The first case treats ordinary heat diffusion, where the mean free path is much
smaller than the size of the system (e.g. A < H). We call this the short mean
free path (SMFP) case, and the relation v = A/7T applies. In this limit the
luminosity equation becomes

L 3,, o2
a2
The other case considers that for dilute gravothermal systems the mean free

(32)

path is much larger than the scale height (e.g. A > H). One could imagine a
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mass to make several orbits and move around by a typical distance comparable
to a Jeans length between interactions. The time between these interactions is
not the T introduced before but rather a relaxation time ¢,. It is introduced in
[14], while the explicit form which is used here and a more detailed discussion
of the timescales is given in [2]. This case is called the long mean free path
(LMFP) limit [31] and the luminosity equation can be approximated as

L 3, H*ov?

Pl —Ebpfg. (33)

To fully cover the real behavior of the system, both cases need to be taken into
account. By interpolating as suggested in [2], the two luminosity equations are
combined into one (34), which correctly reduces to (33) in the LMFP limit and
(32) in the SMFP limit. Following the work of [17] a calibration parameter C
is added to match the observations of CDM halos in the LMFP regime. This
parameter C is used to control the impact of the SMFP and LMFP regimes on
the system’s behavior as a whole.
149

Since A is a collisional scale for the mean free path, it can be written as A =
1/ (po) in the SMFP regime (o denotes the self-interaction cross-section of the
dark matter particles per unit mass). For the LMFP regime [2] and [17] define
t, = 1/(apvo), where a "is a coefficient relevant for hard-sphere scattering
of particles with a Maxwell-Boltzmann velocity distribution" [2]. Plugging in

those relations yields the final form of the luminosity equation:

L _ 3fc 11 1 1722
4rtr2 - 2 |bv - C HZ2ap?vo ar

(35)

3.3 Central Black Hole Modification

For this thesis, the well-tested gravothermal fluid model is extended by placing
a black hole in the center of the halo. The underlying detailed discussion is
given in [30]. In this section, I will explain the key arguments and how they
lead to alterations in the model.
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Black Hole Mass

What is meant by "placing a black hole in the center of the halo" is adding a
point-like mass to the system. Of course, this does not cover the full reality of a
physical black hole. Properties like mass accretion and growth would possibly
make a sizable impact on the evolution at the regarded time scales. This is also
the case for relativistic corrections (see e.g. [30]) Implementing those could be
part of future work.

The main impact on the model is in the second gravothermal fluid equation
for the hydrostatic equilibrium. With the addition of the black hole mass, the
gravitational potential increases. This leads to a new hydrostatic equilibrium
equation

or r2

Interesting to note here is, that the first equation of hydrostatic equilibrium

9 _ _ G%. (36)

for mass conservation is not altered. This is because the black hole mass is a
constant addition and therefore would vanish in the partial derivative in (10).

Gravitational Scale Height

The second change in the model is in the luminosity equation (35) or, more
precisely, in the LMFP limit. Until now, the gravitational scale height H was
set by the Jeans length r;. With adding the black hole, the inner regions are
dominated by its gravitational pull and form a kind of cusp. [30] argues that
in this region the gravitational scale height is comparable to the orbital radius
r (with r < r}). The scale height for the whole system is then given by (37).

H = min(r, 7)) (37)

This can be plugged into (35) and gives the new luminosity equation describing
the system with black hole (38).

-1
3| o 11 1 v
L )2 [b—v T Chate| o TSI 38)
4712 ) £+l4nG _18L r>r
2 | bv Capio or J
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With (10), (36), (38) and (23) we have the complete set of equations describing
the gravothermal fluid model with a central black hole.

3.4 Lagrangian Zones

In this thesis, the usage of fluid models and fluid dynamics in general plays a
fundamental role. We employ the principles of fluid dynamics as tools to sim-
plify and enable us to do meaningful computations. Of the highest importance
are two tools, the previously discussed gravothermal fluid model (especially
the theory of heat conduction and thermal conductivity) and the Lagrangian
(or material) coordinate system. In this subsection, I want to explain the gen-
eral idea of the Lagrangian zones and emphasize how useful they have proven
to be for our work. The general topic consists of a whole underlying theory
and was extensively studied. Limiting myself to the key points, see [25] for an
in-depth explanation, which is the main source for this discussion.

In general, there are two ways to observe a fluid flow. The first one is to define
an (Eulerian) control volume, which is fixed in space, and describe the fluid
properties in this volume. It allows fluid flow in and out of the volume. The
other way is by defining a (Lagrangian) material volume. One can imagine it
in a way, that the fluid is divided into small portions that are carried along
with the flow (see Fig. 6). Either one or multiple parcels make up a control
volume and we try to describe the position and thermodynamical properties
of the volume. "The continuum model assumes that either a material volume
or a control volume may be made as small as is necessary to resolve the phe-
nomenon of fluid flow." [25]

The terms control volume, Lagrangian volume and Lagrangian zone are used
synonymously. These zones divide the fluid into small parcels which are fixed
to the included mass. Since the parcels cannot pass through each other or the
boundary the mass of each parcel is kept constant. As the parcel moves with
the fluid flow the position and its thermodynamical properties will change. In
a way, we are ‘'moving along’ with the flow instead of observing it from the
outside.

At this point, we can already grasp the possible interplay of Lagrangian zones
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material volume

] control volume-
time =1t t+ St

Figure 6: Material volumes follow certain mass points, not allowing any flow
in or out the volume, while position, size and thermodynamical properties
change. Control volumes are fixed in space and allow fluid flow through the
volume. (Reprinted from: [25])

and the gravothermal fluid model. By using these zones, the first gravothermal
equation of mass conservation (10) is always fulfilled, since the mass of each
zone is constant and we do not ‘lose” zones. Another thing to note is that the
fourth gravothermal fluid equation (23) contains a Lagrangian derivative that
follows a certain mass parcel e.g. a Lagrangian zone. Later on, we will argue
how with the Lagrangian zones and another consideration the equation as a
whole is always fulfilled.

I will explain in detail how the Lagrangian zones are used for evolving the
halo in section 4.3.
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4 Numerical Approach

In this section, I will discuss how the gravothermal fluid model is implemented
numerically. By following the approach I will present, it will be possible to
simulate the evolution of SIDM halos for short and long times. As mentioned
in the introduction this is particularly interesting to examine the nature of dark
matter by comparing the simulation’s results to observations.

The general ideas of the implementation of the model are well discussed in
[22]. For this thesis, I am following the work of [17] and modify their code
by implementing a central black hole. The theoretical framework on how to
extend the gravothermal fluid equations to do so is explained in [30].

4.1 Dimensionless equations and quantities

To implement the model numerically the four gravothermal fluid equations
need to be rewritten in terms of dimensionless quantities. The general ansatz to
do so is as follows: A quantity x is divided by a fiducial quantity of comparable
scale of the system x to yield a dimensionless quantity x

=2 ax=%x. (39)
X0

For reasons of consistency one has to decide on a set of fiducial quantities
beforehand and then perform the transformation to dimensionless equations.
The code that we want to extend uses the set given in [7]. The fiducial quanti-
ties are:

'0="Ts £0 = Ps
My = 4mpsr? 0o = (psrs)
vy = (47Gps) %1y Lo = (47)>/% G3/2p2/ %3
ty = (47Gp;) /2

Table 1: Fiducial quantities

It is easy to see, that all quantities are built upon rs and ps. These are the
fitting parameters of the NFW profile (1) and vary from halo to halo. Therefore
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it is necessary to pick them carefully for each system. Choosing unrealistic
parameters eventually leads to severe errors in numerical computation.

The quantities from table 1 are plugged into the gravothermal equations (10),
(36), (35) and (23) following the method in (39). After canceling out constants,
this yields the dimensionless gravothermal equations:

=7 (40)
a(gf) _ _51\71 ‘;ZMBH (41)
3_2 = —72552%111 (%) (42)

Note that in (43) the general case for H is considered, since for both cases in
(38) H is of unit length.

4.2 Discretization and Initial Data

To compute the evolution of the system, the halo is divided in N spherical
shells which are equally spaced in log space with radii 7,_1 . Then the
gravothermal equations are discretized. This essentially means that the par-
tial derivatives are written as finite differences of neighbouring shells and all
quantities are evaluated at the discrete radii (e.g. M(7;) = M;. For all extensive
quantities (such as mass, volume, ect.) this is trivial. On the other hand the
intensive quantities (such as density, internal energy, ect.) need to be treated
differently. Following the work of [22] we define them as the average value
within the i’-th shell, so that for example p; denotes the value at (7;_1 +7;) /2
(see Fig. 7). Now to evaluate p; at 7; one just has to take the average of the
density in the ‘i’-th and "i-1’-th shell, (p;_1 + p;) /2.
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Figure 7: Example of where intensive and extensive quantities are defined. The
extensive quantities like mass are defined at the corresponding shell radius.
The intensive quantities like internal energy denote the average value within a
shell. They are defined at the mid of the corresponding shell.

To evolve the halo an initial data frame of all quantities is necessary. To produce
this data frame we assume an initial NFW profile (1) and start by computing
M;. There is an analytical expression for the enclosed mass of radius 7; (44)

7 7 7

~ ) i1 29 v ~
e = 1 =———+In(1 ). 44
M; /Oprd? /Or Q47 PP =~ In(147). (@

Note that the typical factor of 47t for spherical integration drops out since we
are dealing with dimensionless quantities. With the enclosed mass of each
shell, we can compute the density p; within the shell and then the pressure
pi (Note that for the latter we present an integral, but there is an analytical
solution too).

M, —M;_ M; — M;_

pi= =t =3 (45)
Vi—Vig T
N 00 ﬁ]\7[d~
_ PV i 46
& /(mlm/z 7 4o

To complete the initial data frame we can use p = pv? (which follows from
the ideal gas law) to compute the velocity dispersion v and & = 37%/2 (see
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(20), (28) and (29)) to compute the internal energy u. Finally with all of those
quantities the luminosity L is calculated. For clarity we recognize the bracket
in (43) as the thermal conductivity k¥ and write the partial derivative in terms
of u:

~ 50U

L= —rzxa—? (47)
Since almost all quantities in ¥ are intensive, we can treat x itself as an intensive
quantity. The only extensive quantity in x is H for the case r > r;, but this
is easily solved by using the midpoints of the shells (e.g. (7;11 —7;) /2). The
discretized luminosity equations reads:

7. _ _72'15i_1 + % 2 (Ujpq — 1)
1 — —~ ~

Y2 Ty —Tia
With the thermal conductivity «:

(48)

1 (49)
g 1 1

Now that all the initial properties of the system are obtained, we can start the
time evolution.

4.3 Time Evolution

The key principle to evolving the system in time is to conduct a small portion
of heat between the Lagrangian zones (i.e. change the internal energy). Since
the mass is kept constant in those zones, the thermodynamical properties need
to be adjusted to maintain the hydrostatic equilibrium. Once hydrostatic equi-
librium is achieved, the next energy portion can be conducted and the process
repeats [17] (see Fig. 8).

Heat Conduction and Timesteps

The amount of energy conducted in one step Au is given through the luminos-
ity per mass times a timestep Af and is given as



26 4 NUMERICAL APPROACH
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Figure 8: Flowchart of implementation: The code starts with an initial data
frame and drives the system into an equilibrium state. Once the hydrostatic
equilibrium is reached, a timestep is taken and heat is conducted within the
system. Through the increase of internal energy in the shells, the thermody-
namic quantities are altered and the system is driven out of equilibrium. With
the updated data frame the process is repeated.

ai=—Blat e Afl; = _Lizlia gy (50)
This change in internal energy will alter the density of the mass shells. There-
fore, we require that the timestep At is small, for the effect to be negligible.
In terms of the internal energy this means that |Au| /i < 1 The choice of
the timestep and a general discussion of timescales is given in [2]. There are
two ways of determining the timestep. The first one is to choose Af to be the
minimum local relaxation time f, used in deriving (35) times a small €;, as

suggested by [17].

The second way is to make sure the relative change in internal energy is small.
To do so (50) is rewritten as:
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AL | |Au
AM At
Now we divide the internal energy u by the Lh.s. in (52) and obtain
u TR
FAY 4] 3)
AM

Since the Lh.s. in (53) is just a number, we can set |Ail| /il = €;. After choosing
a sufficiently small value for €; ([17] suggests €; = 107%), the timestep Af is
directly calculated as:

-
_ CATe A = g (54)
AL| & AL
‘AI\Z ‘AM‘

Now one can either decide on one criterion for the timestep or just use the
minimum of both to really secure that the evolution is sufficiently smooth,
which is what we will use.

A change of internal energy always goes along with a change in the other
thermodynamical properties, which are density and pressure. Since we choose
the timestep in a way to make the change in density negligible, only the change
in pressure needs to be taken into account. With p = pv? and & = 3v%/2 we
can write:

q=3F (55)

From (55) follows directly (56), where we assume the density to be constant as
discussed before. So the relative change in internal energy is the same as in
pressure.
Au  Ap - Au_
oSl =p (56)
u p u
Finally the pressure after the heat conduction is just p + Ap. The whole process

has moved the system of Lagrangian zones out of the equilibrium state, which
needs to be solved.
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Hydrostatic Equilibrium and the Tridiagonal Matrix Equation

The discrete form of the second gravothermal fluid equation of hydrostatic
equilibrium from (41) is

Fig1 —721) /2 2

Here we see that it depends on pressure, density, mass and radial position

Pis1—Pi %ﬁiﬂ + ﬁi. (57)
1

of each shell. Therefore the alteration out of equilibrium caused by the heat
conduction depends on the changes in those quantities. "To return the halo
to hydrostatic equilibrium, we adjust the shell location 7; — 7; + A7;, pressure
pi — pi + Ap; and density p; — p; + Ap;" [17]. Inserting these adjustments into
(57) gives an equation which fulfills the equilibrium state again [22]:

Pit1 + Apit1 — pi — Ap; n M;  Pis1+ APis1 + P + AP; _0
(Fiy1 +ATi1 —Ti1 — ATi1) /2 (7 + AF;)? 2
(58)

The goal is to find a correct set of adjustments. Now we want to eliminate

the dependency on the changes in pressure and density in this equation so
we only have the dependency on the change of shell location. We start by
finding an expression for the change in dimensionless volume by writing the
total derivative concerning 7 as a finite difference.

v d (14

a (1 7 _ 2 T _ 2 A
= d?(3r):>dV redr = AV =71°Ar (59)

With the volume of a single shell V; = (7 —7_|) /3 we obtain the expression
for AV,
AV; = Vi = Vi = TPF — 77 AFi 1. (60)

Next, we want to find the expression for the change in density. Again we start
with the total derivative but this time concerning volume.

dp_ 4 (M :Mi(i):—ﬂ:—i:dﬁ:—:dvzwﬁ:—iﬁ
v dv \Vv dv \V V2 1% 1% 1%

(61)
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By inserting the previously obtained expressions for V and AV, we get an
equation for Ap which only depends on p, 7 and Ar:

~ ~ AV' ~ ?ZA?z - 7'2,1A,77i—1
Api = —pPi — = _3pi Z =3 l~3 . (62)
Vi [

To find the expression for the change in pressure we keep the entropy of each
Lagrangian zone fixed, so the process is adiabatic [2] and the third gravother-
mal fluid equation (42) is always fulfilled. For all adiabatic processes there
is an adiabatic invariant pV5/ 3 = const. [22]. Therefore the total derivative
concerning the volume is:

dpVvs/3 . .dp  _dV3/3 . ..dp 5. _~ ~ 5_dV
= P = VAT 4 = VIRIE 1 2V o dp = P ()

0 =
av av av av

Again we discretize this as finite differences and insert the expressions for the
volume to get the expression for the change in pressure only depending on p,
7 and Ar:

N 5_ AV, _TPPAF — T AT
Api = __piTl = _5Pi Z : . (64)
37V n-7

Now with (64) and (62), the equation (58) only depends on the changes in
shell position A7; and the initial data. This allows us to bring the system back
into the equilibrium state by just finding a set of A7;. By multiplying with
the denominators of the summands in (58) and rearranging the terms, we can
write the equilibrium equation in the following form:

aiAri_1 4+ biAT; + ciATi 1 = —d; (65)

Where we neglect terms of order O (A7?), since throughout the evolution A7 <
1. This is satisfied by choosing the timestep sufficiently small. The coefficients
a, b, cand d are:



30 4 NUMERICAL APPROACH

_3Mipiriar;y  3Mipirt Mo Mpi  10pirirt

a4 = — - 66
o2 2 =21 2 2 r—r (66)
b 3Mipir?riz  3Mipir?risy  3Mipi1r?risy B 3Mipiparirioy  10p;r}
= 3 3 3 3 3 3 3 3 3_3
2r —=2r? | 2P =21} =274 2r0 =2r7 +2r7 17—y
(67)
10p; 17}
—Apiri+ — -+ Apiar (68)
AT
:Mz’Pi B 3Mipi+17?+1 3Mipi+1’”i2+1”i—1 Mipit1 10Pi+1”i2”12+1 69)
2 —2r} 4217 —2r} 421 2 —1? 417
M;p;r; Mipiri—1 = Mipis1ti M;p;qri_
d; = iPili+1  Mipiti—1 + iPi+17i4+1  Mipip17i—1 _zpiriz +2Pi+171'2 (70)
2 2 2 2
The equation (65) is in fact a matrix equation. It could also be represented in
the form:
bl 1 0
ar bz (6]
az by - Ar=—d (71)
) N
0 anN bN

Equations of type of (71) are called tridiagonal matrix equations and can be
solved with standard linear algebra methods. Especially the Tridiagonal ma-
trix algorithm (TDMA) (also known as Thomas algorithm) [32], which we im-
plemented, provides a fast way of computing the set of Ar; that solves the
hydrostatic equilibrium. Following the work of [17] we introduce boundary
conditions and define a fixed innermost shell at coordinate origin (rp = 0 and
Ary = 0) and fix the position of the outermost shell (A7y = 0). By doing so the
number of equations reduces from N to N — 1. The latter condition has a tech-
nical and a physical dimension. The technical part is that the solving process
of the tridiagonal matrix becomes very fast and efficient. The physical part
which justifies this assumption is that the outer profile changes very little due
to heat conduction in the inner region, so enforcing the boundary condition at
7n has little effect, if 7y is sufficiently large.
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To reach the hydrostatic equilibrium several adjustment steps (iterations of the
TDMA) are necessary. After each step the obtained Ar; are used to adjust the
thermodynamical properties p; and p; via (64) and (62). Now with those ad-
justed quantities the coefficients a, b, c and d can be computed and another
adjustment step follows. This process ends when the system reaches the hy-
drostatic equilibrium, which we define as a sufficiently small relative change in
radial adjustment €,. We chose €, = 1073, agreeing with [17]. In other words,
the adjustment ends when

( A7
max

= ) <e (72)

£}

is fulfilled. Then the next heat conduction step is taken and the system is
adjusted until equilibrium is reached again. In principal this evolution can be
continued indefinitely, but "in practice, when core collapse occurs the densities
rise sufficiently quickly that the [..] timestep becomes extremely small." [22].
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5 Results

In this section, I will present the results of my research with the gravothermal
fluid model. I will show that the model applies to self-interacting dark matter
halos containing a central black hole. Furthermore, I will compare the obtained
numerical profiles with semi-analytical predictions.

5.1 Adiabatic Black Hole Growth

The implementation of the gravothermal fluid model adiabatically adjusts the
halo to maintain hydrostatic equilibrium while heat is conducted within the
system. By introducing the central black hole in the system this process is al-
tered. The additional gravitational pull changes the configuration of the equi-
librium state. We have found that for mass ratios of

Mph

> 1074, 73
Mpny ~ (73)

(where Mgy and Mpj denote the black hole mass and total dark matter mass
respectively) it is not sufficient to just add the black hole mass in the hydro-
static equilibrium equation (36). If this is done the code fails to drive the system
into an equilibrium state. Since these mass ratios apply to many galaxies like
Milky Way-like galaxies and large galaxies like M87 (see [13] and [1]) they are
of particular interest for probing the nature of dark matter through indirect
observations. To make this range of the parameter space accessible for the
gravothermal fluid model implementation it is necessary to improve the initial
data frame. By starting from a small, slowly increasing black hole mass, we
were able to continuously drive the system into hydrostatic equilibrium. In a
way, the black hole is growing slowly such that the dark matter halo can adjust
itself to the increasing gravitational pull. What is meant by adiabatic black
hole growth is the quasi-static behavior of the system, continuously adjusting
to the slowly increasing mass. For this work, we applied this loose definition
and did not consider changes in entropy, etc. Once the black hole has reached
its proper mass, the growth is stopped and time evolution begins (see Fig. 9).
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Figure 9: Flowchart of improved implementation: To simulate the adiabatic

growth of the black hole, its mass is slowly increased while continuously ad-
justing the system to hydrostatic equilibrium. The growth process is stopped
once the desired mass is reached. Then time evolution and heat conduction
commences.

Though this may seem like an intrinsic shortcoming of the code, it is an im-
portant condition for the growth of a central dark matter density spike. In
other words, only through the growing process of the black hole, it is possi-
ble to over-concentrate dark matter in the inner regions of the halo with the
gravothermal fluid model. This agrees with the assumption taken in the semi-
analytical approach to the problem in [9].

5.2 Initial Dark Matter Density Spike

With the presented implementation of the gravothermal fluid model extended
by a central black hole, I was able to produce spiked density profiles. After the
adiabatic growth of the black hole, the system reaches an equilibrium state and
shows a significant increase in density for the inner regions. From the semi-
analytical method of Gondolo and Silk (see Section 2.3), we have the predic-
tions of the spike slope emerging from initial NFW, Hernquist and Isothermal
profiles. In Fig. 10, the spiked density profiles and their slopes in log-log space
are presented.
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In plot 10(a) we can observe an approximately constant slope within the spike
region for all three profiles and a gradual change to the original profiles in the
outer regions (i.e. outside of the spike radius). Each profile carries a numerical
artifact on the innermost point of the computation. This artifact is of particular
interest and will be discussed in the section 6.2. In plot 10(b) inside the spike
region, the NFW and Hernquist profiles have a slope of approximately s, =
7/3 agreeing with the prediction. The spike for the Isothermal profiles has a
slope of approximately s, = 3/2 also agreeing with the prediction, but fits
worse. For all profiles, we see the imprint of the numerical artifact in the slopes
and a typical transition behavior around the spike radius.

With the presented implementation of the gravothermal fluid model, I was able
to reproduce the semi-analytical predictions numerically!

When comparing the position of the spike obtained through the simulation
with the spike radius, we find that the simulated spike lies within the spike
region and is therefore expected to be physical!
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Figure 10: 10(a) shows the numerically generated Isothermal, Hernquist and
NFW profile for the inner regions of the halo. The vertical lines represent
the corresponding spike radius 7, for each profile. In 10(b) the slopes of the
profiles are presented. Again the vertical lines correspond to the spike radius
of each model and the horizontal lines to the semi-analytical predictions.
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6 Conclusions

In this section, I am going to summarize the presented work and the key re-
sults. I will also discuss how the results can be used for future research and
provide an outlook on how the model and the numerical simulation could be
improved in the future.

6.1 Summary

In this thesis, I laid out the fundamental properties and the problems of the
cold dark matter model. I introduced self-interacting dark matter as a possi-
ble solution to those unresolved phenomena and explained how dark matter
structures (spherical dark matter halos) can be simulated with the gravother-
mal fluid model. This included explaining the method of Lagrangian Zones
combined with the numerical process of continuously evolving the system.
Previous research has shown that dark matter over-densities (dark matter spikes)
in the center of dark matter halos are a powerful tool to examine the properties
of dark matter (e.g. with gravitational waves). Those properties are crucial to
prove the nature of dark matter and check whether self-interacting dark matter
is an appropriate model. Dark matter spikes typically form around supermas-
sive objects. So the goal of this work was to extend the gravothermal fluid
model by adding a central black hole and study its impact on the density pro-
file.

The two key results of this thesis are the following:

The implementation of the central black hole depends on the mass ratio be-
tween the black hole and the total dark matter mass. Above a typical ratio of
~ 10~*, which applies to many galaxies, it is necessary to simulate the growth
process of the central black hole and its feedback on the halo.

The presented implementation of the gravothermal fluid model with the cen-
tral black hole is capable of producing realistic dark matter density spikes. In
particular, the numerical simulation is now able to reproduce density spike
slopes, which were semi-analytically predicted. The success here is that I was
able to extend the gravothermal fluid model, in a way to produce realistic and
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physical small scale phenomena.

This indicates that the numerical code we developed is capable of generat-
ing realistic systems through the gravothermal fluid model. This enables re-
searchers to produce realistic and smooth dark matter distributions and use
them for the analysis of spiked self-interacting dark matter halos. Before the
common way was to artificially add a spike on top of a known density pro-
file (see e.g. [1] and Fig. 11). With the extended model, it is now possible to
simulate the inner and outer regions of the halo simultaneously and study the
system as a whole.
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Figure 11: Comparison of Spiked Density Profiles: Since [9] was published,
spiked density profiles were generated like in 11(a). This means that one adds
the semi-analytical prediction for the spike on top of a known profile at the
spike radius. With the extended gravothermal fluid model, we can avoid this
extension by hand and generate the correct and smooth profile directly from
the fluid model like in 11(b). (Fig. 11(a) reprinted from [1])

6.2 Outlook

In my eyes, the gravothermal fluid model has a huge potential and offers many
ways to advance it. The goal of this thesis was to extend the model and do the
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groundwork for further research. In general, this further research can be split
into two parts: extending the theoretical physical model and on the other hand
improving the stability and capabilities of the implementation.

In terms of physics, one of the next steps could be to add more features of the
central black hole to the model. Since we are already simulating the growth of
the black hole, it is interesting to introduce mass accretion to the model. When
doing so, one has to model a very violent environment, and the Newtonian
treatment we applied needs to be extended by relativistic corrections. These
corrections are already partially studied in [30]. Of course, a further general-
ization of the model is desirable. There are many ways to achieve that, e.g.
the input density profile could be changed to a more generic one as studied
in [9]. Also, the input properties of the self-interacting dark matter could be
broadened. In this work, we assumed an elastic scattering with a constant
cross-section, which is a plain assumption. By introducing inelastic scattering
models as studied in [7] or velocity-dependent cross-sections as studied in [20]
the spectrum of examinable self-interacting dark matter models is widened.
Finally, the produced density profiles of this code can be used to study how
the dark matter density spike affects the inspiral of massive objects and the so
emitted gravitational waves.

Another point to improve is the implementation itself. While the interesting
physics happens in heat conduction and time-evolution, the computationally
most expensive process is maintaining the hydrostatic equilibrium. This solv-
ing of a tridiagonal matrix equation is one of the key processes that need to be
done. The algorithm we implemented works well but is only semi-stable since
it relies on the dominance of the main diagonal. This criterion is only fulfilled
during the initial growth process. Once the heat is conducted, it fails and the
algorithm breaks down, which is visually perceivable in the small numerical
artifact in every density profile (see e.g. Fig. 11). If one succeeds to solve the is-
sue and remove it, the stability could be restored. By improving this we could
widen the parameter range in which the implementation is applicable. The
algorithm could also be replaced by a parallel computing ansatz using GPUs,
which would avoid the stability criterion and possibly works even faster.
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