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Abstract

We construct a general-relativistic model of spherically symmetric self-
interacting dark-matter halos based on the gravothermal fluid model, and
implement it in a numerical solver. We perform simulations for several halo
parameter sets and interaction cross sections, comparing an established New-
tonian model with the developed relativistic model. We find that relativistic
effects greatly increase the central density after gravothermal collapse, with
stronger amplification for smaller self-interaction cross sections.

Zusammenfassung

Mithilfe der allgemeinen Relativitätstheorie konstruieren wir ein Modell
sphärisch symmetrischer, selbstinteragierender Dunkle-Materie-Halos basierend
auf dem gravothermalen Fluidmodell und implementieren es in einem nu-
merischen Solver. Wir führen Simulationen für verschiedene Halo-Parameter
und Wechselwirkungsquerschnitte durch und vergleichen ein etabliertes new-
tonsches Modell mit dem entwickelten relativistischen Modell. Dabei stellen
wir fest, dass relativistische Effekte die zentrale Dichte nach dem gravother-
mischen Kollaps erheblich erhöhen, wobei die Verstärkung bei kleineren Selb-
stinteraktionsquerschnitten stärker ausfällt.
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1 Introduction

The formation and evolution of cosmic structure is described by the standard cosmolog-
ical model, commonly referred to as the ΛCDM model. In this framework, the energy
content of the Universe is dominated by dark energy (Λ) and cold dark matter (CDM),
while baryonic matter contributes only a minor fraction. The ΛCDM model provides
a successful description of the expansion history of the Universe, the cosmic microwave
background, and the large-scale distribution of matter [1]. Despite its success at large
scales, ΛCDM faces several issues at or below galactic scales. In particular, numerical
simulations of collisionless CDM predict steep central density cusps in dark matter halos,
while observations of dwarf galaxies favor isothermal cores. This discrepancy is commonly
referred to as the core-cusp problem. Another issue is the missing-satellite problem, in
which CDM predicts an overabundance of subhalos in the Milky Way that have not
been found [2]. A proposed solution to these problems was self-interacting dark matter
(SIDM), which introduced a non-vanishing interaction cross-section and, as the name sug-
gests, allows dark matter particles to interact with each other [3]. High-resolution N-body
simulations are commonly used to study the evolution of SIDM halos. A computation-
ally cheaper approach is the semi-analytical gravothermal fluid approximation, which uses
the conservation of mass, hydrostatic equilibrium, heat conduction, and the laws of ther-
modynamics to model a spherically symmetric SIDM halo [4]. This thesis constructs a
theoretical and numerical adaptation of the evolution code developed by Boddy [5, 6]
to incorporate general-relativistic equations. An open-source reference implementation
by the original authors is available at https://github.com/kboddy/GravothermalSIDM.
The primary assumption is that hydrostatic equilibrium in this system can be modeled
using the Tolman-Oppenheimer-Volkoff (TOV) equations [7, 8], following the approach
of Shapiro [9]. Adapting the code requires modifications to three distinct components:
Initial Conditions, Hydrostatic Adjustment, and Heat Conduction. The discussion begins
with an overview of cold dark matter and self-interacting dark matter. Subsequently,
the equations governing the Newtonian gravothermal fluid are introduced, followed by
an overview of General Relativity (GR) and the Tolman-Oppenheimer-Volkoff equations,
which are used to derive the relativistic expressions for the gravothermal fluid. The
numerical implementation of these equations within the existing code is then detailed.
Finally, simulation results are presented and compared to the Newtonian case. The
source code used to generate all results presented in this thesis is publicly available at
https://github.com/AluminiumBromid/GravothermalSIDM-GR.

2 Cosmology

The fundamental idea in cosmology is the cosmological principle, which states that the
Universe is statistically homogeneous and isotropic on sufficiently large scales. Under this
assumption, the spacetime geometry is described by the Friedmann-Lemaître-Robertson-
Walker (FLRW) metric, which represents the most general solution of Einstein’s field
equations consistent with these symmetries [1]. Observations of the Cosmic Microwave
Background (CMB) anisotropies and large-scale structure indicate that the spatial cur-
vature of the Universe is very close to zero, implying a spatially flat geometry to high
precision [10].

The standard cosmological model, known as the ΛCDM model, describes the energy
content of the Universe in terms of four main components: dark energy (represented by
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the cosmological constant Λ), cold dark matter (CDM), ordinary baryonic matter, and
radiation. Each component contributes differently to the cosmic expansion and evolves
distinctively with the scale factor a(t).

A central prediction of the FLRW spacetime is that the Universe is expanding. Due to
the finite speed of light, observing distant astrophysical objects is equivalent to observing
the Universe at earlier stages of its evolution. Extrapolating this expansion backward
in time suggests that the primordial universe was extremely dense. The standard cos-
mological model postulates a singularity that led to the expansion of the universe 13.7
billion years ago, known as the Big Bang. It was followed up by an accelerated expansion
called the Inflation. The oldest electromagnetic radiation observable today is the Cosmic
Microwave Background. The CMB originates from the epoch of recombination, which
occurred approximately 380 000 years after the Big Bang, corresponding to a redshift of
z ≃ 1100. At this time, the Universe had expanded and cooled enough for protons and
electrons to form neutral hydrogen, making the Universe transparent to photons [1]. These
photons have since been redshifted by cosmic expansion and are observed today as an al-
most perfectly isotropic blackbody spectrum with a temperature of TCMB = 2.725K [11].

2.1 Cold Dark Matter

Dark matter plays a central role in this cosmological framework. Although it does not in-
teract electromagnetically and is therefore invisible to direct observation, its gravitational
effects are essential to the formation of cosmic structure. Current observations indicate
that the total matter content of the Universe accounts for approximately 31% of the total
energy density, while dark energy contributes about 69% [10]. Of the matter component,
only about 5% consists of ordinary baryonic matter, which interacts via the electromag-
netic, strong, and weak forces. The remaining ∼ 26% is attributed to dark matter, which
interacts predominantly through gravity. The presence of dark matter is fundamental
for explaining the formation of structure in the Universe. Because baryonic matter was
tightly coupled to radiation before recombination, density perturbations in the baryonic
component could not grow efficiently at early times. The term “cold” denotes that dark
matter particles are non-relativistic during structure formation. This enables early clump-
ing of CDM into gravity wells, providing the seeds into which baryonic matter later fell
after recombination. Without cold dark matter, the observed abundance of galaxies and
large-scale structures would be difficult to explain with the age of the Universe [1].

The ΛCDM model is strongly supported by a wide range of independent observations,
including measurements of the CMB, baryon acoustic oscillations, Type Ia supernovae,
galaxy clustering, and gravitational lensing. These probes consistently result in the same
ratio of dark matter to baryonic matter, giving strong evidence for the existence of dark
matter as a fundamental component of the Universe [12].

2.1.1 Core-Cusp Problem

Comprehensive N-Body simulations by Navarro, Frenk, and White show that ΛCDM
halos can generally be described by a density profile, which diverges in the centre, known
as the NFW Profile

ρNFW =
ρs

r
rs

(
1 + r

rs

)2 , (1)
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where rs and ρs are the characteristic radius and density [13]. The density in the centre
is roughly ρ ∝ r−α with α = 1. This steep density spike is called a ’cusp’. Observations
of dark matter halos around dwarf galaxies instead suggest a ’cored’ density profile with
constant density α ≈ 0 in the core [14]. This is called the core-cusp problem. Recent
simulations that include baryonic feedback [15] produce inner slopes of α = 0.4 ± 0.1,
which are broadly consistent with observational results such as those from ’The Hi Nearby
Galaxy Survey’ (THINGS), which finds α = 0.29± 0.07 [16].

Figure 1: Density as a function of radius. The blue dotted line represents the density
profile with a cusp as in NFW. The solid red line shows a cored profile. Reproduced from
Fig. 4 Ref. [2].

.

2.2 Self-Interacting Dark Matter

To address the core-cusp and missing-satellite problems, Spergel & Steinhardt proposed
extending CDM by introducing a non-vanishing interaction cross-section σ and allowing
dark matter particles to scatter elastically with themselves [3]. The interaction strength
is commonly expressed as the cross section per unit mass, σm = σ/m. The density profile
in SIDM naturally produces isothermal cores, making it a good candidate for solving the
Core-Cusp problem. For sufficiently small values of σm, SIDM behaves indistinguishably
from CDM on cosmological scales, preserving the successful predictions of ΛCDM [2].

2.2.1 Gravothermal Collapse of SIDM halos

A gravitationally bound system has negative heat capacity, meaning that it heats up if it
loses energy. Imagine a system with a relatively compact hot core and an extended cold
outer region, then transferring heat outward heats the core even more. The increased
kinetic energy is supplied by the core’s potential energy, creating a runaway effect that
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catastrophically raises its density and temperature while reducing its size and mass. This
effect is called gravothermal collapse [17].

A characteristic feature of CDM halos is that, despite their steep central density
profiles, the velocity dispersion (i.e., temperature) decreases toward the center, resulting
in a cold core. Therefore, when starting with a cuspy profile, self-interactions will heat
and expand the core, thereby reducing the central density. At this stage, the mean free
path λ of the self-interactions is longer than the Jeans length H. At intermediate times,
the halo density decreases and remains cored. After a minimum density is reached and the
core becomes isothermal, collapse begins slowly. For longer evolution times, it eventually
collapses. For a cross section of σm ∼ 0.1-10 cm2 g−1, the halo keeps a cored profile for a
substantial amount of time, while larger cross sections accelerate the collapse [2].

3 Gravothermal Conductive Fluid Model
The gravothermal conductive fluid approximation model describes a virially static, spher-
ically symmetric, gravitating fluid that can transport heat via particle collisions. It em-
ploys four fundamental equations: conservation of mass, hydrostatic equilibrium, heat
conduction, and the laws of thermodynamics. The following section briefly outlines the
derivation of these equations as presented by Pollack [4].

3.1 Conservation of Mass

The equation of conservation of mass of a spherical symmetric density distribution ρ(r)
is

M(r) = 4π

∫ r

0

r′2ρ(r′)dr′, (2)

which results in the differential equation

dM

dr
= 4πr2ρ. (3)

In this definition, M(r) is the enclosed mass at radius r.

3.2 Hydrostatic Equilibrium

Hydrostatic Equilibrium describes the balance between outward pressure and the inward
acting force of gravity. Starting from the Poisson Equation for the gravitational potential
ϕ

∇2ϕ = 4πGρ, (4)

which is simplified by implying a spherically symmetric potential ϕ(r)

1

r2
∂

∂r

(
r2
∂ϕ

∂r

)
= 4πGρ, (5)

and by using (3), we get:

∂ϕ

∂r
=

GM

r2
. (6)
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Then, by looking at Euler’s equation

∂v⃗

∂t
+
(
v⃗ · ∇⃗

)
v⃗ = −1

ρ
∇⃗P − ∇⃗ϕ, (7)

and knowing that for a fluid in hydrostatic equilibrium v⃗ = 0, we can see that pressure is
balanced by gravity:

∇⃗P = −∇⃗ϕ (8)
∂P

∂r
= −ρGM

r2
(9)

3.3 Heat Flux

The Fourier equation describes that the heat flux q⃗ is proportional to the negative temper-
ature gradient −∇⃗ · T , with the thermal conductivity κ as the proportionality constant.

q⃗ = −κ∇⃗T (10)

Because the system is spherically symmetric, the heat flux only has a radial component
q⃗ = (qr, 0, 0)

qr = −κ
∂T

∂r
(11)

From the heat flux, the luminosity L can be defined as the total heat conducted through
a sphere at radius r:

L

4πr2
= qr = −κ

∂T

∂r
(12)

3.4 Thermodynamics

3.4.1 Equation of State

The equation of state of an ideal fluid is P = nkBT , where n = ρ/m is the number density
and m the mass of a particle, kB the Boltzmann constant, and T the temperature. The
temperature is related to the velocity v⃗ via the kinetic energy

3

2
kBT =

1

2
m⟨v⃗2⟩, (13)

which in turn is related to the velocity dispersion ν by assuming isotropy

ν2 ≡ ⟨v2x⟩ = ⟨v2y⟩ = ⟨v2z⟩ =
1

3
⟨v⃗2⟩ = kBT

m
, (14)

so the equation of state can be written as

P = ρν2. (15)

For a monoatomic gas the specific internal energy per particle is

u =
3kBT

2m
=

3P

2ρ
. (16)
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3.4.2 First Law

Starting from energy conservation

dU = TdS − ρdV, (17)

we can rewrite this into the specific quantity form

du = Tds+
P

ρ2
dρ, (18)

by using

u =
U

m
, s =

S

m
, ρ =

m

V
. (19)

Taking the specific internal energy and writing it as a function u(P, ρ), the differential is

Tds =
∂u

∂P

∣∣∣∣
ρ

dP +
∂u

∂ρ

∣∣∣∣
P

dρ− P

ρ2
dρ, (20)

which becomes

ds =
kB
m

[
3

2

dP

P
− 5

2

dρ

ρ

]
. (21)

After integration, we get the specific entropy

s =
kB
m

ln

(
P 3/2

ρ5/2

)
=

kB
m

ln

(
ν3

ρ

)
(22)

3.4.3 Second Law

Employing the second law of thermodynamics and assuming vanishing dissipative entropy
production, such that the entropy change is given by

TdS = δQ (23)

The conservation law of the heat flux is given as the integral over the flux q⃗ through the
surface dA⃗

Q̇ = −
∮
∂V

q⃗ · dA⃗, (24)

and by using Gauss’s theorem

Q̇ = −
∫
V

∇⃗ · q⃗ dV (25)

By switching to specific quantities again, the second law becomes

T
ds

dt

∣∣∣∣
M

=
1

m

dQ

dt

∣∣∣∣
M

= −1

ρ
∇⃗ · q⃗. (26)

This results in the final equation

d

dt
ln

(
ν3

ρ

)
= − 1

ν2

dL

dM
, (27)

which encodes the local conservation of energy in the system.
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3.5 Thermal Conductivity

The equations derived so far describe a spherically symmetric, self-gravitating fluid in
which energy is transported by heat conduction. The efficiency of this transport is gov-
erned by the thermal conductivity κ, which encodes the microscopic interaction properties.
In the case of self-interacting dark matter, the interactions are elastic, hard-sphere col-
lisions. Heat transport can be modeled using transport theory, with particles crossing a
spherical surface at radius r carrying thermal energy. The resulting heat flux q(r) de-
pends on the difference between the energies transported by particles moving outward
and inward across this surface with particle flux ±nλ

τ
.

q(r) =
1

2
(q+ + q−) =

1

2

[
−nλ

τ

3

2
kBT+ +

nλ

τ

3

2
kBT−

]
(28)

Using the mean free path λ and collision time τ . Assuming local equipartition of energy
and applying a first-order Chapman-Enskog expansion, the temperatures associated with
particles on either side of the surface can be approximated as

T± = T (r)± bλ
∂T

∂r
, (29)

where b = 25
√
π

32
[18] is an effective impact parameter for hard sphere scattering. This

results in the expression

κ =
3

2

kB
m

bρλ2

τ
. (30)

The SIDM fluid properties depend on the mean free path λ and the local gravitational
scale height, or the Jeans length H:

H =

√
ν2

4πGρ
. (31)

In the SMFP regime, where λ≪ H, collisions occur frequently, which means the collision
time is given by the velocity dispersion τ = λ/ν, which leads to

κ = 3
kB
m

bρνλ. (32)

In the LMFP regime, λ≫ H, collisions are rare and the effective mean free path is limited
by the scale height, λ → H, and the collision time is replaced by the relaxation time tr.
The thermal conductivity then becomes

κ =
3

2

kB
m

bρH2

tr
. (33)

Since realistic SIDM halos generally contain regions belonging to both limits, the SMFP
and LMFP regimes are interpolated via

κ−1 = κ−1
SMFP + κ−1

LMFP, (34)

which leads to the interpolated luminosity

κ = 3
kB
m

bρν2

[
1

λ
+

bνtr
C H2

]−1

. (35)
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The dimensionless parameter C controls the relative importance of the LMFP contribu-
tion. It is determined by comparing with N-body simulations C ≈ 0.753 [18]. The mean
free path is related to σm by

λ =
1

ρ σm

, (36)

while the relaxation time for hard-sphere scattering is given by

tr =
1

aρσmν
(37)

with a =
√

16/π [4].

3.6 Summary

We now have the four equations needed to explain a gravothermal fluid. By introducing
a small cross-section and the SMFP and LMFP regimes, we construct a thermal conduc-
tivity κ to model a SIDM halo.

dM

dr
= 4πr2ρ (38)

dP

dr
= −ρGM

r2
(39)

L

4πr2
= qr = −κ

∂T

∂r
(40)

d

dt
ln

(
ν3

ρ

)
= − 1

ν2

dL

dM
(41)

Next, we will go into detail on how to find equivalent relativistic expressions, starting
with an introduction to general relativity.

8



4 General Relativity

4.1 Introduction to GR

In the Newtonian descriptions of the collapse of SIDM halos, gravity is implemented as
a force acting on particles. In General Relativity, gravity is no longer interpreted as
a force but as a consequence of the curvature of space-time. We introduce the basic
relations needed to construct the theory of general relativity, following the descriptions
in the textbook from Rezzolla and Zanotti [19]. Space-time is a four-dimensional pseudo-
Riemannian manifold composed of three spatial dimensions and one time dimension. It is
non-Euclidean where distances s between events can be measured using the metric tensor
g:

ds2 = gµνdx
µdxν . (42)

For flat-space, i.e., Minkowski-space, the metric tensor is gµν = diag(−1, 1, 1, 1) with the
line element

ds2 = −c2dt2 + dx2 + dy2 + dz2. (43)

There are two possible conventions for the signs of the metric tensor; in this work, the
mostly-positive convention, denoted (−,+,+,+), is adopted. The distance between two
points on a pseudo-Riemannian manifold can be positive, negative, or zero. Using the
mostly positive convention (−,+,+,+), distances greater than zero ds > 0 are called
space-like, those less than zero ds < 0 are time-like, and those equal to zero ds = 0
are null-like. Only time-like and null-like events are causally connected. In addition to
the manifold, a connection Γ must be defined to differentiate between tangent vector
fields. The ordinary derivative cannot be used because the derivative of a vector does
not transform as a tensor. Therefore, the covariant derivative ∇ is introduced to ensure
proper transformation properties.

∇µV
α = ∂µV

α + Γα
µνV

ν (44)

The connection Γ is called the Christoffel symbol and doesn’t transform like a tensor.
By specifying that the covariant derivative should be a Levi-Civita connection, it has to
be compatible with the metric ∇g = 0, i.e., parallel transport of vectors must conserve
lengths, and it has to be torsion-free Γα

[µν] = 0. The Christoffel symbols are computed by

Γα
µν =

1

2
gαβ (∂µgνβ + ∂νgµβ − ∂βgµν .) (45)

Now we have the tools to measure a manifold’s intrinsic curvature. The intrinsic
curvature is the curvature that exists within the hypersurface itself and is not from the
context of a higher dimension in which the surface could be embedded. It is described
by the Riemann tensor R, which measures the difference in commutation V along two
directions ∂µ and ∂ν .

∇[µ∇ν]V
α = Rα

µνλV
λ. (46)

By contracting the rank 4 Riemann tensor, we get the rank 2 Ricci tensor Rµν = Rα
µαν ,

with the Ricci scalar R = Rµ
µ as its trace. The Einstein tensor G is built from the Ricci
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tensor and scalar. It encodes the curvature of the spacetime and has zero divergence
∇µG

µν = 0 by definition.

Gµν = Rµν +
1

2
gµνR (47)

The Einstein Equations then describe gravity as a result of the intrinsic curvature of
spacetime, generated by mass and energy, by relating the Einstein Tensor to an energy-
momentum source term, the Energy-Momentum tensor T .

8πTµν = Rµν −
1

2
gµνR (48)

4.2 Tolman-Oppenheimer-Volkoff equations

The Einstein equations consist of 10 equations in total, due to the symmetry of G. How-
ever, four of these are not independent because the divergence of G vanishes, so only 6
independent equations remain. By assuming a static, spherically symmetric system, the
system of equations can be further reduced. The generic line element with these properties
is

ds2 = −c2e2Φ(r)dt2 + e2λ(r)dr2 + r2dΩ2, (49)

where λ(r) and ϕ(r) are generic functions of coordinate radius r. Using this and the
Einstein Field equation

8πTµν = Rµν −
1

2
gµνR, (50)

with the energy-momentum Tensor T of an ideal fluid

Tµν =
1

c2
(e+ P )uµuν + Pgµν (51)

Tµ
ν =


−e 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

 (52)

and the energy-momentum-conservation equation

∇T = 0, (53)

the TOV equations [7, 8] can be derived

∂M

∂r
= 4πr2ρ, (54)

∂Φ

∂r
=

G

c2
Mc2 + 4πr3P

r (rc2 − 2GM)
=

GM

r2c2

(
1 +

4πr3P

Mc2

)(
1− 2GM

rc2

)−1

, (55)

∂P

∂r
= −

(
ρc2 + P

) ∂Φ
∂r

= −ρGM

r2

(
1 +

P

ρc2

)(
1 +

4πr3P

Mc2

)(
1− 2GM

rc2

)−1

, (56)
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with

e = ρc2, (57)

e2λ(r) =

(
1− 2GM(r)

rc2

)−1

. (58)

In these equations, M(r) describes the enclosed ’gravitational’ mass at radius r, P (r) is
the pressure, e(r) is the energy density, and ρ(r) = e/c2 is the energy density expressed
in units of mass per volume. The dimensionless variable ϕ(r) times c2 reduces to the
Newtonian gravitational potential ϕ′

Newt =
GM
r2

in the limit c → ∞. Therefore, it will be
referred to colloquially as the ’gravitational potential’. The TOV equations describe the
hydrostatic equilibrium of a spherically symmetric, static, ideal fluid.

4.2.1 Equation of State

To evaluate the TOV equations, we need to introduce an equation of state (EOS). We
assume a perfect, relativistic, nearly collisionless (ideal) fluid with particles that move
isotropically in each fluid element with a root-mean-square velocity vrms ≡ ⟨v2⟩. In an
isotropic velocity distribution, the velocity dispersion ν is defined as ν2 ≡ ⟨v2i ⟩ = v2rms/3. A
relativistic ideal gas still follows the ideal gas law P = nkBT , as derived by F. Jüttner [20].
For the most part, I follow the logic from Shapiro [9]. There the EOS is P = nkBT = ρν2

and ρ = γρ0, ρ0 = mn, with the Lorentz factor

γ =
1√

1− ⟨v2⟩/c2
=

1√
1− 3ν2/c2

, (59)

where ρ0 is the rest-mass density and m the particle mass. This results in kBT = γmν2.

4.3 Conservation of Rest Mass

In the Newtonian gravothermal fluid description, the enclosed mass is typically used as
a Lagrangian variable to label a given mass shell, whose radial position r and associated
quantities, such as pressure and density, evolve over time. The cumulative gravitational
mass M is not an appropriate Lagrangian variable, since it includes energy contributions
and therefore does not remain constant during the evolution. To obtain the proper ana-
logue to the Newtonian formulation, the enclosed rest mass M0 is used. It’s derived from
the volume integral over the rest-mass density ρ0. First, we need to find the induced
3-metric γ

(3)
ij for constant time. The line element of this induced metric is

dl2 = e2λ dr2 + r2 dθ + r2 sin2 θ dϕ, (60)

with

γ
(3)
ij = diag

(
e2λ, r2, r2 sin2 θ

)
, (61)

and the determinant

γ(3) = det
(
γ
(3)
ij

)
= e2λr4 sin2 θ. (62)

Thus, the proper volume element is

dV =
√

γ(3) dr dθ dϕ = eλr2 sin θ dr dθ dϕ, (63)
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and the resulting rest mass integral and differential

M0(r) =

∫
V

ρ0 dV = 4π

∫ r

0

ρ0(r
′)r′2eλ(r

′) dr′ (64)

⇒ dM0

dr
= 4πr2eλρ0 (65)

4.4 Heat Flux

Fourier’s law of heat conduction states that the thermal flux q⃗ is proportional to the
negative gradient of temperature T times heat conductivity κ

q⃗ = −κ∇⃗T. (66)

It must be mentioned that, unlike in classical flat space-time, the temperature is not
constant in curved space-time in thermal equilibrium. Instead, the value

√
−gtt T = const

is conserved, this is known as the Ehrenfest-Tolman effect [21]. A similar relation can be
made for the heat-flux

√
−gtt q = const, leading to the expression for radial heat flux

qr = −
κ

eϕ
∂
(
T eϕ

)
∂r

, (67)

as derived by Ram [22].
Local Luminosity Llocal(r) is the total heat flux through the surface nµdA with the

normal nµ, which encloses the volume V at radius r. The normal nµ of the hypersurface
r, t = const is proportional to the radial one-form

nµ ∝ ∂µr = (0, 1, 0, 0). (68)

Because n is space-like, the normalization condition is nµn
µ = 1, this results in

nµ = (0, α, 0, 0) and nµ = (0, α−1, 0, 0), (69)

with α =
√
grr = eλ. The proper area element dA is derived by taking the determinant

of the induced 2-metric γ(2) of the 2-sphere dl2 = r2 dθ2 + r2 sin2 θ dϕ2

γ(2) = det
(
diag(r2, r2 sin2 θ)

)
= r4 sin2 θ, dA =

√
γ(2) dθ dϕ. (70)

Thus, the local luminosity is

Llocal =

∫
∂V

qµn
µdA = 4πr2qre

−λ. (71)

Luminosity is just the energy rate over time

Llocal =
dElocal

dτ
, (72)

to get a Luminosity as measured by a distant observer L we need to account for the
fact that the local energy and proper time are gravitationally redshifted by a factor of√
gtt = eϕ and

√
gtt = e−ϕ respectively [19]:

L =
dE

dt
=

eϕ dElocal

e−ϕ dτ
= e2ϕLlocal = 4πr2qre

2ϕ−λ. (73)
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4.5 Conservation of Energy

The TOV equations describe a static system without heat flux. In order to get equiv-
alent equations for the thermodynamic statements, we need to introduce q into the
energy-momentum tensor. Because our system is spherically symmetric, heat-flux only
has a radial component qµ = (0, qr, 0, 0) and is orthogonal to the fluid four-velocity
uµ = (ut, 0, 0, 0). This results in modifications to the spatial components of the energy
flux T i,0 and the momentum density T 0,i of the energy-momentum tensor [19].

T µν =
1

c2
(e+ P )uµuν + Pgµν +

1

c2
(qµuν + qνuµ) (74)

Tµ
ν =


−e −qr/c 0 0
qr/c P 0 0
0 0 P 0
0 0 0 P

 . (75)

The General Relativistic equivalent of the Euler Equations is:

∇µT
µν = 0 (76)

To get separate equations for energy and momentum, we can break the covariant derivative
of T apart into a parallel and an orthogonal component to u, which need to be zero
individually. For this, we need to define the projection tensor h as hµν = gµν + 1

c2
uµuν ,

which fulfills h · u = 0.

uν∇µT
µν = −uµ∇µe+

e+ P

n
uµ∇µn−∇µq

µ +
1

c2
aµq

µ = 0 (77)

hσ
ν∇µT

µν = hσµ∇µP +
1

c2
(e+ P )aσ +

1

c2

[
qσ∇µu

µ + qµ∇µu
σ + uµ∇µq

σ − 1

c2
uσaµq

µ

]
= 0

(78)

The equation (77) describes energy conservation, and equation (78) describes the conser-
vation of momentum. In deriving this form, the continuity equation ∇µ(nu

µ) = 0, with
the number density n was used to write ∇µu

µ = −(uµ∇µn)/n. Furthermore, the four
acceleration is defined as the parallel transport of u along itself aν ≡ uµ∇µu

ν . By using
gµνu

µuν = −c2 and (45) to calculate Γ0
µ0 = ∂µϕ, we get aµ = c2∂µϕ. The directional

derivative uµ∇µ( · ) is just the derivative towards the proper time ∂τ ( · ). Therefore, the
equation for the conservation of energy is

de

dτ
− e+ P

n

dn

dτ
= −∇µq

µ − qr
dϕ

dr
. (79)
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Now we can apply the EOS to the energy equation (79). The left-hand side results in:

de

dτ
− e+ P

n

dn

dτ
= e

d ln e

dτ
− (e+ P )

d lnn

dτ

= e
d ln e/n

dτ
− P

d lnn

dτ

= P

(
c2

ν2

d ln γ

dτ
− d lnn

dτ

)
= P

(
d ln γ3ν3/c3

dτ
− d lnn

dτ

)
= P

d

dτ
ln

(
γ3ν3

n c3

)
= ρ0T

ds

dτ

(80)

de

dτ
− e+ P

n

dn

dτ
= P

d

dτ
ln

(
γ3ν3

n c3

)
= ρ0T

ds

dτ
(81)

This is just the first law of thermodynamics with the specific entropy s = kB
m
ln
(

γ3ν3

n c3

)
.

The right-hand side becomes:

−∇µq
µ − 1

c2
aµq

µ = −dqr

dr
− qrΓµ

µr −
1

c2
arq

r

= −dqr

dr
− qr

[
2

r
+

dϕ

dr
+

dλ

dr

]
− qr

dϕ

dr

= −dqr

dr
− qr

[
2

r
+ 2

dϕ

dr
+

dλ

dr

]
= −dqr

dr
− qr

d ln r2e2ϕ+λ

dr

= − 1

r2e2ϕ+λ

[
r2e2ϕ+λdq

r

dr
+ qr

dr2e2ϕ+λ

dr

]
= − 1

r2e2ϕ+λ

d

dr

[
qrr2e2ϕ+λ

]
= − 1

r2e2ϕ+λ

d

dr

[
qrr

2e2ϕ−λ
]

= − 1

4πr2e2ϕ+λ

dL

dr

= − ρ0
e2ϕ

dL

dM0

(82)

The approximation ∂τ ≈ e−ϕ∂t, "since the mean fluid velocity is everywhere negligible in
a virialized, spherical, quasistatic system" [9, p. 13]. So, we obtain a final expression for
the conservation of energy in the general-relativistic conductive-fluid approximation:

d

dt
ln

(
γ3ν3

ρ0

)
= − 1

γν2eϕ
dL

dM0

. (83)
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4.6 Heat Conduction Step

During a heat-conduction step, the rest-mass density ρ0 is kept constant. It is an isochoric
process that satisfies the energy conservation equation (83). We define the specific internal
energy

u ≡ 3kBT

2m
=

3P

2ρ0
=

3

2
γν2 (84)

and find an expression for γ in terms of u by writing (59) as

γ−2 = 1− 2
u

c2
γ−1, (85)

then solving the quadratic equation and demanding that γ ≥ 1, ∀u ≥ 0, we get

γ(u) =
u

c2
+

√( u

c2

)2
+ 1. (86)

This allows us to express the left-hand side of the energy conservation equation while
keeping ρ0 constant. First we need to find the derivative of γ expressed as a derivative of
u:

d ln γ

dt
=

γ2 − 1

γ2 + 1

d lnu

dt

Then we rewrite the left-hand side of equation (83):

d

dt
ln

(
γ3u3/2

ρ0

)∣∣∣∣
ρ0

=
d

dt
ln

(
γ3/2u3/2

ρ0

)∣∣∣∣
ρ0

=
3

2

(
d ln γ

dt

∣∣∣∣
ρ0

+
d lnu

dt

∣∣∣∣
ρ0

)

=
3

2

(
γ2 − 1

γ2 + 1

d lnu

dt

∣∣∣∣
ρ0

+
d lnu

dt

∣∣∣∣
ρ0

)

=
3γ2

γ2 + 1
· 1
u

du

dt

∣∣∣∣
ρ0

By combining this with the right-hand side of equation (83), we get a description of how
u changes over time:

d

dt
ln

(
γ3u3/2

ρ0

)∣∣∣∣
ρ0

= − 1

γν2eϕ
dL

dM0

⇒ du

dt

∣∣∣∣
ρ0

= −1 + 1/γ2

2eϕ
dL

dM0

(87)

The change of P over time is derived directly from u:

d lnP

dt

∣∣∣∣
ρ0

=
d lnu

dt

∣∣∣∣
ρ0

(88)

dP

dt

∣∣∣∣
ρ0

=
P

u

du

dt

∣∣∣∣
ρ0

(89)
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Comparing this to the Newtonian result:

du

dt
= − dL

dM
(90)

dP

dt
=

P

u

du

dt
(91)

It is evident that the derived general relativistic results converge to the Newtonian case
in the limit c→∞.

4.7 Summary

The resulting equations are:

∂M

∂r
= 4πr2ρ (92)

∂Φ

∂r
=

G

c2
Mc2 + 4πr3P

r (rc2 − 2GM)
(93)

∂P

∂r
= −ρGM

r2

(
1 +

P

ρc2

)(
1 +

4πr3P

Mc2

)(
1− 2GM

rc2

)−1

(94)

L

4πr2e2ϕ−λ
= qr = −

κ

eϕ
∂
(
T eϕ

)
∂r

(95)

d

dt
ln

(
γ4ν3

ρ

)
= − 1

ν2γeϕ
dL

dM0

(96)

In comparison to the Newtonian case, the gravitational potential ϕ has to be evaluated,
because the heat conduction explicitly depends on it. These equations are equivalent to
the Newtonian expressions if we remember that ϕ · c2 → ϕNewt for c→∞, then the limit
of the exponential is eϕ → eϕNewt/c

2 → 1 for c → ∞. For the thermal conductivity κ,
the expression from subsection 3.5 is used. We can now start discussing the numerical
implementation.

5 Numerical Implementation
The broad numerical implementation is outlined in Algorithm 1.
Algorithm 1: General Simulation Loop
Compute initial conditions;
Update variables;
t← 0;
while t < tmax do

Heat convection step;
repeat

Hydrostatic Adjustment Step;
until Hydrostatic Equilibrium achieved;
Update variables;
t← t+∆t;

At each timestep, it is assumed that the fluid remains in virial equilibrium, meaning
the timescale for achieving hydrostatic equilibrium is much shorter than that of conduc-
tive particle interactions. The code implements this through two primary steps. When
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a density and pressure profile satisfies hydrostatic equilibrium, it is perturbed via the
heat-conduction equation, which governs irreversible heat flow within the system. Fol-
lowing each conduction step, the system departs from equilibrium and is subsequently
restored through one or more hydrostatic adjustment steps. This procedure maintains
virial equilibrium throughout the simulation.

A halo is modeled as a series of N concentric shells. Each shell has properties defined
as averages across a shell P, ρ0, ρ, e, ν, T, u, κ,Keff (intensive quantities) and on the outer
boundary of a shell M0,M, r, ϕ, λ, L, qr, V (extensive quantities). This means that the
pressure Pi inside the i-th shell corresponds to a radius of ri−1/2. When discretizing
the equations, keeping track of indices and their meanings is especially important. For
example, consider the discretization of the conservation of mass:

dM

dr
= 4πr2ρ ⇒

{
Mi−Mi−1

ri−ri−1
= 4π

( ri+ri−1

2

)2
ρi centered around ρi

Mi+1−Mi−1

ri+1−ri−1
= 4πr2i

(ρi+ρi+1

2

)
centered around ri

(97)

There are two ways to obtain it, either by centering around the center of a shell (trape-
zoidal rule; P, ρ, etc.) or around the boundary (midpoint rule; M, r, etc.). The code
is written in Python, using libraries such as NumPy [23], SciPy [24], SymPy [25], As-
troPy [26], and Numba [27]. Each shell is indexed by i ∈ [0, N−1]. In the code, not every
variable-array has length N , and sometimes extended arrays are used, which shift the
array by one and set the first entry to zero (a ghost cell). Python’s array slicing is utilized
as much as possible because it is very efficient, makes the code much more readable, and
reduces boilerplate for-loops. Array slicing helps operate on arrays of different lengths.
For example, if the average across the ith-shell x̄i of a boundary defined variable xi is
needed, this is done:

1 import numpy as np
2

3 delta_x = np.empty_like(x)
4 delta_x [1:] = (x[1:]+x[: -1])/2
5 delta_x [0] = x[0]/2

Listing 1: Array slicing example

When computing numerous finite differences, employing ghost cells at the center with a
value of 0 can be advantageous. This approach enables single-step calculations, as the
difference at the central index is automatically addressed.

5.1 Normalization

By choosing appropriate normalisation factors, it’s possible to write the equations with
dimensionless variables. A variable χ can be written as the multiplication of a dimension-
less parameter χ̃ times a normalisation factor χN . If chosen appropriately, the individual
factors in an equation will cancel each other out. The normalization factors are:

MN = 4πρNr
3
N , uN =

GMN

rN
, PN = uNρN ,

νN =
√
uN , tN =

1√
4πGρN

, LN = G
M2

N

rN tN
,

ϕN = 1, λN = 1

(98)

Only the values of rN and ρN need to be specified. These normalisations mean we can
effectively replace G and 4π with 1 in our equations. By introducing a dimensionless factor
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x = uN/c
2, we can effectively replace any 1/c2 with x after switching to dimensionless

variables. For example:

eλ =

(
1− 2GM

rc2

)−1/2

⇒ eλ =

(
1− 2M̃

r̃
x

)−1/2

(99)

dM

dr
= 4πr2ρ ⇒ dM̃

dr̃
= r̃2ρ̃ (100)

For discretized equations, dimensionless variables are used, omitting the tilde notation.
The normalization c = 1 is not adopted, as it is not a natural choice in the Newtonian

formulation and would cause significant variation in the magnitudes of P , ρ, and M .
Additionally, this approach allows the Newtonian limit to be easily identified by taking
x→ 0 for c→∞.

5.2 Initial Conditions

At the beginning of the simulation, the rest-mass profile and density profile ρ0(r) are
specified to calculate the profiles M0(r) and P (r). In SIDM simulations, a model function
is choosen for ρ0(r) like the Navarro-Frenk-White (NFW) profile [13]

ρNFW(r) =
ρs

r
rs

(
1 + r

rs

)2 , (101)

where rs and ρs are the characteristic radius and density of the halo. The radius is
initialized logarithmically from a small value rmin to a larger one rmax, while avoiding the
value of r = 0. Let’s first look at how this is used to get initial data in the Newtonian
regime. The conservation of mass is given by the differential

dM0

dr
= 4πr2ρ0 (102)

and hydrostatic equilibrium by

dP

dr
= −ρ0

GM0

r2
. (103)

If the profile ρ0(r) is specified by a model function like the NFW profile, then these
differentials can be integrated in sequence. For some profiles, analytical solutions exist.
For the NFW profile, the mass is

M0(r) = 4πρsr
3
s

∫ r/rs

0

x

(1 + x)2
dx = 4πρsr

3
s

[
ln(1 + r/rs)−

r/rs
1 + r/rs

]
(104)

Integrating the pressure is less straightforward, but still possible∫ P (∞)

P (r/rs)

dP ′ = −4πρ2sr2sG
∫ ∞

r/rs

(1 + x) ln(1 + x)− x

x3(1 + x)3
dx, (105)

if we assume that P vanishes at infinity P (∞) = 0, switching to dimensionless variables
and by using the dilogarithm Li2 as the solution of the integral

Li2(x) = −
∫ x

0

ln(1− x′)

x′ dx′, (106)
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then the pressure is

P (r) =
1

2

[
π2 − 1 + r(9 + 7r)

r(1 + r)2
− ln r + 6 Li2(−r)

+ ln(1 + r)
(
1− 4

r
− 2

1 + r
+

1

r2
+ 3 ln(1 + r)

)]
.

(107)

In the Newtonian case, this is all we need. In our case, the chosen density profile corre-
sponds to the rest-mass density ρ0(r) = ρNFW(r), which means the energy density now is
a function of radius and pressure

ρ(r, P ) =
3P

2c2
+

√(
3P

2c2

)2

+ ρ20(r). (108)

Thus, the differentials dM/dr = 4πr2ρ(r, P ) and dP/dr = −ρ(r, P )GM
r

(
...
)

are coupled
and cannot be solved independently. To ensure comparability between the Newtonian
and general-relativistic codes, the same Lagrangian M0 is used. The initial density ρ0 is
specified by the model function, and both the rest-mass M0 and pressure P are calculated
using the Newtonian expressions. The energy density profile is then computed from (108),
and the gravitational mass profile is obtained by integrating dM/dr = 4πr2ρ.

∆Mi = ρi
r3i − r3i−1

3
(109)

Mi =
i∑

k=0

∆Mk (110)

This will only satisfy the hydrostatic equilibrium from the Newtonian formulation. There-
fore, a hydrostatic adjustment step is performed early to adjust the values of r, ρ, ρ0, P ,
and M , while keeping the rest-mass M0 constant.

5.3 Heat Conduction Step

The heat-conduction step is where time evolution occurs. For this, we need to write the
isochoric time derivatives ∆t of u (87) and P (89) in discrete form:

∆tui = −∆t
1 + 1/γ2

i

2e(ϕi+ϕi−1)/2

Lie
2ϕi − Li−1e

2ϕi−1

M0,i −M0,i−1

(111)

∆tPi = Pi
∆tui

ui

(112)

5.3.1 Time Difference

To get a value of ∆t, there are two options. Either rewrite (87)

∆t = min

∣∣∣∣∣ui
2e

ϕi+ϕi−1
2

1 + 1/γ2
i

M0,i −M0,i−1

Lie2ϕi − Li−1e2ϕi−1

∣∣∣∣∣ (113)

or use the momentum flux

∆t = min

∣∣∣∣ 1

ρ0ν

∣∣∣∣ . (114)
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5.4 Hydrostatic Equilibrium Adjustment Step

After a conduction step, the system is no longer in equilibrium. To return to equilibrium,
the hydrostatic equilibrium equation needs to be relaxed numerically. The discretized
TOV equation, centered around ri is

Pi+1 − Pi

(ri+1 − ri−1)/2
+

ρi + ρi+1 + x(Pi + Pi+1)

2

Mi + r3i x(Pi + Pi+1)/2

ri(ri − 2Mix)
= 0 (115)

Depending on how close or far we are from hydrostatic equilibrium, the expression (115)
will be closer or farther from zero. Hence, we want to build a residual R of (115), but
without any denominators:

Ri = 8
(
r2i − 2Mirix

)
(Pi+1 − Pi)

+ (ρi + ρi+1 + x(Pi + Pi+1)) (ri+1 − ri−1)
(
2Mi + r3i (Pi + Pi+1)x

)
.

(116)

This is permitted because if expression (116) is equal to zero, then expression (115) will
also be zero. When the residual is not zero, it is perturbed linearly in δr such that
Ri+ δRi = 0. Perturbative changes are denoted using δ and local differences with ∆, like
∆ri = ri− ri−1 for face-centered variables and ∆Pi = Pi+1−Pi for cell-centered variables.
Local averages are denoted as x̄ and are calculated as r̄i = (ri + ri−1)/2 for face-centered
and as P̄i = (Pi+1 + Pi)/2 for cell-centered variables. By introducing a ghost shell in the
centre of the system and extending all variables, the finite difference at the first shell is
still handled correctly. This can be done because the residual is not singular at r = 0,
since we wrote it in a denominator-free form. We can therefore define the Residual Ri

between shells 0 and N − 2. The linear perturbation then becomes:

δRi = 16 (riδri − xMiδri − xriδMi) (Pi+1 − Pi) + 8
(
r2i − 2xMiri

)
(δPi+1 − δPi)

+ (δρi + δρi+1 + x(δPi + δPi+1)) (ri+1 − ri−1)
(
2Mi + xr3i (Pi + Pi+1)

)
+ (ρi + ρi+1 + x(Pi + Pi+1)) (δri+1 − δri−1)

(
2Mi + xr3i (Pi + Pi+1)

)
+ (ρi + ρi+1 + x(Pi + Pi+1)) (ri+1 − ri−1)

(
2δMi + 3xr2i (Pi + Pi+1)δri

+xr3i (δPi + δPi+1)
)

(117)

Until now, the procedure is the same as in the Newtonian case, except that the equation
for hydrostatic equilibrium is more complex in the relativistic case. The goal is to describe
finding the hydrostatic equilibrium as a linear problem

Ri + Ji
jδrj = 0, (118)

with the elements of the matrix J :

Ji
j =

∂(δRi)

∂(δrj)
. (119)

Therefore, the expressions of δP , δρ, and δM need to be expressed in terms of δr. The
rest mass density is antiproportional to a change in volume ρ0 ∝ ∆V −1 and proportional
to a change in rest mass ρ0 ∝ ∆M0. Because we use M0 as our Lagrangian variable, its
perturbation is zero. This implies:

δρ0
ρ0

=
�
�
�

�
�>
0

δ (∆M0)

∆M0

− δ (∆V )

∆V
(120)
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Computing the volume, from the metric, involves integrating the proper volume element
dV = eλr2 sin θ dr dθ dϕ (63):

V (r) = 4π

∫ r

0

r′2eλ(r
′)dr′ (121)

⇒ dV

dr
= 4πr2eλ(r). (122)

After discretization:

∆Vi = 4π
r3i − r3i−1

3

(
1− 2(Mi +Mi−1)

ri + ri−1

x

)−1/2

, (123)

the perturbation of ∆Vi is

δ(∆Vi)

∆Vi

=
xδM̄i

r̄i − 2xM̄i

− δr̄i
r̄i
· xM̄i

r̄i − 2xM̄i

+
3r2i δri − 3r2i−1δri−1

r3i − r3i−1

. (124)

The relaxation is characterized as an adiabatic process, i.e., no heat flow occurs, q = 0.
This means that the specific entropy remains constant, δs = 0. The specific entropy is
derived from (81):

s =
kB
m

ln
γ4P 3/2

ρ5/2c3
(125)

From this, we can find a relationship between δP and δρ.
δs

s
= 4

δγ

γ
+

3

2

δP

P
− 5

2

δρ

ρ

0 = 6γ2δ

(
P

ρc2

)
+

3

2

δP

P
− 5

2

δρ

ρ

0 = 6γ2 P

ρc2

(
δP

P
− δρ

ρ

)
+

3

2

δP

P
− 5

2

δρ

ρ

0 =
3

2

δP

P

(
1 + 4γ2ν2/c2

)
− 3

2

δρ

ρ

(
5

3
+ 4γ2ν2/c2

)

⇒ δP

P
=

5/3− ν2/c2

1 + ν2/c2
δρ

ρ
(126)

δPi

Pi

=
5/3− xν2

i

1 + xν2
i

δρi
ρi

(127)

We recall that ρ = γρ0. Therefore:
δρ

ρ
=

δρ0
ρ0

+
δγ

γ

δρ

ρ
=

δρ0
ρ0

+
3

2
γ2δ

(
P

ρc2

)
δρ

ρ
=

δρ0
ρ0

+
3

2
γ2 P

ρc2

(
δP

P
− δρ

ρ

)
δρ0
ρ0

=
δρ

ρ
− 3

2
γ2 P

ρc2

(
5/3− ν2/c2

1 + ν2/c2
− 1

)
δρ

ρ(
1 +

P

ρc2

)
δρ0
ρ0

=

[
1 +

P

ρc2
− γ2 P

ρc2

(
1− 3

P

ρc2

)]
δρ

ρ
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⇒ δρ

ρ
=

(
1 +

P

ρc2

)
δρ0
ρ0

(128)

δρi
ρi

=

(
1 + x

Pi

ρi

)
δρ0,i
ρ0,i

(129)

Now we can link perturbations in pressure to density, density to rest-mass density, and
rest-mass density to perturbations of ri−1, ri, and Mi−1, Mi. The Newtonian expressions
remain unchanged, but setting x = 0 and recognizing that ρ and ρ0, as well as M and M0,
describe the same quantity. In the Newtonian framework, we would use the Lagrangian
grid of M , meaning that we consider all other variables relative to the enclosed mass of
a shell and can use δMi = 0. In the relativistic case, the gravitational mass M changes
proportionally to the energy density ρ and is not a suitable candidate for a Lagrangian
variable. Therefore, we take the Lagrangian grid of M0, which means we need to find an
expression that relates δMi to δri. To derive a description of δMi depending on δri, we are
using a similar logic as for the Volume difference ∆V . The conservation of gravitational
mass can be discretized as:

dM

dr
= r2ρ (130)

⇒ ∆Mi = ρi
r3i − r3i−1

3
(131)

The perturbation then becomes:

δ(∆Mi)

∆Mi

=
δρi
ρi

+
3r2i δri − 3r2i−1δri−1

r3i − r3i−1

=
3r2i δri − 3r2i−1δri−1

r3i − r3i−1

−
(
1 +

Pi

ρi
x

)
δ(∆Vi)

∆Vi

= −Pi

ρi
x ·

3r2i δri − 3r2i−1δri−1

r3i − r3i−1

−
(
1 +

Pi

ρi
x

)[
xδM̄i

r̄i − 2xM̄i

− δr̄i
r̄i
· xM̄i

r̄i − 2xM̄i

]
It is not possible to resolve δMi as a pure function of δri−1, δri and δri+1. This makes
sense if we remember that M is the enclosed mass and therefore δMi depends on δrk,
where k ≤ i. Though it is possible to find a recursive statement about δMi. Next, we
define an auxiliary variable ζi and use equation (131).

ζi ≡
1

2

(
1 +

Pi

ρi
x

)
x∆Mi

r̄i − 2xM̄i

=
ρi + xPi

r̄i − 2xM̄i

· x
r3i − r3i−1

6
(132)

δ(∆Mi) + 2ζiδM̄i = −Pi
x∆Mi

ρi
·
3r2i δri − 3r2i−1δri−1

r3i − r3i−1

+ 2ζiM̄i
δr̄i
r̄i

δMi (ζi + 1) + δMi−1 (ζi − 1) = −xPi

(
r2i δri − r2i−1δri−1

)
+ 2ζiM̄i

δr̄i
r̄i

δMi =
1− ζi
1 + ζi

δMi−1 −
xPi

1 + ζi

(
r2i δri − r2i−1δri−1

)
+ 2M̄i

ζi
1 + ζi

δr̄i
r̄i

(133)
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The recursive form of the shell-mass perturbation can then be written as

δMi = εiδMi−1 + αiδri−1 + βiδri, (134)

with these auxiliary functions:

ζi ≡
ρi + xPi

r̄i − 2xM̄i

· x
r3i − r3i−1

6
(135)

εi ≡
1− ζi
1 + ζi

(136)

αi ≡
M̄i

r̄i

ζi
1 + ζi

+
xPir

2
i−1

1 + ζi
(137)

βi ≡
M̄i

r̄i

ζi
1 + ζi

− xPir
2
i

1 + ζi
(138)

We can imagine this as a linear problem

δMi = (LM)i
j δrj, (139)

where LM is a lower triangular matrix, whose elements can be calculated by

(LM)i
j =

i∑
k=0

inv
(
δi

k − εiδi−1
k
) (

αkδk−1
j + βkδk

j
)

(140)

=
i∑

k=0

[(
αkδk−1

j + βkδk
j
) i∏
p=k+1

εp

]
, (141)

but usually this is not needed, because (134) can be used to compute yi = (LM)i
jxj

without storing the matrix as implemented in Listing 2.
1 @njit
2 def apply_LM_to_x(alp , bet , eps , x, y): # computes y = L_M @ x
3 n = x.size
4 y[0] = alp [0] * x[0]
5 for i in range(1, n):
6 y[i] = eps[i]*y[i-1] + alp[i]*x[i-1] + bet[i]*x[i]

Listing 2: Function that is used to apply LM to an array x.

By using the derived definitions of δP and δρ, the perturbation of the residual is

δRi = aiδri−1 + biδri + ciδri+1 + uiδMi−1 + viδMi + wiδMi+1, (142)

with coefficients

ai ≡
∂(δRi)

∂(δri−1)
, bi ≡

∂(δRi)

∂(δri)
, ci ≡

∂(δRi)

∂(δri+1)

ui ≡
∂(δRi)

∂(δMi−1)
, vi ≡

∂(δRi)

∂(δMi)
, wi ≡

∂(δRi)

∂(δMi+1)
.

(143)

Because the expression (117) is quite complex, these coefficients are calculated symboli-
cally using SymPy, a Python library for symbolic mathematics [25]. Note that the coeffi-
cients ui, vi, wi vanish in the Newtonian case. The elements δMi and δMi+1 are removed
by using the recursive statement (134). Therefore, we can write the Residual in the form

δRi = Aiδri−1 +Biδri + Ciδri+1 + ZiδMi−1, (144)
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by using the coefficients

Ai = ai + αi(vi + wiεi+1), (145)
Bi = bi + βi(vi + wiεi+1) + wiαi+1, (146)
Ci = ci + wiβi+1, (147)
Zi = ui + εi(vi + wiεi+1). (148)

This results in a linear problem of the form

Ri + (T +L)i
j δrj = 0, (149)

where T is a tridiagonal matrix with the subdiagonal Ai, diagonal Bi and superdiagonal
Ci, and L is a lower triangular matrix. The elements of L can be computed by

Li
j = Zi(LM)i−1

j, (150)

but again, it is not really necessary to store the matrix L. We use the recursive definition
of δM (134) to apply Li

j to δrj as in Listing 3.
1 @njit
2 def apply_L_to_x(Z, alp , bet , eps , x, y): # computes y = L @ x
3 apply_LM_to_x(alp , bet , eps , x, y) # y = LM @ x
4 n = x.size
5 for i in range(n-1, 0, -1):
6 y[i] = Z[i-1] * y[i-1]
7 y[0] = 0

Listing 3: Function that is used to apply L to an array x.

5.5 Solving the linear problem

We were able to define the linear problem

(T +L)i
j δrj = di, (151)

where di = −Ri. For the Newtonian case, the matrix L vanishes. Assuming that our
system is weakly relativistic ν < c, the values of Z, ε, u, v, and w are going to be smaller
than the elements of T . Thus, the matrix J = T +L is dominantly tridiagonal. To solve
this linear problem, I will use T as a preconditioner, i.e., an approximation for J , because
it is easy to invert a tridiagonal matrix using the tridiagonal matrix algorithm (TDMA).
We implement an in-place and split variant of the tridag routine in Numerical Recipes [28].
The forward elimination (LU factorization) is implemented in TDMA_forward_step and the
forward- and back-substitution is implemented in TDMA_backward_step.

1 import numpy as np
2

3 @njit
4 def TDMA_forward_step(a, b, c):
5 n = b.size
6 for it in range(1, n):
7 a[it -1] = a[it -1] / b[it -1]
8 b[it] -= a[it -1] * c[it -1]
9 return

10
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11 @njit
12 def TDMA_backward_step(a, b, c, d):
13 n = d.size
14 for it in range(1, n):
15 d[it] -= a[it -1] * d[it -1]
16 x = np.empty(n, dtype=d.dtype)
17 x[-1] = d[-1] / b[-1]
18 for it in range(n-2, -1, -1):
19 x[it] = (d[it] - c[it] * x[it+1]) / b[it]
20 return x

Listing 4: TDMA solver split into ’forward’ factorization step and ’backwards’ solver step.

This approach scales with O(n), and in the Newtonian case, suffices to solve the linear
problem. In the relativistic case, L must be included in the algorithm, even if it is small.
A full matrix inversion, which scales as O(n3), would significantly increase computational
cost. Instead, the system’s strong tridiagonality is exploited by employing an iterative
linear solver with preconditioning. The preconditioned first-order stationary iterative
method, as described in Chapter 5.2 of Iterative Solution Methods [29], is introduced.
Consider a linear problem of the form

Ax = b, (152)

with the preconditioner C, which approximates A, then

C
(
xk+1 − xk

)
= −τk

(
Axk − b

)
, (153)

is the preconditioned iterative approximation of the solution, where k is the iteration step
and τk is a relaxation parameter. If τk = τ ∀k, then it is called stationary. Restructuring
to get an iterative statement yields

xk+1 = xk + τkC
−1
(
b−Axk

)
(154)

If we use τk = 1 ∀k and apply this to our system, we get:

xk+1 = T−1
(
d−Lxk

)
. (155)

Ensuring convergence of this method is nontrivial, as it requires approximating the eigen-
values of T−1L. Therefore, a slower but robust fallback method, the Generalized Mini-
mum Residual Method (GMRES), as described in [30, 31], is employed. The implemen-
tation utilizes the routine scipy.sparse.linalg.gmres from the SciPy library [24]. The
fallback is used if the 2-norm of the residual ||l||2 > ϵ for a threshold ϵ ≪ 1 after a
maximum number of iterations max_iter. The residual is

lk+1 = d− (T +L)xk+1 = Lxk −Lxk+1, (156)

where we used d = Txk+1+Lxk from rewriting (155). The result of these linear solvers is
an array of δri. An array of δMi can be calculated by using (134). The values of δri and
δMi can then be plugged into (120), (127), and (129) in order to get updated variables
for ρ0, P and ρ.
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1 @njit
2 def preconditioned_iterative_solver(A, B, C, Z, alp , bet , eps , D,

max_iter =10, tol=1e-10):
3 # Iteratively solves (T+L)x = D
4 TDMA_forward_step(A, B, C)
5 n = D.size
6 x = np.zeros(n)
7 rhs = np.empty(n, dtype=D.dtype)
8 Lx = np.empty(n, dtype=D.dtype)
9 Lx_new = np.empty(n, dtype=D.dtype)

10 relres = 1e300
11

12 nd2 = 0.0
13 for i in range(n):
14 nd2 += D[i]*D[i]
15 if nd2 == 0.0:
16 nd2 = 1.0
17

18 apply_L_to_x(Z, alp , bet , eps , x, Lx)
19 for it in range(max_iter):
20 for i in range(n):
21 rhs[i] = D[i] - Lx[i]
22 x_new = TDMA_backward_step(A, B, C, rhs)
23 apply_L_to_x(Z, alp , bet , eps , x_new , Lx_new)
24 nr2 = 0.0
25 for i in range(n):
26 diff = Lx[i] - Lx_new[i]
27 nr2 += diff*diff
28 relres = np.sqrt(nr2/nd2)
29 if relres < tol:
30 return x_new , relres
31 x = x_new
32 Lx , Lx_new = Lx_new , Lx
33

34 return x, relres

Listing 5: Fixed point iteration scheme to calculate (T +L)δr = −R
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5.6 Updating Variables

After the desired equilibrium is reached, the variables needed for Heat conduction need
to be updated.

ui =
3Pi

2ρ0,i
(157)

γi = xui +
√

x2u2
i + 1 (158)

ρi = γi · ρ0,i (159)

νi =

√
Pi

ρi
(160)

eλ =

√
ri

ri − 2Mix
(161)

ϕend =
1

2
ln

(
1− 2Mendx

rend

)
(162)

∆ϕi =
x
(
M̄i + xr̄3iPi

)
∆ri

r̄i
(
r̄i − 2M̄ix

) (163)

ϕi = ϕend −
N−1∑
k=1

∆ϕk +
i∑

k=1

∆ϕk = ϕend −
N−1∑
k=i+1

∆ϕk (164)

The discrete form of the Luminosity (71) is

Li = −r2i eϕi
κi + κi+1

2eλi

Ti+1e
ϕi+1+ϕi

2 − Tie
ϕi+ϕi−1

2

(ri+1 − ri−1)/2
(165)

or

Li = −r2i e3ϕi/2
Keff,i +Keff,i+1

eλi

ui+1e
ϕi+1/2 − uie

ϕi−1/2

ri+1 − ri−1

, (166)

where T = 2m
3kB

u and Keff = 2m
3kB

κ.

6 Simulations

Using the modified code, a set of 2 halo parameters ρs, rs with five different values for σm

are simulated with N = 400 shells, rmin/rs = 0.01 and rmax/rs = 15. This yields 10 halo
configurations, each simulated twice: once for the Newtonian and once for the GR case.
The 10 halo configurations are labeled as haloNNNα with the run index NNN and suffix α,
which denotes Newtonian α = a and GR simulations α = b. Indices 001-005 correspond
to the first (ρs, rs) pair and 006-010 to the second, while σm increases with NNN as listed
in Table 1.
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Table 1: Halo model parameters used in the simulations. The run index NNN refers to the
directory name haloNNNα, where α = a (Newtonian) or α = b (GR).

Run index NNN ρs [M⊙ pc−3] rs [kpc]
001-005 0.044175 1.28
006-010 0.0194 2.586

Run index NNN σm [cm2/g]
001, 006 0.1
002, 007 1
003, 008 10
004, 009 30
005, 010 80

Figures 2 and 3 show the time evolution at five points in time t̃/t̃max ∈ {0, 0.001, 0.5,
0.99, 1.0} for the halos halo003 and halo004 with parameters ρs = 0.044 175M⊙ pc−3,
rs = 1.28 kpc. They show the typical evolution of the gravothermal collapse, starting
with the cuspy NFW profile and quickly producing a cored profile. The radius of the
innermost shell increases in this phase, indicating that the core expands. This phase
lasts about half the total time until a minimum density is reached and the core becomes
isothermal. Afterwards, it continues to heat and slowly collapses. Between the last two
timesteps, the energy density increases rapidly in the centre by around two orders of
magnitude, from ρ̃(t̃/t̃max = 0.99) ≈ 1 × 102 to ρ̃(t̃/t̃max = 1.00) ≈ 1 × 104, over a time
difference of only 1% of the maximum time.

Figure 2: Density profiles of halo003a and halo003b for times t̃/t̃max =
0, 0.001, 0.5, 0.99, 1.0.
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Figure 3: Density profiles of halo004a and halo004b for times t̃/t̃max =
0, 0.001, 0.5, 0.99, 1.0.

The key difference between the final profiles of halo003 and halo004 is that in the
first case with σm = 10 cm2/g, the central density is significantly larger in the relativistic
simulation, by around an order of magnitude, and only marginally larger for halo004
with σm = 30 cm2/g. Up to the collapse phase, we can’t distinguish between the GR and
Newtonian simulations. This is expected if the code works as intended.

The final halo profiles for all values of the cross-section are shown in Figure 4 for the
first halo and in Figure 5 for the second halo. For smaller values of σm, the halo evolution
is slower, resulting in longer times in the range of hundreds of Gyrs. The simulations also
run slower, which is why no collapse was reached for σm = 1 cm2/g and σm = 0.1 cm2/g
over a simulation runtime of ≈ 3 days. These figures also reveal that the central-density
deviation between Newtonian and GR vanishes for larger σm in both halos.

Another visualization of the evolution in Figure 6 shows the central density of the
five halos halo001b to halo005b as a function of a rescaled time variable t̃σ = t̃ ·
σM/(100 cm2 g−1). Previously, we noted that smaller values of σm correspond to slower
time evolution, i.e., larger times. Thus, we scale the time by this factor to align the
profiles. Each dot represents a time point of 13Gyr for the corresponding cross-section.
The smaller the cross-section, the earlier in the halo evolution this point is reached. For
σm = 10, 30, 80 cm2/g, the time of 13Gyr was not reached before the gravothermal col-
lapse.
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Figure 4: Density profiles of halo001 to halo005 for their respective final evolved time
t̃max.

Figure 5: Density profiles of halo006 to halo010 for their respective final evolved time
t̃max.
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Figure 6: Normalized density profiles ρ̃ of the five cross-sections for halo001b to halo005b
as a function of scaled time t̃σ = t̃·σM/(100 cm2 g−1). Each dot represents the point where
the corresponding cross-section has reached t = 13Gyr.

Figure 6 helps in understanding how the evolution differs between cross-sections, but
not how the Newtonian simulation differs from the GR simulation. To visualize the dif-
ference between the Newtonian and GR runs, the relative difference of the central density
(ρc,GR − ρc,Newt)/ρc,Newt is shown as a function of scaled time t̃σ = t̃ · σM/(100 cm2 g−1) in
Figure 7 for halos halo001 to halo005 and in Figure 8 for halos halo006 to halo010.

These figures show a significant difference at the beginning of the simulation, which
stems from the fact that, in the GR case, the hydrostatic equilibrium equation must be
applied in advance to obtain correct initial conditions. The fluctuations are due to time
interpolation because the time steps between the Newtonian and GR cases don’t align.
Add to that the fact that the larger values of σm evolve faster, which leads to a bad
temporal resolution at the beginning. Still, we see that for most of the simulation, after
the initial phase, the relative difference is in the range of 10−4 to 10−3 across all cross-
sections and in both halos. The time at which the difference increases sharply coincides
with the gravothermal collapse. Here, it’s apparent that for σm = 80 cm2/g, the difference
flattens and reaches a maximum of around 4 × 10−2, which fits the earlier observation
of the parallel behavior of the Newtonian and GR profiles. For smaller values of σm,
the difference rises steeply at the gravothermal collapse, without any visible flattening.
In Figure 7 the progression of the halo with σm = 1 cm2/g follows the general trend of
σm = 10 cm2/g. Extrapolating from that, we could assume that this difference might also
rise as rapidly, but longer simulations would be needed to confirm.

The increase in central density during the gravothermal collapse phase is notable,
given that the evolution of the Newtonian and general relativistic simulations is nearly
identical up to that point. Relativistic effects are expected to become significant only when
sufficiently high central densities and velocity dispersions are attained. However, within
the scope of this work, it remains inconclusive whether the observed density enhancement
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Figure 7: Relative difference of the central densities (ρc,GR − ρc,Newt)/ρc,Newt over scaled
time t̃σ = t̃ · σM/(100 cm2 g−1) of halo001 to halo005.

.

Figure 8: Relative difference of the central densities (ρc,GR − ρc,Newt)/ρc,Newt over scaled
time t̃σ = t̃ · σM/(100 cm2 g−1) of halo006 to halo010.

.
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is a genuine physical effect or is partially influenced by numerical limitations, such as
finite spatial resolution, timestep control, or the treatment of heat transport, as most of
the time was devoted to developing the underlying code.

To determine whether these results are numerical artifacts, further simulations with a
higher shell number N > 400 and/or a smaller inner radius r̃min < 0.01 would be required.
If the central densities between the Newtonian and relativistic models converge for larger
N or smaller r̃min, then the utility of semi-analytical models in a general relativistic con-
text for primarily non-relativistic fluids may be limited. Nonetheless, other gravothermal
fluids, such as globular clusters, could potentially benefit from this code. Conversely, if
the difference between the models is reproduced for larger N and smaller r̃min, it would be
necessary to conduct comparable N-body simulations employing a non-Minkowski back-
ground spacetime for comparison. Another important caveat is that the Fourier equation
uses an infinite propagation speed for heat conduction. This is obviously not compatible
with relativity. Hence, it would be recommended to switch from the parabolic Fourier
equation to a hyperbolic heat conduction equation, as discussed by Israel & Stewart [32].

7 Conclusion
In this work, a general-relativistic model of a spherically symmetric self-interacting dark-
matter halo was developed using the Tolman-Oppenheimer-Volkoff equations for hydro-
static equilibrium, conservation of mass and energy, and thermodynamic relations. The
resulting equations were discretized, solved numerically, and incorporated into an exist-
ing numerical framework. Simulations were run with the Newtonian and GR codes for
two different halo parameter pairs and five values of σm. Gravothermal collapse occurred
for both halo parameter pairs with σm = 10, 30, 80 cm2/g. Here, the general relativistic
case produced significantly larger density spikes for σm = 10 cm2/g, with the difference
decreasing as σm increased.

Further work could involve running the simulations until the halos with σm < 10 cm2/g
have collapsed to determine if the observed trend persists. Additionally, more values of
σm could be run between 1 and 10 cm2/g. Increasing N or decreasing rmin could also be
considered to assess whether the Newtonian and relativistic solutions converge for smaller
σm. Finally, implementing a hyperbolic heat-transport equation, such as the one proposed
by Israel and Stewart, could address the issue of infinite propagation speed introduced by
the parabolic Fourier equation.
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