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Abstract
Neural Network Emulation for Gravitational Wave Parameter Inference in

Dark Matter Environments

In this thesis, we study the use of neural-network-based surrogate models for
the efficient generation of gravitational-wave signals from supermassive black
hole binary systems evolving in stellar regions of high density. The orbital evo-
lution of such systems is determined not only by gravitational wave emission,
but also by environmental effects such as dynamical friction. Accurate model-
ing of these signals is computationally expensive and poses a major challenge
for Bayesian parameter inference.

We develop a deterministic neural emulator trained on reference simulations
generated with the SMBHBpy software package. The emulator maps charac-
teristic gravitational wave strain spectra across a multidimensional parameter
space that includes initial eccentricity, total mass, and stellar velocity disper-
sion. The accuracy of the model is verified using appropriate validation met-
rics and direct waveform comparisons.

We then integrate the emulator into a Markov chain Monte Carlo inference and
validate the method using injection recovery tests. The reconstructed param-
eters agree with the injected values. Emulator-induced deviations are below
the statistical uncertainties. At the same time, the computational cost of wave-
form generation is reduced by orders of magnitude, while the inference time
of the trained emulator remains independent of the physical complexity of
the underlying reference model. Our results show that neural replacement
models are a reliable and efficient tool for the accelerated analysis of gravita-
tional wave data. This enables rapid exploratory testing of extended or newly
implemented source models beyond existing waveform templates.
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Chapter 1

Introduction

In 2015, Advanced LIGO performed the first direct detection of a gravitational
wave (GW) with the observation of the event GW150914 [1]. This signal orig-
inated from a binary black hole (BBH) system. Since then, hundreds of GW
events have been detected, including the first multi-messenger observation,
GW170817, which was produced by a neutron star merger [2, 3].

As GWs couple only weakly to matter, their detection enables studies of re-
gions and epochs of the Universe that are inaccessible to electromagnetic ob-
servations [4, 5]. However, as the scope of possible investigations increases, the
rapidly growing number of detected GW events introduces substantial com-
putational challenges for data analysis [6].

Current ground-based observatories have established the foundation of GW
astronomy but are now approaching the limits of their sensitivity. Although
the frequency ranges of Advanced LIGO, Advanced Virgo, and KAGRA al-
low for the detection of an increasing number of sources, many astrophysical
systems remain inaccessible. In particular, supermassive black hole binaries
(SMBHBs) and the low-frequency stochastic GW background (SGWB) cannot
be observed with current ground-based detectors [7, 8].

Next-generation observatories promise significantly improved sensitivities and
access to new frequency bands, thereby opening a new observational window
onto previously unobservable GW sources and physical phenomena. Dark
matter (DM) is expected to contribute significantly to shaping the environ-
ments in which many of these sources evolve, particularly in galactic centers
hosting SMBHBs. Such environments can induce subtle modifications to the
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orbital dynamics of binaries and, consequently, to the emitted gravitational
wave signals.

Three broad classes of GW detectors exist: ground-based interferometers, space-
based observatories, and pulsar timing arrays (PTAs). Together, they span an
almost continuous GW frequency spectrum. Figure 1.1 illustrates the char-
acteristic frequency ranges and dominant source classes associated with each
detector type.

Figure 1.1: Spectrum of GWs: ground-based detectors, space-
based observatories, and pulsar timing arrays probe complemen-
tary frequency bands and astrophysical sources. Taken and ad-

justed from [9].

The Laser Interferometer Space Antenna (LISA) is a space-based GW observa-
tory operating in the millihertz band (10→4–10→2 Hz), with a scheduled launch
in the 2030s [10]. LISA is expected to detect hundreds of GW events per year,
including signals from SMBHBs, extreme mass-ratio inspirals (EMRIs), and
galactic binaries such as double white dwarfs.

Third-generation ground-based detectors include the Einstein Telescope [11]
and Cosmic Explorer [12]. Operating at frequencies between ↑ 1 and 103 Hz
[13], these instruments will achieve sensitivity improvements of one to two
orders of magnitude compared to current detectors. Their primary targets are
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compact binary coalescences involving stellar-mass black holes and neutron
stars.

Pulsar timing arrays probe the nanohertz regime (10→9–10→7 Hz). Recent re-
sults from NANOGrav [14], EPTA [15], and PPTA [16] have reported evidence
for a stochastic GW background, which is commonly interpreted as originating
from a population of SMBHBs [14].

The physical accuracy of GW source models can be improved by accounting
for environmental effects. In dense astrophysical environments, factors such
as DM and nearby baryonic structures can influence binary evolution through
processes like dynamical friction. DM accounts for approximately 85% of the
total matter content of the Universe [17] and is expected to reach particularly
high densities in galactic centers [18].

Among environmental effects, DM is of particular interest because different
DM scenarios can leave measurable imprints on GW signals. Variations in
density profiles and interaction strengths modify the binary dynamics and can
affect the emitted gravitational radiation [19]. GWs therefore provide a poten-
tially unique probe of DM properties in galactic centers, where electromag-
netic constraints remain challenging. Recent PTA observations have revealed
tentative spectral features in the nanohertz SGWB that may be consistent with
environmental modifications such as DM, motivating systematic investigations
of how DM influences GW signals [14].

Assessing whether extended source models are consistent with GW observa-
tions requires confronting their predicted signatures with the data. Bayesian
parameter inference provides the standard framework for this task by link-
ing noisy observations to the physical properties of the source and its envi-
ronment [20]. In practice, this is commonly carried out using Markov Chain
Monte Carlo (MCMC) methods [21]. However, MCMC analyses typically re-
quire a large number of waveform evaluations, making them computationally
expensive for complex source models. While existing waveform approximants
reduce this cost, they are largely restricted to well-established vacuum sce-
narios [22]. Incorporating environmental effects therefore necessitates more
flexible and computationally efficient waveform representations [23].
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This work addresses these challenges by developing a neural-network (NN)–
based surrogate model for GW generation. The proposed GW emulator en-
ables fast and accurate waveform evaluation for extended source models that
include environmental effects, while remaining compatible with established
Bayesian inference techniques. Its reliability is assessed explicitly within an
MCMC-based parameter inference context. By significantly reducing wave-
form evaluation times, this approach facilitates rapid, systematic and compre-
hensive studies of novel GW source scenarios. Beyond demonstrating com-
putational speedup, this work examines whether NN–based emulators can
reliably capture subtle environmental effects, such as those induced by DM,
within GW parameter inference.

The resulting framework is implemented as a modular Python package, gwemu,
designed to integrate seamlessly with standard sampling methods. Its flexible
structure allows straightforward adaptation to different waveform generators
and supports a wide range of future GW analyses.
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Chapter 2

Theoretical Background

The theoretical foundation of this work lies at the intersection of GW physics
and machine learning (ML). On the astrophysics side, the modeling of GW
signals from SMBHBs is based on general relativity (GR) and incorporates
environmental effects such as DM. These components determine the physi-
cal structure and evolution of the GW signals considered in this thesis. The
methodology is rooted in ML techniques, in particular NNs, which are em-
ployed to efficiently approximate complex GW models and enable their use in
Bayesian parameter inference.

Given this interdisciplinary scope, the theoretical concepts introduced in this
chapter are presented with a focus on the aspects most relevant to GW mod-
eling and inference with NN-based surrogate models. The discussion is in-
tentionally selective and aims to provide a coherent and accessible foundation
for the subsequent chapters, allowing readers from different backgrounds to
follow both the physical motivation and the methodological assumptions un-
derlying the framework developed in this thesis.

2.1 Gravitational Waves and Binary Systems

GWs are disturbances in spacetime that travel at light speed. Even though their
existence was only confirmed through direct observations in 2015 [1], Einstein
had already predicted them almost 100 years earlier, in 1916, in his theory of
general relativity [24].

GWs are produced from accelerating mass distributions that give rise to a non-
axisymmetric time-varying quadrupole moment. The emission of GWs causes
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a gradual loss of angular momentum as well as orbital energy [25]. Compact
binary systems, such as binaries of black holes or neutron stars, represent the
dominant and best-understood sources of gravitational radiation [4, 26].

In the weak-field and slow-motion regime, the quadrupole contribution dom-
inates the GW emission from compact binaries. This regime is relevant for
most of the inspiral phase [4, 27]. At leading order, the GW strain amplitude
depends on the component masses and their orbital separation. Orbital energy
and angular momentum losses follow the same scaling. Here, GW emission is
described by the quadrupole formula [28, 29]. It relates the strain amplitude h
to the second time derivative of the system’s mass quadrupole moment. For a
binary system with the component masses m1 and m2 on a quasi-circular orbit
with angular frequency ω, the leading-order scaling of the GW strain in the
post-Newtonian expansion is given by

h ↑
G
c4

M5/3
chirp ω2/3

D
, (2.1)

with the chirp mass Mchirp

Mchirp =
(m1m2)3/5

(m1 + m2)1/5 . (2.2)

Here, G denotes the gravitational constant, D the luminosity distance to the
source, and c is the speed of light. The binary orbit evolves due to the con-
tinuous emission of GWs. More specifically, for a quasi-circular orbit the GW
energy loss at leading order in the quadrupole approximation is given by

dE
dt

= →
32
5

G4

c5
m2

1m2
2M

a5 , (2.3)

where M = m1 + m2 is the total mass of the system and a denotes the semi-
major axis of the orbit. As a result of this energy loss, the orbital separation
decreases according to

da
dt

= →
64
5

G3

c5
m1m2M

a3 . (2.4)

As the orbit shrinks, the orbital angular frequency increases, which is directly
reflected in the GW frequency via fGW = ω/π for the dominant quadrupole
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mode. The concurrent growth of frequency and amplitude is denoted as chirp
[4].

The binary components subsequently continue to inspiral, accompanied by
an increase in their orbital velocity, until the system enters the merger phase.
This is followed by the ringdown of the remnant object. Taken together, these
stages form the inspiral–merger–ringdown sequence, which can be directly
observed in GW signals. The characteristic timescale for orbital decay due to
GW emission can be expressed as [29]

ε ∝
a4

m1m2M
, (2.5)

where a is the semi-major axis. For eccentric binaries, GW emission also
leads to orbital circularisation, with the eccentricity typically decreasing more
rapidly than the orbital separation during the inspiral [29, 4].

2.2 Supermassive Black Hole Binaries and the SGWB

SMBHBs are promising sources of low-frequency GW. Recent PTA observa-
tions provide evidence for a SGWB that may be caused by the incoherent su-
perposition of GW emitted by a large cosmic population of inspiralling SMB-
HBs [14, 15, 30].

The operating principle of PTAs is based on the rotational stability of mil-
lisecond pulsars to probe nanohertz GWs. More specifically, they monitor
correlated variations in pulse arrival times across a galactic-scale pulsar net-
work. The observed correlations follow the quadrupolar angular dependence
described by the Hellings–Downs curve [31]. This supports an interpretation
in terms of a stochastic background sourced predominantly by SMBHBs [32,
33].

SMBHBs are natural results from galaxy mergers [34]. As their host galaxies
coalesce, their central supermassive black holes (SMBHs) lose orbital energy
through dynamical friction against the surrounding stellar and DM compo-
nents and sink toward the center of the merger remnant. At parsec-scale sep-
arations, the resulting binary becomes gravitationally bound and continues to
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harden through interactions with stars and gas and eventually through GW
emission, leading to coalescence [35, 36, 37].

The SGWB spectrum carries information about the SMBHB population it orig-
inates from. Both the amplitude and the spectral shape depend on several
factors. Among them are the mass and mass-ratio distributions of SMBHBs,
the cosmic merger history and the environmental conditions affecting binary
evolution [38, 33, 39]. The characteristic strain hc( f ) can be written as the
integrated contribution of all inspiralling SMBHBs over cosmic time,

h2
c( f ) =

∫ ∞

0

∫ d3N
dzdMdq

1
1 + z

dEGW
d ln fr

dz dM dq
4πD2

L(z)
, (2.6)

where d3N/(dzdMdq) denotes the comoving number density of binaries with
redshift z, total mass M and mass ratio q. The term fr = (1 + z) f is the rest-
frame frequency and DL(z) is the luminosity distance [40, 36].

2.3 Dark Matter

In the standard cosmological model, DM is the dominant matter component
of the Universe. It plays a central role in the formation and evolution of large-
scale structure. There are a wide range of astrophysical and cosmological ob-
servations that provide evidence for the existence of DM. Phenomena such
as flat galaxy rotation curves, gravitational lensing in galaxy clusters, and
anisotropies in the cosmic microwave background (CMB) cannot be consis-
tently explained by luminous matter alone [41, 42, 17].

DM is usually modeled as a non-baryonic component that interacts mainly
through gravity. On galactic scales, it forms extended halos that surround
galaxies and their SMBHs [41]. As a consequence, compact objects in galactic
nuclei evolve in DM-rich environments, which motivates treating DM as an
environmental effect in GW source modeling.

In its simplest formulation, the cold dark matter (CDM) paradigm assumes
that DM particles have negligible self-interactions. This assumption success-
fully reproduces observations on large cosmological scales [43]. However, al-
ternative scenarios have been proposed to address discrepancies on galactic
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scales, such as the core–cusp problem observed in dwarf galaxies and galac-
tic centers [44]. One of these scenarios is self-interacting dark matter (SIDM),
in which the DM particles have strong self-interactions. It predicts modified
density distributions in the central regions of galaxies, which typically lead to
shallower inner density profiles compared to collisionless CDM halos [45, 46].
These differences in DM microphysics can lead to distinct gravitational envi-
ronments around SMBHs, which in turn result in observable consequences for
SMBHB evolution and GW emission.

SMBHBs lose energy and angular momentum through several physical pro-
cesses as they evolve towards merger. However, this evolution is not neces-
sarily continuous. The so-called final parsec problem arises when binaries stall
near ↑1 pc separations, where stellar and gas interactions become inefficient
while GW emission remains too weak to dominate [47]. Within these scales,
the binary typically ejects or scatters nearby stars, which depletes the “loss
cone” of orbits that could otherwise extract energy from the system. Dynami-
cal friction exerted by DM spikes surrounding SMBHs is a promising proposed
mechanism to overcome this longstanding challenge [18, 48, 49].

Due to its slow accretion of mass, a central black hole can adiabatically steepen
the surrounding DM density into a spike. The resulting density profile is
commonly modeled as a power law, given by

ϱsp(r) ∝ r→γ, (2.7)

where γ = 7/3 corresponds to an ideal adiabatic spike grown from a Navarro–
Frenk–White (NFW) halo [18]. It is important to note that effects such as
stellar heating can flatten the spike to γ = 3/2 [50], while SIDM can produce
intermediate slopes such as γ = 7/4 [49, 46].

Dense DM spikes transfer orbital energy and angular momentum from the
SMBHB to the surrounding halo and therefore enhance dynamical friction [51,
19]. This additional drag can slow the binary’s evolution and modify the pre-
dicted GW spectrum, which can potentially produce a low-frequency turnover
in the SGWB [52].

For SIDM, thermalisation through self-interactions allows the spike to absorb
energy without being destroyed. This allows for an efficient inspiral to the
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GW-dominated regime and potentially resolves the final parsec problem [49].
In contrast, CDM spikes tend to be more fragile and less efficient at extracting
energy.

DM-induced friction can also influence eccentricity evolution. In particular,
steep DM spikes tend to enhance circularisation. Shallower or disturbed halos
on the other hand can drive eccentricity growth [51, 19]. These effects can
lead to dephasing, frequency shifts, or changes in the inspiral braking index.
Similar signatures may arise from stellar scattering or gas accretion, which
complicates the attribution of observed SGWB features to DM alone [36, 53].

2.4 Computational modeling and Neural-Network
Emulation

The physical modeling of SMBHB evolution involves a range of coupled pro-
cesses. These include the evolution of orbital eccentricity and cosmological
merger rates, as well as several environmental effects such as stellar scattering,
gas dynamics, and interactions with DM. Accurately describing these mecha-
nisms requires solving systems of coupled differential equations over Myr–Gyr
timescales [32, 37, 38, 33]. High-fidelity simulations are therefore computation-
ally demanding.

The computational cost increases further in population-based studies, for ex-
ample when modeling stochastic GW signals. Discrete sampling of the cosmic
SMBHB population introduces realization variance, which can only be cap-
tured through large ensembles of simulations [54, 39]. Performing Bayesian
inference under these conditions becomes challenging, as it requires a large
number of repeated model evaluations.

More generally, inference problems in GW astrophysics are often limited by
the cost of waveform generation and likelihood evaluation. Each evaluation
can involve complex differential equations. Population synthesis from first
principles may also be required. Consequently, this restricts the dimension-
ality of the parameter space that can be explored in practice [55, 37]. This
is the motivation for surrogate models that approximate the relation between
physical parameters and GW signals at much lower computational cost.
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NNs provide a flexible class of surrogate models inspired by biological neu-
ral systems. Their conceptual foundation is based on the perceptron model
introduced by Rosenblatt [56]. The perceptron is a simplified mathematical
abstraction of a biological neuron. It computes a weighted sum of input fea-
tures and applies a nonlinear activation function,

y = f

(
n

∑
i=1

wixi + b

)
. (2.8)

Here, xi are the input features, wi are the corresponding weights, and b denotes
a bias term. The activation function f introduces nonlinearity into the model.
Common choices include the sigmoid function,

σ(x) =
1

1 + e→x , (2.9)

the hyperbolic tangent,

tanh(x) =
ex → e→x

ex + e→x , (2.10)

and the rectified linear unit (ReLU),

ReLU(x) = max(0, x). (2.11)

Among these, ReLU is widely used due to its computational simplicity and
robust performance in many practical applications [57, 58].

Multi-layer perceptrons (MLPs) consist of stacked perceptrons, where each
layer applies a linear transformation followed by a nonlinear activation,

h = f (Wx + b), (2.12)

where W is the weight matrix and b the bias vector.

The expressive power of such architectures is formalised by the universal ap-
proximation theorem. It states that feedforward NNs with at least one hidden
layer are capable of approximating any continuous function on a compact do-
main [59]. It is important to emphasize that this does not provide guarantees
on practical training efficiency or generalisation.
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Training a NN involves tuning its parameters to match a target output. This
is achieved by minimising a loss function. A loss function measures the dif-
ference between the NN predictions and the training data [58]. Backpropa-
gation efficiently computes the gradients of the loss function with respect to
all network parameters by recursively applying the chain rule from the output
layer to the input layer. These gradients are then used by gradient-based op-
timization methods to update the network parameters accordingly [57]. The
mean-squared error is a common choice for regression tasks, given by

LMSE =
1
N

N

∑
i=1

(yi → ŷi)
2. (2.13)

Several strategies are commonly used to improve generalisation and reduce
overfitting in NNs. These include regularisation techniques such as weight
decay, which penalizes large weights, batch normalization, which stabilises
and accelerates training by normalising intermediate activations, and dropout,
which randomly disables neurons during training to reduce co-adaptation [57].
In addition, adaptive optimization algorithms such as Adam automatically
adjust learning rates based on first- and second-order gradient moments and
can improve convergence behavior [60].

NNs have become an established tool in GW astrophysics, with applications
ranging from waveform surrogate modeling and noise characterisation to ac-
celerated parameter estimation [61, 62, 63, 64, 65]. The replacement of ex-
pensive numerical simulations with faster approximations enables orders-of-
magnitude speedups in Bayesian inference [61, 66]. In our work, NN em-
ulation is introduced as a tool to address computational bottlenecks in GW
parameter inference, with a particular focus on SMBHBs and environmental
effects.

2.5 Bayesian Inference Framework

Bayesian inference forms the basis of parameter estimation in GW astrophysics.
In particular, it aims to determine the posterior distribution P(θ|d) from ob-
served data and prior information [67, 68, 69].
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Despite its conceptual clarity, Bayesian parameter inference poses several prac-
tical challenges in GW astrophysics [20, 21]. Repeated waveform evaluations
render Markov Chain Monte Carlo (MCMC) methods computationally expen-
sive for complex source models, while prior selection and sampler conver-
gence require careful consideration. These challenges motivate the use of fast
surrogate waveform models that remain compatible with established inference
pipelines.

Bayes’ theorem relates the posterior distribution to the likelihood and the prior,

P(θ|d) =
P(d|θ)P(θ)

P(d)
, (2.14)

where P(θ) is the prior distribution and P(d) is the Bayesian evidence. Even
though the evidence plays a central role in Bayesian model comparison, it acts
only as a normalisation constant for parameter estimation and can therefore
be neglected [70].

The likelihood function P(d|θ) essentially evaluates how well a given set of
model parameters explains the observed data. The GW detector noise is usu-
ally assumed to follow a Gaussian distribution, with a corresponding likeli-
hood of

log L(θ) = →
1
2 ∑

i

(di → mi(θ))2

σ2
i

→
1
2 ∑

i
log(2πσ2

i ). (2.15)

Here, di are the measured strain values, mi(θ) are the corresponding model
predictions and σi are the noise variances [71, 72]. This expression reduces to a
chi-squared likelihood if the detector noise is assumed to be independent and
Gaussian.

Because posterior distributions tend to be high-dimensional in practical appli-
cations, an analytical solution is often not possible. Instead, MCMC methods
provide a numerical way to sample the posterior and quantify uncertainties
[73, 74, 75]. The expectations of functions f (θ) are here approximated as

∫
f (θ)P(θ|d)dθ ↓

1
N

N

∑
i=1

f (θi). (2.16)

Here, the samples θi are drawn from the posterior distribution.
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In high-dimensional parameter spaces, sampling the posterior distribution ef-
ficiently poses a significant challenge. MCMC methods address this by con-
structing a Markov chain whose stationary distribution corresponds to the
target posterior, which enables efficient exploration of parameter space. A
common implementation is the emcee package [76], which employs an affine-
invariant ensemble sampler that evolves multiple walkers simultaneously.

To ensure that the sampled distributions faithfully represent the target poste-
rior, it is necessary to verify the convergence of the sampler before interpret-
ing the results. Ways to do this are to monitor the autocorrelation time of the
chains, compare results across independent runs and visually inspect the trace
plots [77, 76].
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Chapter 3

Methodology and Implementation

This chapter introduces the methodological framework employed in this thesis
to model GW signals from SMBHBs and to perform efficient Bayesian param-
eter inference. Building on the theoretical foundations outlined in Chapter 2,
the focus now shifts to the practical implementation of the simulation pipeline,
the NN-based surrogate model, and the inference strategy used to analyse the
resulting GW signals.

The methodology combines physically motivated GW modeling with ML tech-
niques in order to address the computational challenges inherent to traditional
simulation-based approaches. In particular, NN emulation is employed to sig-
nificantly reduce waveform evaluation times, thereby enabling MCMC-based
parameter inference within a feasible computational budget. Each component
of the pipeline is described in detail to clarify its role within the overall frame-
work and to ensure reproducibility.

NN emulation refers to the use of trained NNs as surrogate models that
approximate the input–output behavior of computationally expensive phys-
ical simulations. In contrast to traditional modeling approaches based on
explicit numerical integration or analytical approximations, NN emulators
learn this mapping directly from data and enable fast waveform predictions
once trained. The neural network models are implemented using the Py-
Torch framework, which provides efficient automatic differentiation and flexi-
ble model construction for training and evaluation [78].
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3.1 Overview of Simulation Processes

The aim of our work is to develop a flexible computational framework to train
NN-based GW emulators in order to speed up waveform generation and sub-
sequent parameter inference. The resulting emulator framework is designed
to be robust and capable of capturing physics beyond the standard model.

The simulation process consists of five main steps. In the first step, the SMBHBpy

framework is chosen as a concrete application case to simulate SMBHB evo-
lution under environmental effects, including stellar dynamical friction and
DM halo models [79, 80]. Subsequently, systematic parameter space sampling
is applied to efficiently cover the full parameter space. Next, the simulated
signals are preprocessed and normalized via logarithmic transformation and
z-score standardization to prepare the data for stable and effective NN training
[81]. In the fourth step, the NN-based waveform emulator is trained, learning
the mapping between physical source parameters and GW signals. Finally, a
subsequent MCMC analysis [76] is used to validate that the trained emulator
can be employed within established GW inference pipelines.

The NN-based emulation framework can significantly reduce the computa-
tional cost of waveform evaluation, even for scenarios involving new physics
models. The developed framework is modular and packaged as a Python li-
brary, referred to as gwemu. Its structure is designed such that alternative GW
source models can be integrated with minimal code changes.

3.2 SMBHBpy Overview and Capabilities

The Python-based SMBHBpy package was developed by Daniel [79]. It is used
to model the orbital evolution of SMBHBs and compute the associated GW
emission. The framework extends the earlier IMRIpy code base for intermediate
mass-ratio (IMR) inspirals developed by Becker [80], adapting it to the SMBHB
regime and to the low-frequency GW signals typically associated with binaries
embedded in dense stellar and DM environments.

The framework is implemented in geometrized units (G = c = 1) with internal
unit conversions to parsecs. Its architecture enables the simultaneous numeri-
cal solution of coupled differential equations governing the temporal evolution
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of the semi-major axis a(t) and eccentricity e(t) under the influence of multi-
ple energy dissipation mechanisms. The orbital evolution is determined via
orbit-averaged energy and angular momentum balance equations,

dEorb
dt

=

〈
dEGW

dt

〉
+

〈
dEDF

dt

〉
, (3.1)

dLorb
dt

=

〈
dLGW

dt

〉
+

〈
dLDF

dt

〉
, (3.2)

from which numerical integration yields the corresponding a(t) and e(t) tra-
jectories.

The GW contribution follows the Peters–Mathews formalism [28, 29]. Envi-
ronmental effects are incorporated through dynamical friction terms. In stellar
environments, these depend on the velocity dispersion σ, which defines the
radius of influence,

rh =
GM
σ2 , (3.3)

where M = m1 + m2 denotes the total binary mass. DM environments intro-
duce additional dynamical friction contributions that depend on the assumed
density profile and interaction model. SMBHBpy supports vacuum configura-
tions as well as CDM and SIDM scenarios [18, 49].

3.3 Parameter Space Design and Sampling

The parameter space considered in this work consists of three continuous input
variables that directly influence the resulting GW signal. The logarithmic total
mass range is chosen to cover physically sensible SMBHB systems in the PTA
regime. The initial eccentricity is restricted to moderate values consistent with
galaxy merger simulations while maintaining numerical solver stability. The
velocity dispersion range corresponds to typical values observed in galactic
nuclei, spanning lower-mass systems to massive ellipticals.

An overview of the parameter ranges is given in Table 3.1 .

This analysis focuses on the difference between vacuum and CDM environ-
ments. The DM type is treated as a discrete choice during data generation, and
separate datasets with 1,000 parameter combinations are generated for each
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Parameter Symbol Range
Initial eccentricity e0 [0.0, 0.3]
Total mass log10(Mtot/M↔) [8.0, 10.0]
Velocity dispersion σ [100, 400] km/s

Table 3.1: Parameter ranges for the three-dimensional continu-
ous parameter space. e0 controls the initial orbital shape, Mtot is
the combined black hole mass, and σ characterizes the stellar en-

vironment.

scenario. While a unified emulator including the DM type as an additional
input parameter would be possible in principle, separating the environments
allows for a more controlled analysis of environmental effects at fixed compu-
tational cost. Although the framework supports additional interaction models
such as SIDM, this study strictly focuses on vacuum and CDM configurations.

Efficient coverage of the parameter space is essential, as naive random sam-
pling can lead to clustering and gaps. Latin Hypercube Sampling (LHS) [82],
as implemented in scipy.stats.qmc, ensures approximately uniform marginal
distributions for each parameter while avoiding the computational redun-
dancy of grid-based sampling. Each parameter range is divided into N equally
sized intervals, with one sample drawn from each interval in every dimension.
A common construction is

xij =
πj(i)→ Uij

N
, i = 1, . . . , N, j = 1, . . . , d, (3.4)

where πj denotes a random permutation of {1, . . . , N} and Uij ↑ U (0, 1) are in-
dependent uniform random variables. The resulting samples are subsequently
scaled to the physical parameter bounds.

Figure 3.1: Coverage of the three-dimensional parameter space
achieved by Latin Hypercube Sampling. The scatter plot illus-
trates the (e0, log10 Mtot) plane, with color indicating the velocity
dispersion σ. Uniform coverage without clustering artifacts is ob-

served.
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3.4 Data Preparation and Signal Preprocessing

The GW signals generated with SMBHBpy are represented in terms of the char-
acteristic strain hc( f ), which provides a compact frequency-domain descrip-
tion of the GW amplitude and is commonly used in studies of low-frequency
sources such as SMBHBs. In this work, hc( f ) constitutes the primary signal
representation used for dataset construction, NN training, and Bayesian pa-
rameter inference.

Before NN training, the generated waveform signals undergo several prepro-
cessing steps. The characteristic strain amplitudes typically span multiple or-
ders of magnitude, ranging from 10→18 to 10→14. To compress this dynamic
range and prevent large-amplitude regions from dominating the loss function,
a logarithmic transformation is applied,

h̃c( fi) = log10 (hc( fi)) . (3.5)

This transformation emphasizes relative differences between spectral features
across frequency scales.

As SMBHBpy can produce signals of variable length depending on the orbital
evolution timescale, all signals are resampled to a common frequency grid
consisting of 128 points between 10→10 and 10→6 Hz. For signals longer than
128 points, uniform downsampling is performed,

fresampled[k] = foriginal

[⌊
k ·

Norig → 1
127

⌋]
, k = 0, . . . , 127. (3.6)

For shorter signals, linear interpolation is used to upsample the data,

hresampled( fk) = interp1d
(

foriginal, horiginal
)
( fk). (3.7)

The dataset is subsequently split into training and validation sets. No sepa-
rate test set is used, as the model performance is assessed through validation
metrics and downstream inference results. Z-score normalization is applied to
both the input parameters and the GW signals to center the data around zero
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with unit variance,
x̂ =

x → µx
σx

, ŷ =
y → µy

σy
, (3.8)

where the mean and standard deviation are computed exclusively on the train-
ing set [81]. The normalization parameters are stored as part of the trained
model to ensure consistent transformations during inference.

Failed simulations are discarded prior to training. Numerical instabilities at
extreme parameter combinations can lead to non-physical solutions, and re-
moving such cases ensures that all training data represent physically valid
orbital evolutions. Additional quality control checks verify finite signal values,
appropriate frequency coverage, and physically reasonable amplitude scaling
with mass. After completion of all preprocessing steps, NN training is per-
formed on the resulting dataset.
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Chapter 4

Neural Network Emulator
Development

This chapter introduces the NN emulator, specifically the model definition and
objectives, details of the network architecture as well as the training method-
ology.

4.1 Model Definitions and Objectives

The emulator approximates a smooth but highly non-linear mapping F : R3 ↗

R128 from three physical parameters to the 128-dimensional log-strain spec-
trum:

ŷ = Fθ
(
e0, log10 Mtot, σ

)
. (4.1)

Here, ŷ = (ŷ1, . . . , ŷ128) represents the predicted normalized log-strain at each
of the frequency points. The network learns the parameters θ during its train-
ing.

The emulator must interpolate smoothly across the parameter space while sig-
nificantly accelerating GW signal generation.

4.2 Network Architecture

The NN architecture adopts a fully connected feedforward design. While the
output dimension (128) greatly exceeds the input dimension (3), the physical
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dependence of the GW spectrum on the source parameters is smooth and low-
dimensional. As a result, intermediate representations of moderate complexity
are sufficient to capture the relevant structure of the mapping.

The NN consists of an input layer, followed by three hidden layers, and an
output layer:

z(1) = W(1)x̂ + b(1), h(1) = GELU
(

LayerNorm
(

z(1)
))

, (4.2)

z(2) = W(2)Dropout
(

h(1)
)
+ b(2), h(2) = GELU

(
LayerNorm

(
z(2)

))
, (4.3)

z(3) = W(3)Dropout
(

h(2)
)
+ b(3), h(3) = GELU

(
LayerNorm

(
z(3)

))
, (4.4)

ŷ = W(4)h(3) + b(4). (4.5)

Here, x̂ ↘ R3 denotes the normalized input parameter vector, consisting of
the initial eccentricity e0, the logarithmic total mass log10 Mtot, and the velocity
dispersion σ. The vectors z(l) represent the affine transformations at layer l,
while h(l) denote the corresponding hidden layer activations after normaliza-
tion and non-linear transformation. The network output ŷ ↘ R128 corresponds
to the predicted, normalized log-strain evaluated on the fixed frequency grid
introduced in Chapter 3.

When consecutive layers have matching dimensionality, skip connections are
introduced. Here, GELU(·) denotes the Gaussian Error Linear Unit activation
function, which is defined explicitly in Equation 4.7:

h(i+1) = GELU
(

LayerNorm
(

z(i+1)
))

+ h(i). (4.6)

These residual connections serve two purposes: preserving gradient flow dur-
ing backpropagation, and allowing low-level parameter combinations to di-
rectly influence the output. Both properties prove beneficial for learning smooth
physical mappings.

Listing 4.1 shows the core implementation of the forward pass. The full train-
ing and inference scripts follow standard PyTorch and emcee usage patterns
and are summarized in the methodology and inference chapters.
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1 def forward(self , x: torch.Tensor) -> torch.Tensor:
2 h1 = self.activation(self.ln1(self.fc1(x)))
3

4 h2 = self.fc2(self.dropout(h1))
5 h2 = self.activation(self.ln2(h2)) + h1 # Residual
6

7 h3 = self.fc3(self.dropout(h2))
8 h3 = self.activation(self.ln3(h3)) + h2 # Residual
9

10 return self.fc4(h3)

Listing 4.1: Core NN forward pass with residual connections

All hidden layers use the Gaussian Error Linear Unit (GELU) activation func-
tion [83]:

GELU(x) = x · Φ(x) = x ·
1
2

[
1 + erf

(
x
≃

2

)]
, (4.7)

where Φ(x) is the standard normal cumulative distribution function.

Unlike ReLU (Eq. 2.11), GELU provides a smooth, continuously differentiable
activation, which is well suited for regression on smooth GW spectra and leads
to more stable training.

Additionally, each hidden layer includes Layer Normalization [84]:

LayerNorm(h) = γ ↔
h → µh

σ2
h + ε

+ β, (4.8)

where µh and σ2
h are the mean and variance over the feature dimension, γ and

β are learnable scale and shift parameters, and ε = 10→5 ensures numerical
stability.

Layer Normalization is preferred over Batch Normalization for two reasons
that are particularly relevant in a Bayesian inference setting. First, it behaves
the same during training and inference, which is important when evaluating
individual samples in MCMC. Second, it does not rely on running estimates
of activation statistics, which simplifies the model storage and reuse [84, 85].

Other techniques like dropout regularization [86] were explored during initial
experiments, but did not lead to the best-performing configuration. Stochastic
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regularization was not required, due to the smoothness of the target function
and the use of strong weight decay.

In addition, L2 weight regularization (weight decay) with coefficient λ = 10→4

is applied during optimization,

Ltotal = Ldata + λ ∑
l

W(l)


2

F
, (4.9)

where ⇐ · ⇐F denotes the Frobenius norm. This regularization term penalizes
large weight magnitudes and thereby reduces the risk of overfitting to noise in
the training data.

Figure 4.1: Architecture of the NN emulator with three input pa-
rameters, three uniform hidden layers (256 neurons each) with
residual connections, and a 128-dimensional log-strain output.
LayerNorm and GELU activations are applied after each hidden

layer.

4.3 Training Methodology

The training objective is defined through a combined loss function:

L = α · LMSE + (1 → α) · LL1, (4.10)
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where

LMSE =
1

N · D

N

∑
i=1

D

∑
j=1

(
yij → ŷij

)2 , (4.11)

LL1 =
1

N · D

N

∑
i=1

D

∑
j=1

yij → ŷij
 , (4.12)

with the batch size N and the output dimension D = 128. The weighting factor
α = 0.7 assigns increased importance to MSE.

MSE penalizes large errors strongly, which drives the network to minimize
outliers. L1 provides robustness and encourages sparse residuals. Since targets
are already in log-space (see Section 3.4), minimizing this loss corresponds to
minimizing relative errors in the original strain amplitudes.

Parameter optimization is carried out using the Adam optimizer [60], which
adapts the learning rate during training to improve convergence:

mt = β1mt→1 + (1 → β1)gt, (4.13)

vt = β2vt→1 + (1 → β2)g2
t , (4.14)

m̂t = mt/(1 → βt
1), v̂t = vt/(1 → βt

2), (4.15)

θt+1 = θt → η · m̂t/(
≃

v̂t + ε), (4.16)

with momentum parameters β1 = 0.9, β2 = 0.999, and ε = 10→8 for stability.
The adaptive rates automatically adjust step sizes for parameters with different
gradient magnitudes to navigate the loss landscape efficiently.

To prevent occasional instabilities from large gradients, gradient clipping con-
strains the maximum norm to 1.0 [87]:

g ⇒ g · min
(

1,
1.0
⇐g⇐

)
. (4.17)

After preprocessing, data is split into training (80%) and validation (20%) sets.
Training runs for 100 epochs with batch size 32, monitoring validation loss
after each epoch. The optimal batch size was selected through systematic
hyperparameter comparison across batch sizes ranging from 16 to 128. The
model checkpoint with the lowest validation loss is saved and loaded for the
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final evaluation. When available, the training uses a single GPU (otherwise
CPU). With approximately 167,040 trainable parameters, the training com-
pletes within 3 seconds for datasets of 1,000 samples. The experiments were
conducted on a local machine with 16GB of memory.

4.4 Architecture Comparison and Validation

The NN architecture design involves trade-offs between model capacity, gen-
eralization, and computational efficiency. In the context of GW emulation,
these trade-offs are shaped by the smooth dependence of GW spectra on the
underlying physical parameters. This motivates architectures that are suffi-
ciently expressive to capture nonlinear dependencies, while avoiding unnec-
essary complexity that may lead to overfitting or optimization difficulties. To
assess the impact of these design choices, a systematic comparison of alterna-
tive network configurations is conducted.

The design space explored spans three main dimensions: depth, width and
architectural motifs. The depth of the NN depends on its number of hid-
den layers. Greater network depth allows more abstract representations to
be learned through successive transformations. However, deeper networks
require careful regularization to avoid overfitting. Additionally, they may suf-
fer from vanishing gradients or optimization plateaus, despite techniques like
residual connections. The width is defined through the neurons per layer and
determines the capacity of intermediate representations. Wider layers increase
capacity and enable richer feature combinations, but computational cost scales
quadratically in fully-connected architectures. Architectural motifs describe
recurring structural patterns in NN design that determine how information
is transformed and passed on across layers. These design choices implicitly
encode assumptions about how physical dependencies should be represented
and combined [57, 88].

In total nine network configurations were trained on identical data and com-
pared across four metrics: best validation R2 (maximum coefficient of determi-
nation on held-out validation set), final validation loss (combined MSE + L1 at
end of training), training time, and parameter count (total trainable weights).
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All architectures trained under identical conditions: 100 epochs, batch size 32,
Adam optimizer (η = 10→3, λ = 10→4), combined MSE + L1 loss (weights 0.7,
0.3), and gradient clipping at norm 1.0. Training and validation datasets con-
tained 800 and 200 samples respectively, drawn from Latin Hypercube Sam-
pling (Section 3.3).

Table 4.1 summarizes the tested architectures, covering variations in depth (2–4
layers), width (64–1024 neurons), and structural motifs.

Table 4.1: Architecture configurations tested in the ablation
study.

Architecture Layers Skip Params Time (s)
2-Layer Narrow [128, 64] No 42k 2.16
2-Layer Standard [256, 128] No 99k 2.61
3-Layer Uniform [256, 256, 256] No 167k 3.15
3-Layer Uniform+Residual [2563] Yes 167k 3.30
3-Layer Tapering [512, 256, 128] No 295k 3.72
3-Layer Bottleneck (Shallow) [256, 128, 256] Yes 134k 2.98
3-Layer Bottleneck (Deep) [512, 256, 512] Yes 374k 4.48
3-Layer Adaptive [256, 512, 256] Yes 233k 3.51
4-Layer Deep Bottleneck [256, 512, 1024, 512] Yes 741k 5.12

Figure 4.2 shows validation R2 scores, sorted by performance. All configura-
tions achieve R2 > 0.998. This confirms that the task is tractable across a wide
range of designs. However, meaningful differences emerge at high precision.
The three-layer uniform architecture with residual connections achieves the
highest validation performance (R2 = 0.99959).

Several consistent patterns emerge from the comparison. The uniform-width
architectures outperform the tapering and bottleneck designs. This suggests
that the smooth mapping from physical parameters to waveforms is best cap-
tured when the representational capacity remains consistent across layers. Resid-
ual connections further enhance the performance as they facilitate gradient
flow and enable additive corrections to intermediate representations. Increas-
ing depth beyond three layers does not yield additional gains and can intro-
duce optimization difficulties, as observed for the four-layer deep bottleneck
architecture.
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Figure 4.2: Validation R2 comparison across nine NN architec-
tures, demonstrating that the three-layer uniform architecture
with residual connections achieves the highest prediction accu-
racy. Color coding reflects performance ranking, with better ar-

chitectures shown in lighter shades.

Table 4.2: Computational efficiency comparison across architec-
tures, showing training time per 100 epochs and total trainable
parameters. The selected architecture achieves the best accuracy-

to-cost ratio.

Architecture Training Time (s) Parameters R2

2-Layer Narrow 2.16 42,304 0.99929
2-Layer Standard 2.61 99,456 0.99924
3-Layer Uniform 3.15 167,040 0.99900
3-Layer Uniform+Residual 3.30 167,040 0.99959
3-Layer Tapering 3.72 295,040 0.99892
3-Layer Bottleneck (Shallow) 2.98 134,272 0.99946
3-Layer Bottleneck (Deep) 4.48 374,144 0.99951
3-Layer Adaptive 3.51 232,576 0.99949
4-Layer Deep Bottleneck 5.12 740,608 0.99921

Interestingly, model capacity alone does not determine performance. Even
though architectures with substantially more parameters, such as the deep bot-
tleneck variants, approach similar accuracy, they incur higher computational
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cost without proportional benefit. This highlights the importance of architec-
tural inductive biases aligned with the smooth structure of the target function.

From a practical perspective, computational efficiency plays an important role
for downstream Bayesian inference. Although the training time is less criti-
cal than the inference speed in MCMC applications, the parameter count and
architectural simplicity directly impact deployment efficiency. The three-layer
uniform architecture with residual connections provides a good compromise,
combining high accuracy with a relatively small parameter count of 167,040
and fast inference.
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Chapter 5

Parameter Inference
Implementation

This chapter describes how the emulator developed in the previous chapter
is integrated into a Bayesian parameter inference method based on Markov
Chain Monte Carlo (MCMC).

5.1 Bayesian Framework for Parameter Estimation

The general Bayesian framework has already been introduced in Section 2.5.
The expressions below are restated here to fix notation for the concrete infer-
ence implementation used in this chapter.

Given an observed GW signal d, Bayesian inference characterizes the posterior
probability of source parameters θ. The posterior distribution is given by

p(θ|d) =
p(d|θ) p(θ)

p(d)
. (5.1)

From the independence of the evidence p(d) from θ in parameter estimation
problems, it follows that it can be neglected. This results in the unnormalized
posterior distribution

p(θ|d) ∝ p(d|θ) p(θ). (5.2)

The three-dimensional parameter space includes the initial orbital eccentricity
e0 ↘ [0.0, 0.15], defined at a separation of r = 50 risco, and the logarithmic total
binary mass log10 Mtot ↘ [8.0, 10.0], expressed in solar masses. In addition,



Chapter 5. Parameter Inference Implementation 31

the stellar velocity dispersion σ ↘ [100, 400] km/s characterizes the galactic
environment. The selected parameter ranges correspond to typical values for
SMBHB systems contributing to the nanohertz GW band probed by PTAs.

As explained in Section 3.4, the logarithmic parameterization of the total mass
provides approximately uniform coverage of signal morphologies, since char-
acteristic GW frequencies scale inversely with mass.

The likelihood describes the agreement between the observed data d and the
model prediction for a given parameter set θ. For independent Gaussian un-
certainties (see Section 2.5), the corresponding log-likelihood is

log p(d|θ) = →
1
2

Nf

∑
i=1

(di → hi(θ))
2

σ2
i

→
1
2

Nf

∑
i=1

log
(

2πσ2
i

)
. (5.3)

Here, di denotes the observed characteristic strain in frequency bin i, hi(θ) is
the model prediction, σi represents the measurement uncertainty, and Nf is
the total number of frequency bins.

GW characteristic strain amplitudes span several orders of magnitude across
the frequency band [4, 40]. To obtain approximately equal sensitivity to frac-
tional deviations across frequency, the comparison is performed in logarithmic
space:

residuali = log10(di + ε)→ log10(hi(θ) + ε) , (5.4)

where ε = 10→30 prevents numerical issues for very small strain values.

The model prediction hi(θ) is obtained from the NN GW emulator described
in Chapter 4. All normalization steps and architectural decisions are fixed by
the trained model and remain unchanged during inference.

Uniform prior distributions are assumed:

p(e0) = U (0.0, 0.15), p(log10 Mtot) = U (8.0, 10.0), p(σ) = U (100, 400) km/s.
(5.5)

Parameter sets outside these intervals are assigned zero prior probability and
are therefore excluded from the sampling process.
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5.2 MCMC Sampling Strategy

The MCMC analysis uses the affine-invariant ensemble sampler emcee [76,
89], as introduced in Section 2.5. This sampler is well suited for correlated
parameter spaces and enables efficient parallel exploration.

The so-called stretch move forms the core of the proposal mechanism. In this
procedure, new parameter points are generated based on the current positions
of other walkers in the ensemble. For walker j, the proposed position Y is
given by

Y = Xk + Z
(
Xj → Xk

)
, (5.6)

where Xj is the current position of walker j, Xk is drawn from a complementary
ensemble, and Z is sampled from

g(z) ∝
1
≃

z
, z ↘

[
1
a

, a
]

, (5.7)

with scale parameter a = 2.

The Metropolis–Hastings acceptance probability is

α = min

(
1, Zn→1 p(Y|d)

p(Xj|d)

)
, (5.8)

where n = 3 is the dimensionality of the parameter space.

The sampler uses 50 walkers, corresponding to approximately seventeen times
the parameter dimension. A burn-in phase of 3,000 steps per walker is dis-
carded. The subsequent production phase consists of 5,000 steps per walker,
yielding a total of 50 ⇑ 5,000 = 250,000 posterior samples.

Walkers are initialized according to

θ
(0)
j = θinit + εj, εj ↑ N (0, Σinit), (5.9)
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with

σe0 = 0.01, (5.10)

σM = 0.2, (5.11)

σσ = 20 km/s. (5.12)

For validation studies with injected signals (Chapter 6), the initial estimate is
set to the true parameter values. Initial positions are clipped to remain within
the prior bounds.

The sampler is implemented using emcee. The trained PyTorch emulator and
the associated scikit-learn normalization objects are loaded once and reused
throughout the sampling run. Listing 5.1 shows the central likelihood evalua-
tion.

1 def log_posterior(theta , f_obs , h_obs ,
2 emulator , param_scaler , signal_scaler):
3 if not (0.0 <= theta [0] <= 0.15 and
4 8.0 <= theta [1] <= 10.0 and
5 100 <= theta [2] <= 400):
6 return -np.inf
7

8 h_model = emulator_predict(emulator , theta ,
9 param_scaler , signal_scaler)

10

11 residuals = np.log10(h_obs + 1e-30) - np.log10(h_model + 1e
-30)

12 chi2 = np.sum(( residuals / 0.01) **2)
13

14 return -0.5 * chi2

Listing 5.1: Emulator-based likelihood evaluation

5.3 Convergence Diagnostics

Convergence diagnostics are used to verify that the MCMC samples provide a
reliable representation of the target posterior distribution. Furthermore, trace
plots are inspected for stationarity and mixing.
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Acceptance fractions between 0.2 and 0.5 indicate an efficient exploration. The
integrated autocorrelation times εi are estimated as

εi = 1 + 2
∞

∑
k=1

ϱ
(i)
k . (5.13)

The effective number of independent samples is

Neff =
Nwalkers Nsteps

εmax
, (5.14)

with εmax = maxi εi.

The Gelman–Rubin statistic [68, 90] is

R̂ =


Var+

W
, (5.15)

where W denotes the within-chain variance and Var+ the total variance esti-
mate. Values R̂ ↭ 1.1 indicate convergence.

5.4 Emulator Accuracy Considerations

Using an NN emulator introduces an approximation error in addition to statis-
tical measurement uncertainty. As shown in Chapter 4, the emulator achieves
R2 > 0.999 with relative deviations below 1%.

Emulator-induced effects on the inference remain negligible as long as

σemulator ⇓ σmeasurement. (5.16)

Validation with injected signals confirms that emulator-related deviations do
not introduce relevant systematic effects within the considered parameter range.
This is demonstrated by consistently high R2 scores across the validation set
and by direct waveform comparisons, which show no systematic deviations
within the considered parameter range. These results indicate that emulator-
induced errors remain subdominant compared to measurement uncertainties
in the subsequent inference.
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The complete inference pipeline is now established. Chapter 6 applies this
framework to simulated observations.
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Chapter 6

Results and Discussion

This chapter presents the results of the NN emulator and the MCMC parame-
ter estimation based on it from Chapters 4 and 5.

6.1 Emulator Training and Validation

This section examines the performance of the NN emulator developed in Chap-
ter 4.2. It considers training behavior, generalization across the parameter
space, and the accuracy of the reconstructed waveforms with regard to their
use in Bayesian inference.

A summary of the key performance indicators is shown in Table 6.1. The three-
layer architecture with residual connections achieves high prediction accuracy
with low computation time, proving to be well suited for use in MCMC-based
inference methods. In particular, the high validation R2 value and the low val-
idation error demonstrate that the emulator reliably learns the mapping from
physical parameters to GW spectra while maintaining good generalization to
previously unseen configurations.

Figure 6.1 shows the progression of training and validation losses over the
training period. Both curves decrease evenly and converge toward nearly
identical final values. This indicates stable optimization and does not suggest
significant overfitting.

The fact that training and validation loss do not diverge from each other also
confirms the effectiveness of the regularization measures described in Chap-
ter 4. In particular, weight decay regularization, layer normalization, and the
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Table 6.1: Summary of NN emulator performance across train-
ing, validation and inference metrics, demonstrating the system
achieves high accuracy with substantial computational speedup.

Metric Value
Architecture

Configuration 3-Layer Uniform+Residual
Hidden Dimensions [256, 256, 256]
Skip Connections Yes
Dropout Rate 0.0
Total Parameters 167,040

Training Performance
Training Time (100 epochs) 3.3 seconds
Final Training Loss 1.2 ⇑ 10→4

Final Validation Loss 1.3 ⇑ 10→4

Validation R2 0.99959
Samples with R2 > 0.995 99%

Computational Efficiency
Inference Time (per sample) ↑1 ms
SMBHBpy Time (per sample) O(10→1)–O(101) s
Speedup Factor O(102)–O(103)
MCMC Time with Emulator (250k evals) 4 minutes
MCMC Time without Emulator (250k evals) 2.1 hours

Parameter Recovery (MCMC)
Gelman–Rubin R̂ < 1.01 (all params)
Effective Sample Size > 1000 (all params)
Parameter Recovery Within 1σ
Median Relative Error < 1.5%

Systematic Uncertainties
Environment Comparison (∆Vac→CDM) < 5% (all params)
Emulator Error (log-strain) < 1%
Worst-Case R2 (1st percentile) 0.995

absence of stochastic dropout during training contribute to the network learn-
ing generalizable relationships rather than memorizing individual training ex-
amples.

In addition to accuracy, computational efficiency is a key requirement for prac-
tical Bayesian inference. Figure 6.2 compares the runtime of direct SMBHBpy
simulations with NN-based waveform generation, evaluated both sequentially
and in a vectorized setting. Since the reference simulations considered here are
computationally lightweight, the reported speedup should be interpreted as a
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Figure 6.1: Training dynamics of the NN emulator showing train-
ing and validation loss versus epoch. The smooth convergence of
both curves indicates successful learning without overfitting, and
the final validation loss corresponds to sub-percent relative errors

in log-strain space.

conservative lower bound. In practice, SMBHBpy runtimes vary strongly with
numerical accuracy settings and the sampled parameter region. In our tests,
individual evolutions ranged from O(10→1) s to several seconds or minutes
per waveform, while emulator inference remained at ↑1 ms. Hence, for more
complex source models, the relative acceleration achieved through NN-based
emulation is expected to increase substantially.

Importantly, the inference time of the trained NN emulator is independent
of the underlying physical complexity of the reference model, as it depends
only on the fixed network architecture. In addition to the loss values, it is
also important to verify whether the emulator performs uniformly across the
parameter space. Figure 6.3 shows the distribution of per-sample R2 values
evaluated on the independent validation dataset. The distribution is strongly
concentrated near unity: the vast majority of samples achieve R2 > 0.998,
while fewer than 1% fall below R2 = 0.995. The absence of a pronounced
tail toward lower R2 values indicates that no systematic degradation occurs in
specific regions of the parameter space.



Chapter 6. Results and Discussion 39

Figure 6.2: Runtime comparison between direct SMBHBpy sim-
ulations and NN-based waveform generation. The NN emulator
achieves substantial speedups, which are further enhanced when

evaluating multiple samples in a vectorized manner.

Such uniform reconstruction accuracy is particularly important for Bayesian
inference, where the likelihood is evaluated repeatedly at arbitrary parameter
combinations within the prior volume. Location-dependent emulator errors
could otherwise introduce artificial distortions in the inferred posterior distri-
butions. The narrow R2 distribution observed here suggests that such effects
are negligible within the validated parameter range.

While aggregated performance indicators provide a compact overview of model
quality, direct analysis of reconstructed waveforms is essential for evaluating
the physical reliability of the emulator. Figure 6.4 presents representative com-
parisons between characteristic strain spectra generated with SMBHBpy and
the corresponding predictions of the trained NN emulator. The examples span
different regions of the parameter space and include variations in initial eccen-
tricity, total mass, and velocity dispersion.

In all cases shown, the emulator reproduces both the global amplitude scaling
and the detailed frequency-dependent structure of the spectra with high accu-
racy. In particular, the expected power-law behavior at high frequencies and
spectral modifications due to environmental effects are consistently captured.
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Figure 6.3: Distribution of per-sample validation R2 values
demonstrating robust and consistent waveform reconstruction ac-
curacy across the validation dataset, with fewer than 1% of sam-

ples achieving R2 < 0.995.

The remaining deviations are small and show no systematic frequency de-
pendence, suggesting that the emulator reliably approximates the underlying
physical mapping.

Taken together, the results demonstrate that the NN emulator combines high
reconstruction accuracy with a substantial reduction in computational cost,
without introducing systematic errors across the validated parameter space. It
fulfills the necessary requirements for its use as a surrogate model in Bayesian
parameter inference, which is examined in the following section.

6.2 MCMC Parameter Recovery

To validate the full Bayesian inference pipeline, injection–recovery tests are
performed using synthetic GW signals generated with SMBHBpy. The injected
signal is noise-free and chosen from the interior of the prior volume to avoid
boundary effects, with fiducial parameters e0 = 0.08, log10(Mtot/M↔) = 9.0,
and σ = 250 km/s.
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Figure 6.4: Comparison between SMBHBpy-generated charac-
teristic strain spectra and NN predictions for validation samples

spanning the parameter space.

Bayesian parameter inference is carried out using an MCMC sampler. The
analysis is performed both with direct waveform evaluations using SMBHBpy
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and with waveform predictions obtained from the trained NN emulator. In
both cases, identical sampler settings, priors, and likelihood definitions are
employed.

Within numerical precision, the resulting posterior distributions obtained with
and without the emulator are indistinguishable. For this reason, only a single
corner plot is shown for each environment, as separate visualizations would
be redundant. This direct agreement demonstrates that replacing the physical
waveform model with the NN emulator does not alter the inferred posterior
distributions.

The sampling behavior is stable, with acceptance fractions within the expected
range for the affine-invariant ensemble sampler and convergence diagnostics
indicating well-mixed chains. For all inferred parameters, the posterior medi-
ans are consistent with the injected values within 1σ, with a median relative
error below 1.5%.

In the vacuum scenario, environmental dynamical friction is absent. Conse-
quently, the velocity dispersion parameter σ is only weakly constrained and
effectively acts as a dummy variable. The absence of spurious correlations
confirms that the emulator does not introduce artificial sensitivity to envi-
ronmental parameters when the underlying physical model implies no such
dependence.

The accurate recovery of all injected parameters in both environments confirms
that the NN emulator can be used as a drop-in replacement for direct wave-
form generation in MCMC-based parameter inference. Within the explored
parameter regime, emulator-induced errors remain negligible compared to sta-
tistical uncertainties, and no systematic biases are introduced by the surrogate
model.
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Figure 6.5: Corner plot showing posterior distributions from the
MCMC analysis in a vacuum environment. The injected true pa-
rameter values are indicated by black lines. Identical posterior
distributions are obtained with direct waveform evaluation and
with the NN emulator, and therefore only a single plot is shown.



Chapter 6. Results and Discussion 44

Figure 6.6: Corner plot showing posterior distributions from the
MCMC analysis in a CDM environment. The injected true pa-
rameter values are indicated by black lines. As in the vacuum
case, emulator-based and direct waveform inference yield indis-

tinguishable posteriors, and only a single plot is shown.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

This work demonstrates that NNs as surrogate models represent a practical
and powerful method for accelerating GW signal modeling for SMBHB sys-
tems in dense astrophysical environments. By training on physically moti-
vated reference simulations from SMBHBpy, the developed emulator is able to
reproduce characteristic GW strain spectra with a high accuracy across a mul-
tidimensional parameter space that includes the initial eccentricity, total mass
of the binary system, and stellar velocity dispersion.

The achieved reconstruction accuracy, evidenced by validation R2 values close
to one and direct waveform comparisons in the frequency domain, shows that
the emulator reliably learns the relevant physical dependencies. In particular,
the absence of systematic accuracy losses within the validated parameter range
is an essential prerequisite for the use of the model in inference applications.

A key contribution of this work is the substantial reduction in computational
effort through NN-based emulation. While direct simulations with SMBHBpy
require seconds to minutes per waveform due to the underlying physical
modeling, corresponding predictions can be generated within milliseconds us-
ing the trained emulator. This acceleration eliminates a central bottleneck in
Bayesian GW parameter inference and enables analyses that would be practi-
cally impossible with purely simulation-based approaches.

The integration of the emulator into an MCMC-based inference pipeline fur-
ther demonstrates the practical applicability of the approach. The injection
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recovery tests show that NN-generated waveforms can be used in parameter
inference in a manner consistent with direct SMBHBpy simulations, without
introducing significant distortions, and that the resulting posteriors remain
physically plausible. Although the inference study presented here does not
constitute a complete astrophysical analysis, it demonstrates the consistency
and robustness of the method within established GW analysis workflows.

In summary, this work bridges the gap between physically detailed GW source
simulations and the computational requirements of Bayesian parameter infer-
ence. While SMBHBs serve as a concrete application case, the methodology de-
veloped here is not restricted to this specific source class. By combining physi-
cally motivated modeling with a substantial reduction in waveform evaluation
time, the framework enables systematic studies of extended source models and
environmental effects that would be computationally prohibitive with purely
simulation-based approaches. This makes it well suited for exploring devia-
tions from standard assumptions in GW source modeling within a consistent
inference framework.

7.2 Future Work

While our work focuses on demonstrating the feasibility and evaluating the
performance of NN-based waveform emulation for SMBHB systems in CDM
environments, several obvious extensions arise. An important extension would
be the explicit propagation of emulator-induced uncertainties into the Bayesian
likelihood, for example through probabilistic surrogate models, in order to
avoid potential biases in parameter inference [91].

An immediate next step is Bayesian model selection between different environ-
mental assumptions, such as vacuum, CDM, and SIDM scenarios. By compar-
ing Bayesian evidence, it would be possible to quantify the extent to which GW
observations can distinguish between different DM models. Previous studies
indicate that environmental effects predominantly influence the low-frequency
inspiral regime, which implies that high signal-to-noise ratio observations may
be sensitive to such deviations from vacuum evolution [19, 36].

For realistic applications, it is also necessary to incorporate detector-specific
noise models. While the validation studies in this work are deliberately limited
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to noise-free signals, intrinsic pulsar noise, correlated noise processes, and
network geometries would have to be taken into account for PTA analyses. For
space-based detectors such as LISA, instrumental and confusion noise sources
also play a central role.

Another promising area of application lies in population-based analyses, par-
ticularly in connection with the SGWB in the nanohertz range. The efficient
generation of large waveform ensembles is a decisive bottleneck here, which
NN-based surrogates can significantly alleviate.

Furthermore, the approach can be extended to space-based observations with
LISA [10]. The long-duration SMBHB signals with high frequency resolution
expected there place high demands on simulation efficiency, especially when
environmental influences are taken into account.

Finally, the expansion of the parameter space, for example, to include mass
ratios, spins, orbital inclinations, or alternative environment models, offers
great potential for further investigations. Even though this requires larger
training datasets and careful validation, the developed modular framework is
well suited to accommodate such extensions.

Overall, this work demonstrates that NN-based waveform emulation is a scal-
able and physically consistent approach to accelerating GW data analysis.
With increasing complexity of source models and growing data volumes from
future observatories, surrogate models will play a central role in the systematic
exploration of the GW source population.
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