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Abstract

In this work, we explore the unique gravitational wave signatures from a super-
cooled, QCD-sourced tachyonic phase transition in the early Universe within the
Classically Conformal B — L extension of the Standard Model of Particle Physics.
In a particular region of the parameter space spanned by the gauge coupling gz,
and the gauge boson mass my/, the QCD-induced tachyonic instability amplifies
scalar fluctuations, destabilizing the false vacuum and driving a tachyonic phase
transition via spinodal decomposition rather than the usual bubble nucleation
mechanism. Tracing the evolution of these fluctuations in their linear or quantum
regime, we calculate the resulting curvature perturbations, and gravitational wave
energy density spectra associated to stochastic gravitational wave backgrounds.
By comparing these predictions with the sensitivities of upcoming GW observa-
tories, we reveal how future gravitational wave measurements could probe this
phenomenologically-rich Standard Model extension.

Zusammenfassung

In dieser Arbeit untersuchen und analysieren wir die einzigartigen Gravitation-
swellensignale im Kontext der klassisch konformen B — L-Erweiterung des Stan-
dardmodells, die wahrend der Dynamik eines supergekiihlten, tachyonischen Pha-
seniibergangs im frithen Universum entstehen. In bestimmten Bereichen des Pa-
rameterraums, aufgespannt durch die Kopplungsstéirke gz, und die Bosonmasse
my,, werden durch eine QCD-induzierte tachyonische Instabilitdt im effektiven Po-
tential skalare Fluktuationen amplifiziert. Diese destabilisieren das falsche Vakuum
und treiben einen tachyonischen Phasentibergang durch spinodale Phasenzerlegung
voran, anstelle der iiblichen Vakuum-Blasenbildung und -kollisionen. Durch die
Berechnung der Entwicklung dieser Fluktuationen in ihren linearen Regimen berech-
nen wir die daraus resultierenden Kriitmmungsfluktuationen und Gravitationswellen-
spektren. Durch den Vergleich dieser Vorhersagen mit den Empfindlichkeiten
zukiinftiger Observatorien zeigen wir, wie wir mit Hilfe potentieller kiinftiger Mes-
sungen der hier berechneten stochastischen Gravitationswellenhintergriinde diese
phéanomenologisch interessante Standardmodelerweiterung falsifizieren konnen.
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Acronyms

B-L Baryon number minus lepton number
BD Bunch-Davies

BSM Beyond Standard Model

dofs degrees of freedom

EOM equation of motion

EOS equation of state

EWPT Electroweak phase transition
GW Gravitational wave

QFT Quantum field theory

SGWB Stochastic Gravitational Wave Background
SM Standard Model of Particle Physics
SSB Spontaneous symmetry breaking
TQFT Thermal quantum field theory
TTG Transverse-traceless (TT) gauge
VEV Vacuum expectation value

w.r.t. with respect to
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Chapter 1

Theoretical Framework

Firstly, we will elaborate the basic concepts necessary to understand the research objec-
tive of this work that lies at the topical intersection of gravity theory, cosmology, and
particle physics. Starting from our current understanding of the Universe as well as the
theoretical description of gravitational waves, we will dive into elements of statistical
physics (classical and quantum) to understand the nature and phenomenology of cosmo-
logical phase transitions. After introducing our BSM model of interest, the (B — L)-SM
extension, we will show how we can compute possibly future-detectable stochastic gravi-
tational wave backgrounds generated from an inflationary phase that exhibits a tachyonic
instability for the fluctaution modes.
Note that all equations make use of the natural unit convention, i.e., c=h = 1.

1.1 Elements of General Relativity & Cosmology

Einstein’s theory of General Relativity (GR) has proven to be a highly successful theory
to describe the dynamic interaction of matter or energy with spacetime. It not only
accounts for the formation and dynamics of astrophysical objects like stars, planets and
black holes we observe in outer space; it is also the underlying framework of our current
understanding of how the Universe came about and potential gravitational wave echoes
from many different process during its evolution.

The most fundamental equation is the Einstein equations ,

1
Guw =Ry — §R9/w + Ag = 81GT), (1.1)

which links the energy-momentum tensor T, ({¢;}, {0¢;}) of our matter contents, i.e.,
classical/quantum fields {¢;}, with the Einstein tensor G, (g » 99, , 02g) which de-
scribes of curvature of the spacetime manifold whose geometry is defined through the
metric tensor g,,,. The term including the cosmological constant A was initially not part
of the Einstein equations, but has been added later due to the observation that confirmed
today’s accelerated expansion of the Universe (see Subection 1.1.2). A specific physical
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system is then defined by the choice of the metric g,,, which may or may not exhibit
certain symmetries, as well as the matter/energy content in the spacetime encoded in
T},,. The concrete form of can also be written by the line element ds® = G dzt dz”,
where {2/} is a chosen set of coordinates.

1.1.1 Existence and Origin of Gravitational Waves

Since the dynamics of the energy contents influence the curvature of the spacetime and
vice versa, we can think about the fate of small metric perturbations. Insights are
obtained through the perturbative study of a flat Minkowski metric up to linear order
by introducing

Juv = nuu+huu7 Nuv :diag(—l,l,l,l), (1-2)

where 7, is the flat Minkowski metric and h,,, is a small symmetric (|hu| < 1, hy =
hy,) perturbation upon 7,,. Plugging this into Eq. (1.1), we find a wave-like equation
of motion for the metric perturbation

Ohy = [—07 + V2] hyy = —167G T (1.3)

in whose derivation we made use of the tensor equation’s gauge freedom.! Note that in
vacuum (the absence of a source term 7}, ), we obtain plane wave solutions. This is the
reason why we call its solutions gravitational waves (GWs). After their first derivation
in 1916 by Albert Einstein [1,2], it took almost exactly 100 years to detect them for the
first time [3]. The general solution to Eq. (1.3) however is

Py (t, —4G/d3 |“; fy-”” (1.4)

where t, =t — |x — y| is the retarded time, i.e. the time at which at the position y the
gravitational wave was sourced.? Its structure becomes even more evident in the limit
where r = ||> d where d is the size of the source such that |x — y|~r — x - y/r and
hence

_ 4G 2G d2I;; -
hij(t, @) ~ T/Edgy Tt —r,y) = e dt2j (tr), huo = const., (1.5)
Iij(t,) = /Zd?’y Too(tr, y) yiy; = éd?’y p(tr,y) iy , (1.6)

where [;;(t) is called the mass quadrupole moment of the source, p(t,y) is the energy
density of the source, and ¥ is the volume enclosing the (localized) source. Evidently,

More precisely, we have introduced the trace-reversed metric perturbation B/w =hu — %UW
and later the Lorenz gauge where 0 = 9, h*" — %8‘%.

2The appearance of the retarded time is a manifestation of the existence of the speed of light
as the maximum velocity with which information can propagate through spacetime.
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gravitational waves are being sourced by dynamical non-vanishing spatial components of
the energy-momentum tensor, or differently put, one needs anisotropies is 7}, to generate
GWs. Note that this result is also consistent with Birkhoff’s theorem [4] stating that
the external gravitational field of a source with a spherically symmetric mass (or energy)
distribution is equal to the one of a point particle with the same total mass, i.e., the
exterior solution must be of Schwarzschild-type and is thus asymptotically flat.

Gravitational Waves, and How and Where to find them

As can be directly seen in to Eq. (1.3), gravitational waves are time-dependent and
periodic tensor perturbations of the spacetime metric. This means that (proper) lengths
change periodically whenever a gravitational wave passes by, since the spacetime is
stretched and compressed either in a cross- or plus-patterns (or a linear combination
of both) corresponding to the two possible tensor perturbation polarisations {+, x}.
Therefore, the key idea of gravitational wave detection is to observe this change of
lengths as it reflects in the change of the time interval that light would need to travel a
certain distance. The common detection techniques make use of this principle in their
own way: while ground- (e.g., LIGO [5], VIRGO [6], KAGRA [7]) and future space-
based interferometers (e.g., LISA [8]) see deviations in the arrival times of laser beams
travelling a fixed distance through their interference pattern, so-called pulsar timing
arrays (e.g., NANOGrav [9], EPTA [10], APTA [11], InPTA [12], IPTA [13]) compare
and try to correlate the deviations of arrival times of the periodic light pulses from
pulsars in outer space, detected with the help of ground-based radio telescopes.

Types of Gravitational Wave Signals

Generally, one distinguishes between three qualitatively distinct types of gravitational
wave signals, each of which can be generated by distinct sources:

I Transient signals are time-dependent and come from resolved sources of astro-
physical origin, e.g., compact binary coalescences (CBC) (inspiral and merger of
two compact objects), and pulsars with an imperfect surface violating spherical
symmetry. The signal of CBCs follows a very characteristic evolution, described
as the chirp signal. It consists of a first simple approximately sinusodial inspiral
part, which is then followed by a steep rise in amplitude and frequency in the
merger part and eventually ends with the ringdown phase. Analysing this specific
waveform gives us not only information about the size and mass of the coales-
cencing objects, but also potentially their inner structure (if they are not black
holes).

IT Stochastic Gravitational Wave Backgrounds (SGWB) are stationary and may orig-
inate from yet unresolved astrophysical sources, e.g., from unresolved black hole
binary coalescences, or can also be of cosmological origin, e.g., generated during in-
flationary periods, or from anisotropies-producing cosmological phase transitions.
The shape of the spectrum exhibits a peak at a specific scale, which is related to
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a characteristic time scale of the microphysical process in the very early Universe.
Also here we find that the analysis of the GW spectrum (peak amplitude and fre-
quency, slopes next to the peak) yields valuable information about the underlying
microphysics.

III Burst signals are time-dependent, hard to model, do not fit into the first two
categories and originate from violent events such as supernovae.

Quantum Fluctuations in the Early Universe

Compact objects captured

by supermassive BHs Supernovae
>
Binary supermassive BHs
in galactic nuclei Pulsars

f/Hz : : : : : :

1016 10712 1078 1074 10° 10*
—> —> >
CMB Polarisations Pulsar Timing Arrays Space-Based  Ground-Based
(Radio Telescopes) Interferometers Interferometers

Figure 1.1: Characteristic frequency domains of different gravitational wave de-
tectors and sources. Figure adopted from [14].

1.1.2 Cosmology of our Universe

From observation of our night sky over millenia, one of the many things we have learned
about our Universe is that it seems to conform with the underlying concept of the
cosmological principle: on large scales of about O(100Mpc), we find that the matter
content is isotropically and homogeneously distributed. A metric for our Universe’s
spacetime should be constrained by these symmetries, and it turns out that a suitable
choice is the Friedmann-Lemaitre-Robertson- Walker (FLRW) metric,

dr?
1 — kr2

ds? = dt* — a(t)* [ + erQQ} = dt* — a(t)%d%3, (1.7)
which describes three-dimensional maximally symmetric spatial slices ¥ (¢) with intrin-
sic curvature k = {0, £1} whose evolution is solely dictated by the scale factor a(t), i.e.,
the extrinsic curvature. Different k-values yield different geometries of our spatial slices:
Y (k = 0) has vanishing curvature (flat), 3(k = +1) has positive curvature (spherical),
and X(k = —1) has negative curvature (hyperboloidal).?

3We also distinguish these Universe models as flat Universe (k = 0), closed Universe (k=+1),
and open Universe (k = —1).

4
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The theoretical description of our Universe is completed by treating the energy con-
tents as perfect fluids in which case the energy-momentum tensor is given by 7}, =
diag(p, —p, —p, —p), where p = ). p; and P = ), P; are the energy density and pres-
sure of all energy components. Using this specific spacetime geometry and energy content
ansatz yields the specific form of Egs. (1.1) also called the Friedmann equations,

.\ 2
StG k p E A
H2 = (%) = s _-_r_ _ 24 = 1.8
<(I> 3 P a2 3M§] a2 + 3’ ( a)
: 7 4G A
H+ H? = <Z> = _L; (p+3P)+ 3, (1.8b)

which describe the evolution of the scale factor depending on the energy content in
the Universe?. The normalized derivative H(t) = (a/a)(t) is called the Hubble parame-
ter. From the conservation of energy and momentum, i.e., 0 = V, T}, we also get the
continuity equation

) a )
o=p¢+3(a) (i + Po) = i+ 31 (14 w) i (1.9)

from which we obtain the direct relation between the scale factor a and the energy
density p; of the i-th energy species, if we are able to provide an equation of state (EOS)
P; = w;p; (w ~ const.) for it. The quantity w is now called the EOS parameter. For the
standard energy forms (matter (dust-like), radiation, dark energy), we find

a3, w=0 (matter energy density)
pla)x a4, w= % (radiation energy density) (1.10)

a’, w=-1 (dark energy density)

where p;  is the observed present-day value for the i-th species’ energy density. Inserting
these cases into Eq. (1.8a), we respectively find

23 w=0, (matter energy density)
a(t) oc S 412y = % , (radiation energy density) (1.11)
eflot = —1. (dark energy density)

This already shows that the special case of exponential and thus accelerated spacetime
expansion is realized when a constant energy density is dominating the other energy
components (see also Section 1.1.3). This is also referred to as de Sitter spacetime.

4We will henceforth neglect the cosmological constant term, since we will focus on processes
in the very early Universe where it plays a subdominant role.
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Eras in the evolution of the universe

Matter
domination

Dark Energy
domination

Radiation
10° 4 domination

Beginning of the dark era

Matter-Radiation equality

1071 4

< Big Bang Today —

1073 \ T

1076 1075 1074 1073 1072 107t 10° 10! 10?
a

/

Figure 1.2: The different cosmic eras that are believed to have shaped the history
of our universe according to recent measurements of the present-day dimensionless
density parameters {Q,, ,,, 2y }. While early times where dominated by the total
radiation energy density, the universe transitioned to a matter-dominated period.
The current dark era followed thereafter and is dominated by the yet unknown
dark energy. Figure adopted from [17].

To get a more practical form of Eq. (1.8a), we may define the dimensionless density
parameters Q;(t) = (p;/perit) (t) Where peit (t) = (87G/3H?)(t), such that we can rewrite

ng = 3o () (1.12)

ao

=0 ( )4 + Qo (%)3 + Qo (%)2 + 0, (1.13)

a
where in the derivation we divided Eq. (1.8a) by itself evaluated at the present time
to. We have just found a way of expressing the evolution equation of our Universe’s
spacetime in terms of present-day observables §2;(¢y) that we can infer e.g., from precision
measurements of the anisotropies in the the Cosmic Microwave Background (CMB)
[15,16]. The latter suggest that k£ ~ 0 in our Universe [15], we will henceforth neglect
the corresponding term in the Friedmann equations. With the experimental data at
hand, we can not only draw a picture of the cosmological history until today but predict
its evolution in the future.

One of the biggest puzzles in modern physics is the strong indirect evidence of dark
matter [18], a yet unknown form of matter that does not interact with photons and is thus

6
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not directly observable, but must be present due its gravitational influence visible in, e.g.,
gravitational lensing [19] and galazy rotation curve measurements [20]. It is therefore
appropriate to split €0, 0 = Qum 0 + Qam,0, where we account for the common baryonic
matter and the (cold) dark matter. This addition to our energy content completes the
so-called ACDM-model or Standard Model of Cosmology.

A Brief History of our Universe Today we believe that our Universe began with
a Hot Big Bang (BB), after which it has subsequently expanded and cooled down. A
proposed early period of inflation right after the BB is believed to resolve the main ten-
sions of the ACDM-model (see next section). While initially all four fundamental forces
(gravity, strong, weak and electromagnetic force) were believed to be unified, perhaps in
a Theory of Everything, there is strong evidence that the evolution of the cosmic history
has been driven by a sequencce of cosmological phase transitions (see Sec. 1.4) through
spontaneous symmetry breaking, yielding the present state of the Universe whose micro-
physics are well-described by the Standard Model of Particle Physics (SM). Chronologi-
cally, this evolution includes a hypothesised decoupling of gravity from the other forces
around T ~ 109, GeV, followed by a hypothesised Grand-Unified Theory (GUT) phase
transition at 7' ~ 10'%, GeV, separating the strong from the electroweak force. At some
point, a period of cosmic inflation is assumed to have caused exponential expansion and
thus be able to resolve the main tensions within the ACDM model (see Sec. 1.1.3). A
baryogenesis mechanism must then have generated the small matter—antimatter asym-
metry responsible for the observed dominance of matter over antimatter today. Around
T ~ 100, GeV, the electroweak phase transition separated the electroweak force into the
weak and electromagnetic interactions and generated the SM particle masses through
the Higgs mechanism [21,22]. At T ~ 100MeV, the QCD confinement phase transi-
tion occurred, during which quarks formed bound states such as protons, neutrons, and
mesons. The latter two phase transitions are crossover transitions within the SM [23,24].
This was followed by Big Bang nucleosynthesis (BBN) at T ~ 100keV, when the first
light nuclei, mainly H and He, were formed. Later, at T" ~ 0.3eV, recombination pro-
duced neutral hydrogen and helium atoms, and the subsequent decoupling of photons
generated the Cosmic Microwave Background (CMB). Finally, after the epoch of mat-
ter—dark energy equality, the Universe entered a phase of accelerated (approximately
exponential) expansion that continues until today.

1.1.3 The Concept & Implications of Inflation

Despite its success in describing the evolution of our Universe so far, the ACDM-model
is also challenged by a number of observations, leading to open questions that renders
it incomplete.

One such example is the Horizon problem: The ACDM-model predicts that the spacetime
consisted of many casually disconnected (Hubble) patches way in the past. These patches
are spacetime regions about the size of the particle horizon x,(t) (or the comoving Hubble

7
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horizon or radius r(t))?

t) xrg(t) = ———, 1.14
inside which causal interactions between two observers are possible, such that physical
processes like thermalisation of particle species may occur. If this was not a given at
early times, how can the CMB spectrum be so (largely) isotropic?

A resolution of this issue was proposed by introducing a new cosmological era called
inflation in which the comoving Hubble radius shrinks, i.e.,

drp(t) B i
dt  dt

((aH)™') <0, (1.15)

which effectively gives the disconnected patches more time before recombination to be
in causal contact with each other. We can learn about how or by what energy content
such a period can be realized by translating the shrinking of the Hubble radius into
equivalent conditions [25]:

—i/(a)? <0 (Accelerated expansion)

d . e=—-H/H?><1 (Slowly varying H)
— ((aH)™) <0 & (1.16)

i w=P/p<—1/3 (Negative EOS parameter)
‘Zﬁﬂggg =2 <1 (= Constant energy density)

Hence, for an inflationary phase in the early Universe we would need a dominant energy
component which then has an (almost) constant energy density and thus negative pres-
sure, leading to a quasi-exponential or quasi-de Sitter expansion of the spacetime with
H = const. when comparing to the dark energy case in Eq. (1.11). The newly introduced
variable ¢ is also called the slow-roll parameter and is a crucial quantity when describing
inflationary dynamics. Note that we recover a perfect de Sitter Universe when ¢ — 0.

Inflation via a scalar inflaton field

Let us suppose that inflation is driven by a new scalar "inflaton” field ®(t, ) with the
above explained properties. The perfect fluid ansatz requires the field to be homogeneous
and isotropic, i.e. we may decompose our field into a background field and fluctuations
upon it, i.e.,

O(t,x) = p(t) + dp(t, ) >~ ¢(1). (1.17)

®Note that this direct proportionality is only given in Standard Cosmology (see [25] for more
details).

8
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Hence, only the homogeneous background field ¢(t) will enter the field’s energy-momentum
tensor and thus dictate the dynamics of the inflationary period. In this case we have

1
Tpw = Oup O — Gy (29"‘58as0 dpp — V(s@)) ; (1.18)
from whose components Tg = p, and T]Z = —P¢5§. we obtain the energy density and
pressure,
1, .. 1, ..
Pe= 5@+ V(p), Po=5()" =V(p). (1.19)
Using these expressions, the Friedmann Equation (1.8a) then takes the form
mo e _ 1 1(<,b)2 + V(p) (1.20)
3My 3Mp \ 2
(1.16) p 1
© N2 N2
- = — -V & -V 0. 1.21
< oy = on, (@) = V(¥) (@) = V(p) < (1.21)

Thus, the scalar field’s energy density is dominated by its potential energy V(¢) during
an inflationary period. Taking the time derivative of Eq. (1.20) and combining it with
x yields an equation of motion (EOM) for the scalar (background) field (t), i.e,

. - 2
gL (1.22a)

2 M2

1%
= 0=¢p+3Ht) ¢+ V'(p), (1.22b)

H (9 ¢
== _ =_ 1.22

H?2 2H2M§1 ’ Hgb’ ( C)

where we identify Eq. (1.22b) as the Klein-Gordon (KG) equation in an FLRW-spacetime
containing a term proportional to the Hubble parameter commonly known as Hubble
friction, and a force-like term generated by the potential’s derivative V' () = dV (¢)/dp.

This general set of equations (1.20) and (1.22b) can now be further approximated
by means of the slow-roll approzimation (¢ < 1 and |§| < 1) where we make explicit
use of the conditions in Eq. (1.16) to describe the scalar field’s evolution during an
inflationary period. In particular, we obtain an almost constant Hubble parameter as
well as a simplified KG equation,

p Vie)
H? = 7~ 3 (1.23a)
pl pl
V/
= o — 3;}0), (1.23b)
M2 Vl 2
£~ Tpl (V(((’(f))) =ey. (1.23¢c)
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Note that the slow-roll approximation naturally breaks down when ey — 1.

One may also generally estimate the scalar background field value ¢ at which classical
dynamics take over, i.e., where the classical background field ¢ dynamics dominate the
quantum fluctuations [26], by comparing

V'(p) H?
- ~ o> oo = 1.24
H3
= [Vga, T)| = 55 (1.25)

We will use this condition later in Sec. 1.4.2 to consistently estimate the end of the linear
or quantum regime in which fluctuation modes grow exponentially.

To conclude, a phase of slow-roll inflation can therefore be characterized by a scalar
field evolving slowly from an initial condition where its energy density was dominated
by its potential energy, leading to an approximately constant Hubble parameter and a
temporary (quasi-)exponential expansion of the Universe. Note that the scale factor is
then given by

ftto dt’ H(t')

at) = ap e ~ ap e T070) = g5 e V"No0 = ¢(N), (1.26)

where N(t) = Ht is called an efold describing the spacetime growth factor within a
Hubble time Ty = H~'. Hence, an inflationary spacetime is well-approximated by a de
Sitter spacetime for which the line element concretely reads

ds® = dt? — a*(t) da? = dt? — 2t da? (1.27)
= a*(n) [dn® — dz] = (nH)™* [dn* — d=z”] ,
where in the last line we performed a coordinate transformation from coordinate time ¢
to conformal time n via

_dt Eat (127) 1 gy 1
dn:@ <:> 77_7}0_/0 a(t) _CLOH6 T a()H (1.28)

Now we can also then define the conformal Hubble parameter

_(d
H_(a(n)) — A H(), (1.29)

where the prime here denotes the derivative with respect to conformal time.

1.1.4 Evolution of fluctuations in our Universe:
Cosmological Perturbation Theory

Unerstanding the origins of the Large Scale Structure (LSS), i.e., the present-day matter
or energy distribution in our Universe, requires us to study how small perturbations of
the metric and energy-momentum evolve in a FLRW-spacetime. The corresponding

framework is called Cosmological perturbation theory and consists of the following steps
[25,27):

10



1.1. Elements of General Relativity & Cosmology

e Defining the curvature and energy-momentum perturbations. Start from
the flat (K = 0) FLRW-metric as in Eq. (1.7) and the perfect fluid energy-
momentum tensor as the homogeneous ”background tensors” and introduce small
perturbations upon them,

g, @) = g™ () + 69, (n, ) , (1.308)
Ty (n, ) = Th (1) + 6T (0, ) . (1.30D)

e Revealing the relevant dynamical dofs. We may further rewrite these tensors
using the the Scalar-Vector-Tensor (SVT) decomposition. It originates from the
Helmholtz theorem stating that a vector field living on a spatial slice ¥(n) may
be decomposed into a curl-free and divergence-free contribution via

V(x) = VA(xz) + V x B(x), (1.31)

where A is a scalar and B is a vector field. This decomposition rule also applies to
tensors. In particular, one may write out the contributions to the metric pertur-
bation, i.e., a rank-2 symmetric tensor in flat spacetime with 10 dofs in total, in
terms of four scalar fields {A, Bs, C, Es} (4 scalar dofs), two divergence-free vec-
tors {B!, E'} (4 vector dofs) and one transverse, traceless, and symmetric spatial
tensor field {Eg} (2 tensorial dofs).% Note that the purely tensorial part corre-
sponds to gravitational waves and its two dofs to the two possible polarizations
{+, x}. In the following, we will refer to these fields as metric perturbation fields.
The decomposed perturbed line element then reads

ds* = a*(n) [(1 + A) dny* + 2B'dndz; + (6;j + hsj)dz; dzj] (1.32)
=a’(n) [(1 + A) dn® + 2 (8B, + B}) dn de; (1.33)
+ (65 + (20055 + 20,0, Es + 20 B, jy + Ef)) daidaj] . (1.34)

While this seems like a huge effort, its tremendous advantage lies in the decou-
pling of the EOMs of the indivifual fields at linear order in perturbation theory,
enabling us to study their evolution independently from each other. We can pro-
ceed analogously with the decomposition of the energy-momentum tensor yielding

To = p(n) +dp(n, z), (1.35)
To = [p(n) + P(n)]v' = ¢', (1.36)
T = — [P(n) + 0P(n,x)] 6 — 11"}, (1.37)

=— [P(n) + 6P(n,x)] 6'; — 0,0, 1L, + 0,10, ;) + 1] (1.38)

SFor a more detailed explanation, see [25] (Chapter 4.1.)
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Chapter 1. Theoretical Framework

in which v is the bulk velocity, Hij is the anisotropic stress tensor, and the energy
density and pressure’ were decomposed to homogeneous scalar background and
fluctuation fields. Later we might also make use of the dimensionless density

contrast defined as 6 = dp/p.

Note that the perturbation fields are in general not gauge-independent and thus
may change under a coordinate transformation; equivalently, coordinate changes
may introduce "artificial” perturbations that are not physically measurable. It
is therefore desirable to define certain combinations of them as gauge-invariant
perturbation fields. On the metric side, we famously have the so-called Bardeen
potentials [28]

U(n,x)=A(n,z)+H (B(77, x) — E'(n, ac)) + (B(n,x) + E'(n, ac)) . (1.39)
B0, ) = ~Cln,2) + H (Bn.@) — F'(n.2) + 3 V?E(.), (1.40)

e Deriving the perturbations’ EOMs. The dynamics of the system can be
deduced from energy-momentum conservation equation as well as the Einstein
equation in terms of the perturbation fields. The first case yields the continuity
equation of the density contrasts 6; = dp;/pi,

0=20,(n,x)+ (1 + ,];:é:??))> (8]-1);- —3%'(n,x)) (1.42)
-%H@(fgg”—gémwo,

and the second case yields the metric perturbation evolution equations,

dnGa*(n)dp(n, ) = V@(n,x) — 3H(n) (®'(n,2) + HY(n,2)) ,  (1.43a)
877Ga2(77)ﬂs(77, x) = ®(n,x) —V(n,x), (1.43Db)
ArGa*(n)sP(n,x) = ®"(n, ) + H(n) V' (n, ) + 2H(n) ¥’ (n, ©) (1.43c)

LV (U, 2) - B(n,))

+ (2H'(n) + H(n)) ¥(n, x)
~ ®"(n,z) + 3HY (1, ) (1.43d)
+ (2H(n) + H' () ®(n, ),

"As in Sec. 1.1.2, we note that the energy density and pressure shall be further understood
as the sum of the contributions from all species, i.e., p=> . p; and P =) P;.

12



1.1. Elements of General Relativity & Cosmology

where the last equation is an approximation applicable in the absence of anisotropic
stress (IIs = 0) such that ® ~ ¥ (see Eq. (1.43b)). Evidently, the FLRW-
background metric responds to small perturbations in the pressure by generating
dynamic curvature perturbations described by Bardeen variable ®.%

For special applications such as the study of curvature perturbations from inflationary
periods, it is more practical to work with the comoving curvature perturbation R and
the uniform-density curvature perturbation (,

6qs—0
R(n,x) = —@(n,x) + m dgs(n,x) — —P(n,x), (1.44)
Cn.2) = ~0(n.2) + - ~op(n. @) " ~e(n.a). (1.45)
p(n)

which describe the change of the spacetime curvature of a comoving (d¢ = 0) spatial
slice, and on a spatial slice of uniform energy density (dp = 0) with respect to the
background spacetime, respectively. One can show that on super-horizon scales, i.e., for
perturbation Fourier modes with wavenumbers k < 7 (n), both expressions coincide,
R ~ (.

1.1.5 Curvature Perturbations on different spatial scales

If we are interested in how the curvature perturbations vary on different spatial scales
k, we shall compute and study its so-called power spectrum. Formally, this quantity is
defined for statistical variables f which have

(f) 20 = Var(f) = (f*) = (/)* = (f?), (1.46)

where (o) is the expectation value operator and Var(o) the variance operator. If f =
f(t,x) is now a field, we can relate the latter to the equal-time correlation function of

fs
Var(f)(n) = (f*) = (f(n.2)£(1,0)) (1.47)

Sk dBp - - :
// dk d 5 () fp() e
// d‘q’"’ d3 ek (2m)26% (k — p) Py(k, t)

3 . .
:/ 57:;3 Prlk,t) e = / dIn(k) Ag(k,t) e, (1.48)

8Due to the similarity of these equations to the weak-field expansion in GR, this specific
Bardeen variable @ is also called the gravitational potential in [25].
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Chapter 1. Theoretical Framework

and define the (dimensionful) power spectrum Pf(k,t) as its Fourier transform, whose
dimensionless version then reads

k:3
Ag(k,t) = 55 Pr(k,t). (1.49)

Applied to the curvature perturbations R, this yields the general expressions

k?) k;3 .

Following Eq. (1.44), its concrete functional shape must depend on the nature of the
energy content in the perturbed spacetime.

14



1.2. Scalar Fields in Curved Spacetimes

1.2 Scalar Fields in Curved Spacetimes

Suppose we have a (complex) quantum scalar field ®(n, x) in a general curved spacetime
described by the metric g, # 7. The physical information of such system is encoded
in the minimally-coupled matter action,

S = / dndz/—g Bgmﬁ“@@”q) - V(®)| . (1.51)

Since such quantum fields constitute the energy content in our Universe, we want to
understand their evolution on a flat FLRW-metric (in conformal time). In this special
case we have

g = —a*(n) diag(~1,1,1,1) = =g =a’(n), (1.52)
such that the FFLRW-matter action reads
1

Sromy = / dny &z a*(n) [2 ((@)* - (v29)) - a*(n) V(@)} . (153)

By applying the variational principle to the action, i.e., dSpLrRW = 0, we recover a
modified KG-equation as EOM for the scalar field® in FLRW-spacetime,

0=9o"(n,z) +2H(n,z)® (n,x) — VO(n,x) + V' (®(n,x)) (1.54)

= &(t,x) + 3H()D(t, ) — a 2(t)VE(t, ) + V'(D(t, x))

0 = vj/(n) + 2H(n)vi(n) — Kve(n) + V' (®(n, ) (1.55)
= g (t) + 3H ()0 (t) — kv (t) + V' (®(t, x)),

where the first and second expressions in the above equations are formulated in con-
formal time 1 and coordinate time ¢, respectively.!’ In Eq. (1.55) we used the Fourier
decomposition of ® to obtain EOMs for its Fourier modes vy (n)

3 .
(1, ) = / \/(d%% (k) + iy al | et (1.56)

A3k ~
(2m)3a?
In the following, we will refer to the time-dependent Fourier mode functions vy, as k-mode
functions. Note that the process of canonical quantisation requires a proper normalisa-
tion to guarantee [ay, dL] =1, which is realised when

i =y - (up(n) — (ur(n) - (1.57)
9Note that the complex conjugated Fourier modes v} (n) follow the same EOM, this is why it
has been omitted here.
1OThroughout this work, we will denote coordinate time derivatives as usual with the dot
operator (o), and conformal time derivative with the prime operator (o)’. The only exception to
the latter case is the field-derivative of a potential, i.e., V' (¢) = dV(p)/dp.
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Chapter 1. Theoretical Framework

1.2.1 Mukhanov-Sasaki Equation

To study the dynamics small quantum complex!! scalar field fluctuations, we may de-
compose the full quantum scalar field ®(n, ) into a homogeneous background (or mean-)
field ¢(n) and a small fluctuation field d¢(n, ) upon it,

B0 ) = (B0 ) +50(0.2) = plo) + 5000, ) = olo) + 0 (158)

where we introduced the comoving fluctuation field (5~¢>, and we will henceforth identify
the background field with the full quantum scalar field’s vacuum expectation value, i.e.,
p(n) = (®(n, x)).

Note that in the case where p(n) &~ 0, we may associate the fluctuation field d¢(n, x)
with the full quantum scalar field ®(n, x); the same applies to the corresponding k-mode
functions.

Plugging in Eq. (1.58) into the FLRW-matter action of Eq. (1.53) and expanding up to
second order in scalar field fluctuations while working in spatially-flat gauge 2 yields
two decoupled differential equations, one for the homogeneous background field ¢(n) and
one the comoving fluctuation field d¢(n, x),

0= ¢"(n) +2H(n)¢'(n) + > (V' (¢(n)), (1.59a)
0= b0"(n.2) ~ (Vooln. ) + [ V() - S [aotna) (150
= uj(n) + |k — 2”((:)) +a*(n) V”(w)] ug(n); , (1.59¢)

where the last equation is also known as the Mukhanov-Sasaki equation, which describes
the evolution of the comoving k-mode functions ug(n) of the fluctuation field d¢(n, x),
and z(n) = a(n) ¢'(n)/H(n) is the so-called Mukhanov variable. Here, k is now the co-
moving momentum or wavenumber, i.e., k = kcom = a(1n)kpnys = const..

Now let us constrain this result to an inflationary spacetime in the quasi-de Sitter ap-
proximation, which serves as a suitable approximation for the on-set phase of inflation
and is described by the conditions of Egs. (1.16) with the additional claim that

() a’(n) (1.28) 2
e=const. <1 = ~ T O—, 1.60
) el TP (160
which further simplifies the Mukhanov-Sasaki equation to
2
0= ui(n) + |k~ 2T a®(n) V() | ur(n) = wi(n) + wii(n) ux (). (1.61)

HHere again we omit the explicit notation of the real and imaginary component since their
EOMs turn out to be identical.

12This is a convenient gauge to choose where ¥ = 0 such that we can relate the curvature
perturbations R(n, x) directly to the fluctuation field dé(n, x).
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1.2. Scalar Fields in Curved Spacetimes

This equation is of the shape of a time-dependent harmonic oscillator with frequency

2

wi(n) = k* — ot a®(n) m*(p(n)) = () — 2 (a(n)H(n))? (1.62)
e 7112 <y2(T(n)) - D , (1.63)

where we have introduced the effective background field or curvature mass m?(p(n)) =
V"()'? and Qf = k* + a*(n) m*(¢(n)).

Note that in the case m? ~ const., we can express the general solution of Eq. (1.61)
via the Hankel functions of first and second kind,

ur(n) = =1 |CLHD (=kn) + CoHP (k)| , C?4+C2=1. (1.65)

The behaviour of the solution of this second-order linear differential equation is
entirely determined by the sign and value of wi or equivalently the order of scales between
its constituents. For w,% > 0, two very common interesting limits emerge, namely the
sub-horizon limit, i.e., 2 (n) > (aH)?, and the super-horizon limit, i.e., Q2 (n) < (aH)*:

I Comoving sub-horizon fluctuations have a frequency which is dominated by the
wavenumber k, such that their EOMs reduce to a simpler harmonic oscillator,

0~ uf(n) + Q2 (n) u(n) ™3l (n) + K2 ui(n) (1.66)

which becomes even time-independent in the case of vanishing curvature mass or
slow-roll inflation where m?2(¢) = V" (¢) is very small (see Eq. (1.23c)). We then
recover a simple plane wave solution ug(n) o e~ Tt is a suitable assumption
that at the beginning of inflation (n < 0), (almost) all modes were inside the
Hubble horizon. Only in this special situation are able to define a unique vacuum
state or initial condition
1 .
w*(n) = lim u = — ¢, 1.67

P = lim (o) = (167)
It was Bunch and Davies [29] who derived the famous Bunch-Davies (BD) vacuum
mode function from the solution of Eq. (1.61),

e—inwr(n) i
20k (1) <1 - nwk(n)> ' (169

<
=3
o
=
I
S
£
S
=
I

This expression serves as an ideal initial condition for the study of the evolution
of inflationary scalar fluctuations.

BNote that m? may also depend on the temperature T if the potential is temperature-
dependend.
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e On the other hand, comoving super-horizon fluctuations have momenta or wavenum-
bers way smaller than the current Hubble horizon size, leading to simplified dif-
ferential equation of the form

" I "
Sy T ) T at) (169
whose exact solution consists of a constant (A) and a decaying part'?,
o dny BH?
=A+B | =4 s 1.70
w5 [ = A S (1.70)

We conclude that while k-modes which are deep in the Hubble horizon are highly-
oscillating, those which already left the Hubble horizon freeze out and become constant.
Thus, when using the BD vacuum as initial condition, the exact solution of Eq. (1.61)
interpolates between these two typical regimes. The moment 7c0ss When

Q]2§ (ncross) = (a(ncross)H(ncross))Q s (1.71)

is also called horizon crossing.

The Amplitude-Mukhanov-Sasaki equation We are free to express the com-
plex comoving k-mode functions ug(n) through an amplitude and a phase, i.e., ug(n) =
Apg(n) exp (infx(n)), whose derivatives now explicitly read

ur(n) = Ap(n) e, (1.72)
ur(n) = (A (n) +i Ag(n) O (n)) ) (1.73)

ufl(n) = (ALn) +i (245() 04n) + A (m) 0(m)) — Af(m) (61)%) €™ (1.74)

Inserting these expressions in the mode normalisation condition Eq. (1.57), we obtain
yet another helpful relation,

1

01.(n) = m (1.75)

that we can use together with Eqs. (1.72) to derive a differential equation only for the

)t
k-mode function’s amplitude Ag(n) = |ux(n)| reading
n) (6

0= A}(n )%+ wi Ax(n) (1.76)

— Al <2A% ) + w2 Ag(n) | (1.77)

= A) ~ gy R A (1.79)

1 Remember that i per definition evolves from —oo to 0.
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comoving
scales
A
H 1
k>H k< H
k_l
subhorizon superhorizon
hori heati horizon ‘ > time
10T1Z01
Tizo reheating reentry today
Inflation > Hot Big Bang ——>

Figure 1.3: The fate of comoving fluctuation modes in a Universe exhibiting a
(finite) inflationary period. Since the latter is characterized by a shrinking Hubble
radius, fluctuation modes with comoving wavenumber k exit the Hubble horizon
at horizon crossing, i.e., where k = aqH and freeze-out, and re-enter later again
some while after inflation has already ended at k = dentry H (dentry). Note that only
those fluctuation modes which have exited the horizon until the end of inflation
can contribute to later curvature perturbations. Figure from [25].
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Clearly, we have traded in a linear second-order differential equation for our two func-
tions {Re(ug), Im(ug)} for a non-linear second-order differential equation of only the
amplitude Ay, = |ug|= \/Re(uy) - Im(uy). Numerically, this has however the huge ad-
vantage of halving the number of simulated equations necessary to track the k-mode
function’s evolution, and removing the phase factor which avoids the costly resolution
of high-frequency oscillations as in later application (see Sec. 3).

1.2.2 Scalar-Induced Curvature Power Spectrum

Later we will be interested in the case where super-horizon (k < (aH)~!) curvature per-
turbations are sourced from quantum scalar field fluctuations during slow-roll inflation
(see also Sec. 1.2). In this set-up, the scalar background field or vacuum expectation
value ¢(n) is zero for most of the time, i.e.,

B(1.2) = (©(0,2)) + 59(0,2) = ) + 80n,) ~ S0(n,2) = UL (179

which is why we can associate the Fourier modes uy(n) in Eq. (1.56) with those of the
comoving fluctuation field d¢(n, ). With this information and the help of Eq. (1.45),
(1.20) and (1.48), we already find

H H 3H?
3H? 2 3H? \?
= Ptk = () Postion = (5 ) Paalbon) (180

Hence, we obtain the scalar-induced curvature power spectrum from studying the spectral
distribution of the scalar field fluctuations. For this, we first need to evaluate the equal-
time correlation function,

(®(n, 2)®(n,0)) (1.82)

d3k d3 ;
// < (ukdk + u*_k&ik) (upap + u_paip) >T e~k

d3k: d3 . s « . iat s —ika
// [ukufp<aka1——p>T + U—k“p<aT—k%>T} e

p53 (k+p)

X [uku_p (1 +np(k)) +u* yupnp(—k)| e 7=

(1.84)

3 .
= [ s )1+ 2mp(9) (1.83)
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where used the fact that |ug|?= |u_x|? in de Sitter spacetime as well as the expressions
for the non-vanishing thermal averages of ladder operator combinations,

(@rah)r = (1+np(k) 8 (k—p), (ajay)r = np(k)6*(k—p)  (1.84)

na (k) = [exp (V) + m2/T(n) ~1] . (1.85)

where np(—k) = np(k) is the spectral Bose-Einstein (BE) distribution for a bosonic field
with mass m. The averages (...)T mean the ensemble average at finite temperature;
they naturally reduce to the vacuum expression for 7' — 0 due to the characteristics of
np(k). If we properly account for the gravitational redshift, where the temperature T
and wavenumber k scale as

1 k(n) Gy a
k o L © b aln) (1.86a)

~ il T(n) _ Gx,i s ai 15 i
Froc o1 ° o (g*(T (77))) a(n) a(n)’ (1.86)

we end up with the redshifted spectral BE-distribution, namely

-1

(1.86b) \/a?k? + a?(n) m?
= exp T

np(k,n), -1 . (1.87)

Generally, we may also expect a field and scale factor-dependence or equivalently a
(conformal) time-dependence in m?, i.e., m? = m?(p, T(a(n))) (see e.g., Sec. 1.4.2).

Combining these equations with Eq. (1.50) leads us to the final expression for the
scalar-induced curvature power spectrum from an inflationary (de Sitter) slow-roll pe-

15We can neglect the prefactor involving the entropy degrees of freedom number g, for time
periods where ¢,(T) ~ const.. This is suitable in many situatons and will therefore be used
in the redshifted Bose-Einstein distribution. Note that Eq. (1.86b) also constitutes an implicit
equation for whose solution 7" one has to be able to estimate it to be plugged into g.(T'(n)),
since there is no analytically defined inverse of a(T") or n(T). For practical reasons, whenever
it is needed and unavoidable, we will estimate the value of g,(T) at with a numerical inverse
Tintp1(n), which we construct via the interpolation of n(T).
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riod,

Pc(k,n) o< Psg(k,n) = Pgyq(k;m)

- / @z a”2(n) (56(n, 0)5(n, z)) ik
02 [ a2 @i 2p00,0)

(1§2)/d3we+i(k_‘nm/ d’q (!uq(n)!>2(1+2ng(q))

(2m)3 a(n)
e s (O
= /d q 5 (k—q) < a(n) ) (1+2ng(q))
2
- (W:(%)’) (1+ 2np(k)) . (1.88)

The corresponding dimensionless scalar-induced curvature power spectrum reads

k3
Ak, m) = 5 5Pc(k,n) (1.89)
K (3H N (u()]?
= 252 <V’(s0)) < a(n) ) (14 2np(k)

where |ug(n)|= Ag(n) are the solutions of the Amplitude-Mukhanov-Sasaki equation
(1.78). This expression is to be evaluated at the conformal time 7 at which the back-
ground field has reached the classical field value ¢ of Eq.(1.25), from which point
onwards background field dynamics become non-neglectable (see Sec. 1.1.3). Corre-
spondingly, the k-modes that determine this spectrum will be the super-horizon ones
with wavenumbers k € [a;H, a;H exp(N(nq))], since they re-enter the Hubble horizon
after the end inflation and produce curvature perturbations. Hence, what we are inter-
ested in computing later is

A2 (k) = Ac(k,ma) .- (1.90)

With this at hand, we may calculate the gravitational wave sprectrum hQQ%IW from
scalar-induced curvature perturbations through Eq. (29) and Eq. (30) from [30] (which
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were previously derived and discussed in [31-34]), which reads

WOy (f) = 4.6 x 10* (gf’S(Tvl)Oi)*_s(TV)> B (1.91)
x /11 dz /100 dyP, (y 3 xk) Pe (y ;L %) F(2,y)k=2rs
Fla,y) = Alz,v)] [mQ I 32/2 O < iz :gmz (1.92)
O (),
Ale.y) = (2% + 9y = 6)°(2® —1)°(y* — 1)* (1.93)

(z —y)PB(z+y)?

The concrete derivation of this expression is a rather laborious exercise, and more details
can be found in [31-33]. The basic recipe to obtain scalar-induced metric perturbations
requires the expansion of the metric tensor in terms of small perturbations up to second
order. The fundamental reason behind this is that only combinations of scalar perturba-
tions (spin-0 fields) can source tensor perturbations (spin-2 fields), i.e., the perturbative
expansion must feature terms including products of scalar fields.

Note that Eq. (1.91) is formally only valid if the inflationary period is directly fol-
lowed by a radiation-dominated era. This means that its usage is appropriate in the
scenario of instant reheating of the primordial plasma where there is no intermediate
matter-dominated era through background field oscillations around the true vacuum.
We will later put this more into context in Sec. 4.3.
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1.3 Aspects of Finite-Temperature Field Theory
& Phase Transitions

Since our principal research objective is the study of the dynamics of a cosmological phase
transition, we must introduce the appropriate framework to describe and characterize
phase transitions themselves and put them into the context of cosmology thereafter.
Since phase transitions are phenomena of physical systems with an enormous amount
of dofs, we will first turn towards statistical physics and move on to its relativistic,
field-theoretical extension, namely finite-temperature field theory.

Note that we will work in natural units here again; we therefore set the Boltzmann
constant to k, = 1.

1.3.1 Elements of Statistical Physics

Statistical physics allows us to describe the macroscopic equilibrium properties of a phys-
ical system of (infinitely) many dofs with only a few thermodynamic variables such as
temperature 7', pressure P, volume V', and number density N. It simply requires the
initial specification of the microscopic interactions of the dofs ® = {®;(x)} present in the
system through a Lagrangian £(®, 0®) or equivalently a Hamiltonian #H(®, P). The un-
derlying symmetries of the system will dictate the most general expression for £ or H. All
physical information of this system is then incapsulated in the central quantity, namely
the partition function Z[J,T,V, N], which corresponds to the sum of all possible config-
urations of the system in the presence of some general external fields J = {J;(x)}. Its
concrete shape will depend on what kind of statistical ensemble (microcanonical, canon-
ical, grand-canoncial) we will consider for our system. Here, we will concentrate on the
last two, where the system is additionally connected to a thermal bath with which it can
exchange only heat ((T')|y = const.) or heat and particles ((T')|y = const. = (N)|v),
respectively. Ensemble average of physical observables, i.e., the dofs ®;(x), can be com-
puted by summing over all its possible configurations, weighted by the corresponding
Boltzmann factor depending on H(®, P).

The system’s possible configurations are described by the so-called thermodynamical
potentials, which can all be obtained through derivatives of Z and and consequently
depend on a set of thermodynamic variables. Depending on the problem at hand, it may
be more useful to work with a different set and therefore different potential. They are
related to each via a so-called Legendre-Fenchel (LF) transformations'6. In the following
derivations, we will supress the notation of all thermodynamic variables expect for T’
and V. Let us give account of the most important thermodynamic potentials:

The Helmholtz free energy density f, which is given by

F1J,T] = lim %F[J,T]: lim %(—T 1n(Z[J,T])>. (1.94)

V—oo Voo

16 A more thorough discussion on this type of transformation and its impact on the structure
of a function weill be elaborated in Appendix A
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It is a conver function'”, which is continuous and almost everywhere differentiable,
meaning that its derivative may jump discontinously at a finite number of points. This
formality plays a major role when it comes to dicsussing phase transitions and will be
explained later on. As previously mentioned, the Helmholtz free energy density can be
obtained by a LF transformation of the internal energy E[®, J,S] via

1

FIJ,T] = lim — sup (E[J, S]—T- S) : (1.95)
Voo Vo g

where S = S(T) is the entropy, and T' = OgF|y is the (ensemble) temperature.

Another crucial thermodynamic potential is the Gibbs free energy density g, which can

be recovered from f via a LF transform'®,

gl T) = Jim 4 sup (F.7)= T -0) (1.9

in which the supremum singles out the specific value J[p, T] that satisfies

of
i) 0J;(x) ‘J[cp,T}

= (®i(x))r . (1.97)

Since the last expression in the above equation corresponds to the ensemble average of
our dof at a fixed temperature T, we may refer to ;(x) as the average or mean field *°.
Note that ¢ and J become conjugated variables in this context.

We continue by defining also the isothermal susceptibility xT; as

| _ B 8%g -
xril® y) = 6Ji()6Ji(y) ’J[%T} B <5¢i(w)5<ﬁi(y)‘T> ’ (1.98)

which is directly proportional to the spatial correlator Gri(x,y) [35],

Gri(x, y) = (Pi(x) Di(y))r — (Pi(z))r - (Pi(y))r (1.99)

1 o _ .
= ZM(«’B)M(y)‘T =T- XT,z(m, Y),

whose function it is to measure the correlation of fluctuations of our dofs (fields) ®; at the
spacetime points @ and y with respect to their average values ¢;(x) and ¢;(y), respec-
tively. Eq. (1.99) represents an important result from linear response theory, in which
one can understand how a statistical system reacts in the presence of small fluctuations
through the study of its response functions.

17See Appendix A for the definition of a convex function.

8The compactified notation in Eq. (1.96) is to be interpreted as the simultaneous LF transform
of a number n of individual external fields, such that e.g., the last term is Y J;(¢;) - ;.

Tn the standard literature (like [35]), this quantity is also commonly referred to as average
magnetisation M (H) in the presence of an external magnetic field H due to its interpretation of
the average spin in, e.g., Ising spin models.
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Note that for translationally-invariant systems, the spatial correlator only depends
on the difference |z — y| such that we can write

Gr,i(z, ) = Gri(z — ) = Gr;(0) (1.100)
= (®i(0) ©4(0))r — (2:(0))r - (2:(0))r
= (27(0))r — (2(0))
= Var(®;) =T - x1,:(0),,

where we have related the variance of the dof field ®; to the static isothermal suscepti-
bility x7,(0).

Stability of Equilibrium Configurations

A stable equilibrium state of a statistical system at a given temperature T is a configu-
ration @eqr which minimises the Gibbs free energy (density) globally, i.e.,

5g(o, T 5%g(p, T

S D))y, X7! = Yoo T)) . (1.101)

580 Peq, T 6()02 Peq, T

Note that the last expression is to be identified as the stability requirement, which is
automatically ensured by the aforementioned convexity property.

Later we will further extend the notion of stability when working with the so-
called Landau free energy (density) in Sec. 1.3.3 (or the constraint effective potential in
Sec. 1.3.4), which is a very useful quantity to study cosmological phase transitions that
is related but not equal to the Gibbs free energy (density).

1.3.2 Characterisation of Phase Transitions

In nature, a statistical physical system might manifest in different ways. The number of
such distinct phases as well as the type of the phase transitions that lie between them
is mostly determined by the dimensionality and symmetries of the underlying theory.
Oftentimes, the possible phases of the system can be characterized by the presence
or absence of symmetries, i.e., the stable equilibrium or ground state does or does not
respect the symmetries of the microscopical theory. The transition from one to another is
then driven by a mechanism referred to as spontaneous symmetry breaking, and happens
at a characteristic temperature scale called the critical temperature T,. In the modern
approach, one generally distinguishes between two major types of phase transitions:

I First-order (or discontinous) phase transition (FOPT): The first-order
derivative of the Helmholtz free energy density f w.r.t. the temperature 7" exhibits
a discontinuous jump?at T' = Ty,

of of

‘= oT T—To - oT T—Ts

0, (1.102)
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where ep is called the latent heat that is released during such a transition. All
higher derivatives of f w.r.t. the temperature (and other thermodynamic vari-
ables) are however finite at 7. Phenomenologically, the transition proceeds by a
phase separation mechanism which typically features the nucleation of spherically
symmetric spatial (or spacetime) configurations, often called critical bubbles or
nuclei, which converts the system to the new phase through their expansion that
is driven by the latent heat. Note that since these nucleating bubble structures
have a characteristic size, namely its radius R, the system exhibits a characteristic
length scale, which renders this kind of transition an anisotropic process. A more
thorough explanation will be given in Sec. 1.4

As will be clear from the dicussion in Appendix A, the non-analyticity in the
Helmholtz free energy density f through the discontinuous jump in its derivative
Or f|r, will naturally reflect in the Gibbs free energy density g as a section of
constant slope equal to the value of the latent heat ep. This specific section also
marks the region of stable phase coexistence.

II Continuous phase transition (CPT): Eventhough the first derivative of f
w.r.t. the temperature T is continuous, which directly implies the absence of latent
heat, its higher-order derivatives show discontinuities at 7' = T,. We further divide
this case into two subsclasses:

II.A Second-order phase transitions: The heat capacity Cy (second derivative of f
w.r.t. the temperature T') as well as the susceptibility x7,; (second derivative
w.r.t. the externl field J;) diverge at T' = T,

. ) 0% f
Jim, Ov(T) = Jim, W‘T — 0, (1.103)
52
I S~ lim O 1.104
rore X T p e 572 e (1.104)

Interestingly, the divergence of x7; is not caused by the divergence of the
spatial correlator G, (see Eq. (1.99)) itself but the divergence of the so-
called correlation length &, which specifies the spatial decay of Gr; and thus
describes the typical spatial scale over which fluctuations of the dof fields
® are correlated. This means that at the critical temperture the system
experiences the growth and correlation of fluctuations at all length scales,
which drives the transition of the system towards the new phase. This can
also be explicitly seen in Eq. (1.100) (and even already in the context of
Eq. (1.47)), in which an increasing fluctuation growth at T¢ leads to the
divergence of the variance.

20Remember that this is not surprising since the convexity of f does not guarantee differen-
tiability everywhere.
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Thus, no anisotropies are generated during this type of transition. The
aforementioned aspects can be summarized as critical behaviour: when ap-
proaching T, physical observables follow power-law relations dictated by
the so-called critical exponents determining how ezactly a certain observ-
able diverges. Miraculously, the critical behaviour of a system is dictated
by the wniversality class it belongs to, which is solely determined from its
dimensionality and symmetries. Clearly, this means that different theories
of ranging complexity which share these two features will exhibit the same
critical behaviour.

II.B Crossover transitions: All derivatives of f are finite at T = T, and instead
of featuring divergencies, the heat capacity, susceptibility, and correlation
length show (finite) peaks at the critical temperature. This case constitutes
a literally smooth transition from one phase to another, and therefore does
not source anisotropies of any kind as well.

1.3.3 Mean-field theories

Especially for the study of phase transition dynamics, it is often very common to work in
a simplified framework in which one only works with statistical averages of the dof fields
and thus consequently neglect their fluctuations (which are however quite important for
critical behaviour). These reduced theories are called mean-field theories and allow us to
explore large parts of the equilibrium thermodynamics of a statistical system, including
the nature of possible phase transitions that might occur.

This approach was developed by Lev Landau and later further extended in collabora-
tion with Vitaly Ginzburg [36,37]. The idea is fairly simple: the macroscopic properties
of an ensemble are being modeled by the so-called Landau free energy (density) gr.(0,T),
which is an analytic function of a order parameter 6*'with a,, whose structures are
determined by the symmetries of the underlying system as well as positivity bounds,

GL N
gL(0,T) = T = nZ:%an(T,...)G : (1.105)
a0, J, T)=g0(6,T)—J-0. (1.106)

The functions a, may generally depend on all relevant thermodynamic variables as
well as couplings of the underlying theory. Just as in Sec. (1.3.1), we now require that
the equilibrium state of the system corresponds to 6(T), i.e., the order parameter value
which minimises gy, at a given temperature T' and external field value J. The inclusion
of the linear -term in Eq. (1.106) gives us now the opportunity of studying spontaneous
symmetry breaking and thus the phase transitions of the system.

21To make our point, we will only consider 6(x) = = const.; the generalisation to spatially
varying order parameters corresponds to allowing spatially varying external fields H(x) and is
the basis of Ginzburg-Landau theory [35].
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Continuous phase transition First-order phase transition
_ |6 6
o
o \’
| A (TC) X €T
T A T
T. T,

Figure 1.4: Temperature dependence of the minimising order parameter 6(T) of
the Landau free energy g¢,[0, 7] in the case of a continuous (left) and first-order/
discontinuous (right) phase transition. While the order parameter is continuous
in the first case, it jumps discontinuously at 7' = T, in the second case. Note that
for simplicity, we have only shown the limiting case J — 07.

A continuous phase transition is relaized by 8(T') being a continuous function in T as
can be seen in Fig. 1.4. The minimisation of gy, yields two possible solutions +60(7T"), which
minimise gr, equally. Which one of them is eventually picked by the system depends on
the external field value J > J. or J < J.. The symmetry is said to be broken at the
critical external field J, for T — T.. For example, the solution for §(T) for theories in
the Ising universality class is given by [35]

=0, T>1T,,
< +VTe —T, T>T.(J—0%).

From this point, one is also able to calculate the so-called mean-field critical exponents,
which do not have to coincide with the true critical exponents of the system since fluc-
tuations crucial to criticality are not included from the start. It is important to note
that for every theory, one can define a critical dimension d > d.(c, 3,7)?* above which
the system’s simplified mean-field description becomes exact.

On the other hand, a first-order phase transition occurs in this picture if the order
parameter exhibits a discontinuous jump at the critical temperature. The height of the
jump is then proportional to the latent heat ey released in the transition. This time,
we obtain two unequally minimising solutions, 6, (T) and 02(T), as well as a maximising
solution Omax(T) € [01(T),02(T)]. In a similar manner, the value of the external field
picks out which of the two minima is the local and which is the global minimum of gi,
by tilting the function accordingly via the linear #-term in Eq. (1.106). Pictorially, this
corresponds to a local minimum being separated from a global minimum by a thermal
barrier, as depicted in Fig. 1.3.3. Note that this non-analytic behaviour of the order

o(T) (1.107)

22Here, {a, 3,7} are some of the critical exponents of the theory; see [35] for their definition.
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parameter can only be induced by symmetry-breaking terms in gr,(6,7), e.g., cubic
O-terms in Zy-symmetric theories. One possible solution for 6(7') then reads

=0, T>Te,
o(T) =40, £0, T=T, (J— 0%), (1.108)
=40(T), T>1T.(J—0%).
Despite its resemblence with the Gibbs free energy ¢ in Eq. (1.96) (if we identify 6
as ), it is essential to understand that these two objects are not equal. This comes

from the fact that, by construction, gy, is not necessarily convex and therefore must not
satisfy the identity in Eq. (1.97). However, one can show that g is the convez hull of gy,

g0, J,T) = Sl;p (gr(0,T)—6-J), (1.109)

which means that the two functions are only equal in the intervals where §2g/d¢? > 0,
which naturally employs the stability condition on the possible equilibrium states (see
also Eq. (1.101)). More precisely, if #; and s are both minima of a general g, the
property of the convex hull imposes

D31(0 € [01,05],J, T) >0 (1.110)
0 _ _
& [ d09Fgu(0,J., T) = 0pgu(ba, Je, T) — Oogr(r, Je, T)
01
> AQ(T) = const. (1.111)
& gu(0,J,T) > —J.-0for 0 € [01,0,], (1.112)

which is a different notation for the Mazwell- or common tangent construction from
classical statistics, describing the region of stable phase coexistence [35]. It means that
the true Gibbs free energy ¢ is a linear function with slope J. interpolating between
the two minima of g, marking the boundaries of the (temperature-dependent) region
of stable phase coexistence, i.e., [01(T),0(T)].

Note that this also means that g and gr, contain the same physical information, but
g, even allows us to further extend the stability definition of an equilibrium state, which
is extremely useful in the later analysis of cosmological phase transitions (see Sec.1.4).
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Mean-field stability definition of equilibrium states The set of all equilib-
rium states {07} is defined by their property of extremising the Landau free energy gr,,
i.e.,

Or € {01} < OpgL(0,T)|7 = 0. (1.113)
We now may further classify them with regards to their stability:

I Stable (true) equilibrium: 07 minimises g1, globally, and d3gr,|; > 0,
II Metastable (false) equilibrium: 7 minimises g1, locally, and 9%gL|; > 0,

III Unstable equilibrium: 67 maximises g1, and 9%gr|, < 0.

Continuous FiesT - oRDER
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@ STABLE ERULUBRIA @ UNSTABLE EQUiLLBRIA

Figure 1.5: Summary sketch of the phase transitions classification a la
Landau.

Left: Continuous phase transitions feature continuous order parameters, especially
at the critical temperature T.. The Landau free energy g, exhibts one stable equi-
librium in the symmetric phase 7" > T, and (at least) two degenerate stable
equilibria in the broken phase T" < T¢, separated by an unstable equilibrium con-
figuration.

Right: First-order phase transitions exhibit a discontinuous jump in the order pa-
rameter at the critical temperature 7., which is related to the latent heat released
during the transition. gr, typically features metastable and stable equilibria con-
figurations.
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1.3.4 From classical to quantum fields at 7" > 0:
Finite-temperature field theory

How is it now possible to make contact to a scenario featuring infinitely many relativistic
and quantized dofs at a non-zero temperature 1T from the very general framework we
have previously introduced?

The key lies in the following observation: We can write a QFT on a Minkowskian
spacetime (here in 4 dimensions) as a euclidean QFT?? via the introduction of the
imaginary-time formalism, i.e., t — 7 = —it, formally realised by performing a Wick
rotation. What we end up with is a well-defined euclidean path integral expression for
the generating functional Zg of the correlation functions, namely

ZplJ] = eV Welll = / D ¢~ elHI=(1) 24 (1.114)
1 1
& WelJ] = = In(ZplJ]) = -3 In (/ Dd eSE[q’HM)) , (1.115)

where J is called the external soruce or field, and Sg[®] is the euclidean classical action
depending on the Lagrangian Lg(®, 0®) defined on a euclidean spacetime E* = R* with
signature (+,+, +, +),

Sg[®] :/d4m Li(®,00) :/d4m {% [(0-2)* + (V®)?] +V(<1>)}, (1.116)

where after the last equal sign we have shown the explicit form in the case of a real scalar
field theory, which we will use henceforth as an pedagocial example. Fxpectation values
as well as correlation functions may now be computed by taking of functional derivatives
of Wg, the euclidean generating functional of all connected correlation functions,

" Wg[J]
8J(x1) - 6J(xn)’

Guec(z,...,xn) = (P(x1) - P(xp))y = (1.117)

or the effective action I'g, the generator of all 1PI correlation functions and defined as
the Legendre-Fenchel transform of Wg[J], i.e.,

Clps(@)] = sup (Wels] - [ dw (o) I(a) ) (1.118)

where ¢ is the expectation value of the quantum field ® in the presence of the external
source J,

SWg[J] ‘

6J(x) 17ps ()]

wr(x) = = (P(x))s. (1.119)

Z3This is strictly only possible if the Minkowskian QFT satisfies the Wightmann azioms [38].
The inverse case, i.e., the existence of a Minkowskian counterpart to a euclidean QFT, is only
guaranteed if the Osterwalder-Schrader theorem [39] is applies.

24As in the standard literature [40], the notation (J, ®) denotes (J,®) = [ dx J(z) - ().
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The solution to the quantum EOMs is given by minimisation of 'y,

6l'glp, ()]
dps (@) o)
where we notice that in the case of a vanishing external source, J = 0, we end up with the
vacuum expectation value (VEV) (®(x))o, ground state of the theory.?> Note that the
translational invariance of the systems we will henceforth consider enforce their VEVs
to be constant, (®(x))y = const.. If we evaluate I'g[ps(x)] at constant configurations,
ie., pj(x) = ¢, we obtain a new crucial quantity called the quantum effective potential

U(p),

= —J(x), (1.120)

Ulp) = %FE[SOJ(m):SDL (1.121)

This is now a function of the quantum expectation value in the presence of a constant
external source J(ps(x)) = J, and following Eq. (1.120), the VEV will be simply given
by its (global) minimum,

d,U () = 0. (1.122)

wo=(®(x))o
If we want to describe this quantum field theoretical system within a mean-field ap-
proach, we may also define the constraint effective potential Ugoy, () [41-43] through

Ucon(p) = —% In [/ Dd § (é/ dix d(x) — go) eSE[‘ﬂ : (1.123)

= —% In [ / Dy (z) e—SEFWW’(m)l] : (1.124)

ZplJ) = eV Wel] = / T dp oV Weon) = I9), (1.125)

WEg[J] = sup (Ucon(p) — J - @) . (1.126)
%]

where we have used the decomposition of the quantum field ®(x) into its Fourier modes,

B(x) :/ dP ¢P* &(P) (1.127)
= ®(P =0) +/ dP ¢F® &(P) (1.128)

P40
=p+¢(z). (1.129)

Again, per construction, Ueon () or Ueon (0, J) must not be convex since ¢ and J are not
necessarily related to each other via a relation Eq. (1.119). It also only depends on the
fields zero-mode, ¢ = ®(P = 0) = const..

%5Since I'g is a convex function, any minimum will automatically be the global minimum and
thus the ground state.
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Turning on the heat Up until now, we stayed at 7= 0. To see the connection of a
euclidean QFT to a statistical system at thermal equilibrium, we need to closely inspect
the canonical partition function of the latter,

Z[J,T) = e FTUT = Ty (e*(E[‘PvTH"I’)/T) , (1.130)

where the trace operation Trg (o) represents the sum over all possible field configurations.
This expression does not only resemble the euclidean generating functional in Eq. (1.114)
enormously, but they are actually equal if we identify the imaginary time 7 with the
inverse temperature 5 = 1/T, and impose periodic (antiperiodic) boundary conditions
on the bosonic (fermionic) quantum fields from Sg[®] in the now compactified time
direction 7 € [0, g].

As a result, Zg[J]/T obtains an interpretation as the partition function Z[.J,T| of
the quantum field theoretical system. Equivalently stated, the partition function Z can
be expressed as a path integral, we can compute the equilibrium thermodynamics via the
common perturbative (Feynman diagrams) and non-pertubative techniques (functional,
lattice) from usual QFT. Most importantly, we may now identify all quantities derived
from Z, such as the thermodynamic potentials {f, g}, with their counterparts from
euclidean QFT, namely the generating functionals {Wg,I'g} (see also Table 1.1),

f13,T1 = WelJ)/T,  gles,T) = Tulips)/T 26 (1.131)
The stable equilibrium state of the system now corresponds to its VEV via

1 6Tg[p/] (1.101)  dg[ep]

T T o () lpo=(@(@)o 501 (x) lpo=(@(@))0

(1.132)

In this context, the quantum expectation values can be understood as ensemble averages
at finite temperature T,

(@(x1) - P(x0)) J[p(a),T] - (1.133)

Lastly, by comparing Eq. (1.126) with Eq. (1.109) with each other, we may interpret the
constraint effective potential Ueon(p) as the Landau free energy (density) in a mean-field
description of such quantum field theoretical system in thermal equilibrium,

Ucon(0)/T = gL(¢,T) = Vet (0, T) .** (1.134)

Z6Sometimes I'g[p,]/T is said to be equivalent to the Helmholtz free energy density f[.J,T].
This statement is incorrect since I'y, does not depend on the external source J[p(x)] like f, but
the expectation value ¢ () like g.

2T Important note: In the standard literature for cosmological phase transitions, Ugon(¢) is not
called the constraint effective potential, but (only) the effective potential, and is typically denoted
as Ve (). This misleading nomenclature might suggest that Ucon(¢) might be identifiable with
U(y) and is thus also convex. The effective potential is however the convez hull of the constraint
effective potential.
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Statistical Physics Euclidean QFT

Partition function Z[J, T Generating functional Zg[J]/T

Helmbholtz free energy density f[J, T] | Connected generating functional Wg[J] /T

Gibbs free energy density gy, T Effective action I'glp| /T
Average field ¢ = 6f/0J| 11 Expectation value ¢ = 6Wg/0J| s, 1]
External field J External source J

Table 1.1: Listing of the quantities from statistical physics and euclidean QFT
which can be identified with each other in the case a quantum field theoretical
system in thermal equilibrium.

In the spirit of the mean-field phase transitions descriptions a la Landau (see Sec. 1.3.3),
we will say a quantum field theoretical system may experience phase transitions of the
following kind:

I A FOPT if the stable equilibrium (global minimum) @(T') of Veg(p,T), i.e., the
VEV of the system, jumps discontinuously from 0 to a non-zero value at T¢;
We then denote the formerly stable equilibrium (at 7' > T¢) and now metstable
equilibrium as false vacuum and the new stable equilibrium at T" < T¢ as true
vacuum (configuration). The false vacuum and the true vacuum are separated by
a thermal barrier (an unstable region where 0, Ve (0, T)|7 < 0).

IT A continuous transition if the stable equilibirum (global minimum) @¢(7") of
Vet (p,T), i.e., the VEV of the system, changes continuously from 0 to a non-
zero value at T; The formerly stable equilibrium at T > T, is now an unstable
equilibrium, whereas the new minima are now the stable equilibria of the system.

The concrete phase separating mechanisms realising the transition, such as critical bubble
nucleation as well as spinodal decomposition, will be discussed in detail in Sec. 1.4 in the
context of cosmological phase transitions.

Since Vig (@, T) is now defined through a path integral expression, we may apply our
standard perturbative techniques to compute its contributions order by order in, e.g.,
the loop expansion.?® This procedure also helps realise that the one-loop order result for
Ucon(¢) is nothing else than the gaussian approzimation (saddle-point approximation)
around the solution of the classical EOMs, i.e., 0S[p]/dp|, = 0, which takes into
account the quantum fluctuations around ¢ [35].

To one-loop order, one obtains vacuum (7' = 0) as well as thermal (7" > 0) contri-
butions, where the latter involve the so-called thermal integrals Jpr of the type,

Jpr(z?) = /000 dy' (y)? In [1 Fexp (—\/y2 + x2>} , (1.135)

28Gee also p.158 - 159 in [43] for detailed instructions on the perturbative computation, and
Sec. 1.4 for a concrete example.
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where — (+) is applicable in the case of bosonic (fermionic) dofs ®;, and 22 = m?(®)/T?
involves the effective masses of the dofs in the system (see Sec. 1.4, 2). Two approxima-
tions to Eq. (1.135) are especially useful with regards to the description of cosmological
phase transitions, namely the high-temperature (HT) regime, i.e., T > m?, and the

low-temperature (LT) regime, i.e., T < m?.

1.4 Cosmological Phase Transitions

In the light of the previous sections, we now want to study how phase transitions in
quantum field theoretical systems can impact or even alter the history of the Universe,
and through which potentially observable phenomenological consequences we might be
able to probe them. Here, we are especially interested in processes that source GWs,
whose detection would offer a unique possibility to learn more about the (thermody-
namic) conditions at very early times. Since they can only be sourced by anisotropic
processes (see Sec. 1.3.2), this leaves us with FOPTs as a possible origin. Note however
that such transitions cannot be realised within the SM [23,24], such that those studies
take place in the context of BSM frameworks (see, e.g., Sec. 2).

1.4.1 Cosmological FOPT and their GW Signatures

To study FOPTs in the early Universe, we will in the following consider a quantum
scalar field theory on a flat FLRW metric (minimally-coupled to the gravity sector) as
in Sec. 1.2, which is now additionally coupled to a thermal bath with temperature 7.
The quantum scalar field contributes (as a perfect fluid) to the energy content of the
Universe, and thus its evolution influences the spacetime evolution by its impact on the
Hubble parameter H (see Eq. (1.20)). If the quantum scalar field now underwent a
phase transition, this could temporarily change its EOS and thus the evolution of the
scale factor a(n) (see Eq. (1.10)), modifying the standard cosmic evolution by introducing
additional intermediate eras (see also Fig. 1.2).

In the following, we will stick to the mean-field theoretical description of phase tran-
sitions (see Sec. 1.3.4) via the Landau approach, and characterise them by the behaviour
of the underlying model’s constraint effective potential Vog(p, T').

Phase transition dynamics

Recall that for a FOPT, we need the VEV, i.e., the global minimum of Vg, to jump dis-
continuously at the critical temperature T.. This requires the appearance of a symmetry-
breaking term in Vg, and it was Coleman & Weinberg [44] who first demonstrated that
already the quantum one-loop corrections to the classical (tree-level) and symmetric
potential V() may generate such term at T = 0. Here, one also refers to sponta-
neous symmetry breaking by radiative corrections. The corresponding expression for the
one-loop contribution is typically referred to as Coleman-Weinberg potential. This new
concept was later extended by Linde and collaborators [45,46] to finite temperatures,
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who also first discussed the cosmological implications of such a phase transition mech-
anism. Their theory of (false) vacuum decay describes the evolution of the background
field ¢ from the false to the true vacuum value in a semi-classical approach. After a first
step featuring a stochastic quantum/thermal tunneling process, where the background
field ¢ tunnels the thermal barrier of the constraint effective potential, it classically
”rolls down the potential hill” towards the true vacuum value. Mathematically, this is
described by the so-called bounce solution, which is the field configuration solving the
bounce equation,

82
(52 +7*) ¢ =0, Virlo.T) (1.130)
for the explicit boundary conditions

a) Tli}rinoo o(T,X) = Pralse, b) 0rp(T =0,x) = 0. (1.137)
Often, one can show that the bounce solution should exhibit O(N)-symmetry,?” render-
ing it a function of only one ”radial” spacetime coordinate r = v/72 — 2. Evidently, the
bounce corresponds to a spherically symmetric field configuration interpolating between
the false and the true vacuum, and can therefore be interpreted as nucleating and ex-
panding (true) vacuum bubbles. Thus cosmological FOPT typically proceed by a phase
separation mechanism called bubble nucleation: the whole spacetime becomes filled with
nucleating bubbles, whose expansion is powered by the released latent heat, which will
eventually collide and fill more and more Hubble patches in the Universe with the true
vacuum. Since bubble nucleation is a stochastically process, its probability is given by
the false vacuum decay rate at a given temperature T [43],

F(VT) ~ T4 <‘2§?>3 exp (_&;ﬂ) 7 (1.138)

where V is the spacetime volume, and &3 is the three-dimensional Euclidean action
evaluated at the bounce field configuration, i.e.,

1

S(1) = 4 [ dr +? [2 () + (Ve 1)~ Vpra ) (1.139)

The completion of the phase transition then depends on the ratio between the false vac-
uum decay rate and the Hubble parameter describing the expansion rate of the Universe,

Iy > 1 : Successful bubble nucleation & collision,

— (1.140)
H <1 : Extended inflation scenario.

29The specific symmetry group depends on whether one studies phase transitions at zero
temperature (O(4)), or at finite temperatures (O(3)).
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In the first scenario, the false vacuum decays sufficiently rapidly to allow bubble nu-
cleation and subsequent collisions to occur. In contrast, in the second scenario, the
expansion of spacetime proceeds too quickly for such collisions to take place. We fur-
ther define the effective bubble nucleation temperature T}, via I'y(T},) ~ H*(T,). The
temperature scale at which we may define the FOPT to have successfully completed is
refered to as percolation temperature Ty, [47],

Cdx (e ar vy (T dr \ o
I(T)B/T (T’)‘*H(T’)</T H(T)> . IT=T)=034,  (L141)

where p(T') = exp(—I(T")) is the probablity of finding a point in sapce still remaining in
the false vacuum state. Note that for a successful completion via bubble nucleation, we
need to require T}, > Ti,, where Tj, is the temperature at which the thermal barrier of
the constraint effective potential disappears.

The Case of a Supercooled Universe

In some BSM models, such as the one we will study in Sec. (2), the onset of the effective
bubble nucleation is delayed well below the critical temperature, i.e., T, < T, . This in
turn implies that the background field ¢ remains ”trapped” at the false vacuum for a
long time. It might then occur that below a certain temperature 7T, the energy density
of the universe starts to be dominated by the background field’s constant potential
energy Veg(@false, I'), causing the Universe to enter a period of thermal inflation (cf.
Egs. (1.23a) and (1.11)).3Y This is analogous to a supercooled liquid-solid transition in
statistical mechanics, and we therefore call this scenario a supercooled cosmological phase
transition. The exit from such inflationary supercooling period is then achieved by the
completion of the FOPT, such that the background field approaches the true vacuum
state, driven by efficient phase separation mechanism like bubble nucleation or tachyonic
mode amplification (see Sec. 1.4.2).

Origins & Computation of SGWBs from FOPTs

The production of GWs requires the existence of anisotropies in the energy-momentum
tensor, which in the case of FOPTs can be generated by different sources during the
process, namely the collision of nucleating true vacuum bubbles as well as their impact
on the surrounding plasma in the form of sound waves and turbulence in the thermal
radiation bath. Due to the stochastic nature of the bubble nucleation, we would expect
the GW signature to be of a SGWB. Pioneering studies involving spacetime lattice
simulations [48,49] of the latter revealed that its spectral energy density Qg (f) can
be solely parametrised by characteristic macrophysical quantities, which can be derived

30Here, we mean an additional inflationary period distinct from the proposed cosmic inflation
period right after the BB.

38



1.4. Cosmological Phase Transitions

from the underlying microphysical theory. Most prominently, we will encounter the
FOPT transition strenght «, and inverse FOPT duration S,

Pvac(T) 30A Ve (T 14
a(T) = = , 6=(8m3R, ", 1.142
( ) prad (T) 7_[_29*76 (T)T4 ( ) * ( )
where pyac is the (false) vacuum energy density, praq is the thermal radiation energy
density, and R, is the average bubble size at the percolation temperature 7},. Among
others, these are some of the key quantities which enter the convenient semi-analytical
templates for the GW spectral energy, which are widely used in the community today.

1.4.2 Tachyonic Phase Transition in Supercooled Universe

An interesting and less-studied situation emerges when we find the Universe in a su-
percooled inflationary period, and the VEV remains trapped at the false vacuum until
the temperature scale T},, where the thermal barrier of the constraint effective potential
disappears, i.e., p(n(T},)) ~ 0. Evidently, this prevents a successful completion of the
FOPT via the bubble nucleation mechanism. In this case, we have

T, —=1T,, I—=0, (1.143)

i.e., the percolation temperature 7}, reaches the temperature scale Tj,, causing the false
vacuum decay or tunneling rate to eventually vanish. The latter prevents the further
existence of bounce solutions, and thus disfavours bubble nucleation as the driving phase
separation mechanism.

However, what also happens at T < Tj, is that the curvature mass at the false vacuum
first vanishes and then becomes negative,

0>m?(p=0,T <Tp)) = 9, Verr (¢, T)| —g 1<, - (1.144)

for all background field configurations lying in the spinodal or tachyonic field interval
© € [—Pspinodal » Pspinodal] as depicted in Fig. 1.6. This phenomenon is also called a
spinodal®'or tachyonic instability in the literature [50,51].  Recalling the mean-field
stability classification from Sec. 1.3.3, this renders the false vacuum not a metastable
but now a completely unstable vacuum configuration against small fluctuations. Since
we still find ourselves in a supercooled, inflationary Universe at this temperature scale,
we notice that the evolutions of the small field fluctuations around the false vacuum will
follow the Mukhanov-Sasaki equation given by Eq. (1.61). By inspecting the latter’s
frequency more closely (see Eq. (1.62)), we find that the negative sign of the curvature

31Tn the mean-field approach of statistical mechanics, the spinodal region is a subregion of the
stable phase coexistence region in the phase diagram of a statistical system, whose boundaries
are given by the solutions {@spinoda} = {@ : 92 9(e,T)|; = 0}, where g is the Landau free
energy. It marks the region of completely unstable mixed phase equilibria.
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Figure 1.6:  Shape of the constraint effective potential Vog(p,T) as well as its
first and second derivative for T < T;,. The vanishing of the thermal barrier
establishes a spinodal or tachyonic field region in which the curvature mass at the
false vacuum, i.e., the second derivative of Vg at ¢ = 0, is negative. This marks
the onset of a tachyonic phase transition, during which the background field may
evolve through a number of characteristic field values: the initial false vacuum
value prse (here at ¢ = 0), the classical transition value ¢, the spinodal value
©Pspinodal, and lastly the final true vacuum value @iye.

mass for T' < Tj, induces an exponential growth of the superhorizon k-mode amplitudes,

5—v(Th)
fur(m)] =¥ o () T(T2) = (;I eN(”)) : (1.145)
= exp |+ (u() - 5 ) NG
v(Ty) = \/Z+W(§’2TM, (1.146)

whose wavenumber lie in the tachyonic wavenumber band
0<k <m*(p~0,T<Ty). (1.147)

The expression in Eq. (1.145) can be derived by considering the superhorizon limit of
the general solution in Eq. (1.65) and using the Mukhanov frequency given in Eq. (1.63).
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Lastly, we may definecolor the (mode amplitude) growth factor,

VIm?(e(T (), T(n))l
I 7

Parontn(T(n)) = (1.148)
with whose help we may estimate the growth efficiency of the tachyonic mode amplitudes.

These mathematical results are in accordance with the physical interpretation of
the appearance of a tachyonic instability: the false vacuum becomes thermodynamically
unstable and will be detabilised by first small but then exponentially growing long-
wavelength fluctuation modes, eventually converting the Universe’s vacuum state to the
true vacuum [52]. This special phase separation mechanism is called spinodal decompo-
sition and was first studied in the context of solid-state physics [53,54]. It is a truly
anisotropic process since only k-modes satisfying Eq. (1.147) become amplified, causing
the formation of clustured structures®? in field space with a typical extent given by the
(initial) characteristic length scale3

ksp = H exp (Ny) = H exp (N (n(Tp))) - (1.149)

The growth of tachyonic mode amplitudes can also be directly observed in the sudden
increase of the scalar field’s variance,

Var(®)(n) = (9%)(n) — (®)*(n), (1.150)

for whose calculation and qualitative discussion we followingly employ the linearised
approach from Eq. (1.58), i.e., ®(n,x) = ¢(n) + 0¢(n, ). The exact computation of
the variance would therefore require the solving of the background field and fluctuation
modes evolution equations simultaneously due to their coupling via the curvature mass
term m2(p(n), T(n)) in the mode frequency w? in Eq. (1.62).

However, in the initial phase of the thermal inflation period before the appearance
of the tachyonic instability at T}, we can assume that the VEV remains trapped at
the false vacuum, i.e., ¢(n) = (®)(n) ~ 0, such that the fluctuation mode evolutions
decouple from the background field, yielding

Var(®)(n) = ((06)°) (1) = {(56)*)o(n) + ((66)*)7(n) (1.151)
a(n)H 1.2 0o 19
- /H " % s (m)* + /H %“MT) Jur ()|, (1.152)

where ny(T') denotes the Bose-Einstein distribution from Eq. (1.87), ((66)?)o and ((6¢)?)7
are the vacuum and thermal variance contributions, respectively, and |ug(n)| are the
mode amplitude solutions from the Amplitude-Mukhanov Sasaki Equation (1.78) with
w2(m?(¢ = 0)). While at first the thermal contribution will clearly dominate, the emer-

gence of the tachyonic instability at T} will especially make the vacuum contribution

32Gee also [55)] for lattice simulations showing the phase separation via spinodal decomposition.
33Here, the subscript ”SD” in kgp stands for spinodal decomposition.
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grow significantly, signalising the onset of a tachyonic phase transition. From this mo-
ment onwards, it becomes inaccurate to assume that the background field remains at
the false vacuum, and thus its evolution has to be appropriately taken into account.
For this purpose, we can purpsue a simplifying ansatz where we roughly estimate the
end of the quantum regime, measured by the background field value ¢ (see Eq. (1.25))
beyond which the classical background field evolution starts to dominate the quantum
fluctuations. If ¢ is still very close to zero, we may well approximate the background
field evolution for temperatures below T}, until T as

p(n(T)) = \/((66)°)(T)) for T € [Ta Ti],  ((T)) = @ar - (1.153)

Consequently, this expression then needs to be used in the curvature mass term in the
modes’ frequencies for 7' < Tj,. The great (numerical) advantage of this ansatz is that is
leaves the fluctuation modes decoupled from the background field while still accounting
for the latter’s impact on the modes’ growth factor.

Note again that the linearised treatment introduced in Eq. (1.58) has intrinsic lim-
itations in capturing the complete dynamics of the scalar field. Specifically, it is valid
only within the linear regime of the evolution, i.e., during the initial stage in which the
fluctuation modes can be treated as evolving independently. At later times, particu-
larly during reheating, nonlinear effects become important. In this phase, interactions
between different fluctuation modes as well as their backreaction on the homogeneous
background field must be taken into account. A more comprehensive analysis would
therefore require solving the full FLRW-KG equation (cf. Eq. (1.54)) on a discretized
spacetime lattice. Such an investigation is beyond the scope of the present work and is
deferred to future study.

About the remaining Fate of the Universe

Within our framework, we can argue that the tachyonic phase transition has a chance to
complete if the mode amplification is efficient enough to drive the scalar field’s variance
up to @q. The background field ¢ has then reached the point at which its evolution is
dictated by the classical ”rolling down the potential hill” (see Eq. (1.54)) towards the true
vacuum. If the mode amplification is not large enough, the quantum fluctuations around
the false vacuum will not be able to destabilize it, causing an extension of the inflationary
period by a couple of efolds after Ny, = N(n(T3,)), which could be in conflict with upper
bounds from CMB measurements [56], or even an eternal inflation scenario [34], in which
the transition towards the true vacuum does not complete at all. Consequently, we will
therefore distinguish between these two alternative cases with the help of the maximal
growth factor®!, i.e.,

e VIm2(p =0, T =0)| >1: Exit from thermal inflation,
growth — H

(1.154)
< 1: Extended inflationary period.

34This criterion is similar to the one in the case of bubble nucleation driven FOPT (cf. (1.140)).
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Which scenario will be realised in the end, depends on the concrete model under in-
vestigation, or more precisely, the concrete shape of the model’s constraint effective
potential.

To conclude, a tachyonic phase transition within a period of (thermal) inflation in-
duces the exponential amplification of scalar quantum fluctuation modes, which desta-
bilise the now completely unstable false vacuum, and drive the Universe’s transition
towards the true vacuum through a phase separation mechanism called spinodal decom-
position. We importantly note that from what we have learned from Sec. 1.2.2, the
increase in the quantum field’s variance sources scalar-induced curvature perturbations,
which translate into the generation of a SGWB that can be computed with Eq. (1.91).3

Remark. Eventhough the dynamics of the above described tachyonic phase transition
resemble the features of a continuous phase transition as described in Secs. 1.3.2, it is
important to note that it does mot correspond to a genuine continuous phase transi-
tion showing true criticality at 73,. In the latter case, the system stays in equilibirum
throughout the whole process. This corresponds to following a FOPT line in a phase
diagram up to a critical end point (CEP) where we find a continuous phase transition,
at which the metastable and stable vacua would smoothly merge together. This is not
the case during a tachyonic phase transition, where the metastable minimum disappears
and becomes an inflection point, indicating the appearance of a dynamical instability
and thus out-of-equilibirum processes. Note that only in the limiting case where a mean-
field description of the system under consideration is exact, does the tachyonic phase
transition correspond to a continuous phase transition at a true critical point.

351t is worth mentioning that the production of GWs in similar settings have been analysed in
preceding studies, e.g., [57], where non-perturbative techniques such as holography were employed
to study the real-time evolution of this thermodynamic process.
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Chapter 2

BSM Physics: The Classically
Conformal U(1)g_;, Model

Despite its tremendeous success in explaining the nature and interactions of the building
blocks of the our Universe, the Standard Model of Particle Physics (SM) with the gauge
group SU(3). x SU(2)1, x U(1)y cannot serve as the full picture due to a number of
conflicting observations within this framework: the origin of the neutrino masses, the
nature of dark matter and dark energy, the lack of a quantum description of Einstein’s
GR, the strong CP problem!, and the hierarchy problem, among others. The latter
relates to the puzzle of the origin of the Higgs masses’ peculiar value, and the resulting
question of potential new heavier physics awaiting us beyond the EW scale.

The CC-B — L-model feautures the dynamical radiative generation of the Higgs
mass, the generation of the neutrino masses via the Seesaw mechanism, and sterile neu-
trinos as dark matter candidates. The model does not only offer the geat opportunity
to learn about cosmological phase transitions in BSM frameworks, but also features the
possibility for cosmological FOPT, rendering the theory potentially probable through its
SGWB production.

2.1 Set-Up

In this work, we want to study the interesting phenomenological consequences of the
so-called Classically Conformal U(1)g_1, SM extension [59], which is defined through

!The strong CP problem referrs to the issue in quantum chromodynamics (QCD) where a
CP-violating term would technically be allowed in the Lagrangian but does not manifest in
nature through observations, leaving scientists with an apparent fine-tuning problem for the 6-
or vacuum angle. It may be noted that this topic is especially present in recent discussion in
which it is re-evaluated whether this poses an actual fine-tunig problem, or if it is based on past
mistreatments in QCD-calculations. For more details, see [58].
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the following Lagrangian,?

L=1L sy — izﬁ’wz’w +|D, @[>~V (H,®). (2.1)
Here, £’ gy is the Lagrangian describing the interactions of the Standard Model particles
with themselves and the Higgs, and L'gps is the part that exhibits the coupling of the
new complex scalar field ® with the Higgs field H. The symmetry group underlying
this theory is thus SU(3). x SU(2)1, x U(1)y x U(1)p—r, in which the global (B — L)-
symmetry has been promoted to a local gauge symmetry U(1)g_y,. This BSM model
comes with three new sterile neutrinos (that we will not consider any further), one new
gauge boson Z’ and the new complex scalar field ®. Their dynamics are encoded in the
corresponding terms in £, namely

Z, = 0,7, — 8,7, (2.2)
Dyu¢ = (0 +i2981.2,) ®, (2.3)
V(H,®) = \g(HTH)? + \p(H H)(®T®) + \s(2Td)2. (2.4)

where Z:W is the new gauge field, Ay is the bare portal coupling determining the inter-
action strength between H and ®, A\, is the bare ®-self-coupling, Ay is the bare H-self-
coupling, and gg;, is the new bare gauge coupling. The constrained finite-temperature
quantum effective potential Veg (o, T') to one-loop order in standard pertubation theory
is given by

Verr(0,T) = VAD(0) + VI (0, T) + Viwisy (0, T) (2.5)

where ¢ corresponds to the scalar field’s zero-mode (see Eq. (1.127)), which we will also
denote as the background field. The tree-level contribution to Veg(p,T),

A
FIERS S § = e, (2:6)
e A :
Fo' = pvdopy®s T <Tacon,

receives an additional term oc ’UQCD3 from the coupling to the Higgs field after the QCD
phase transition around 7" ~ 100 MeV [61]. The one-loop contribution consists of a
typical Coleman-Weinberg term (see Sec. 1.4) and a second part involving the thermal
intergrals Jr (see Eq. 1.135), i.e.,

4

Ve(é)(tp,T) = Vew(p) + 2T? Z kiJr (Mf(cp)) , (2.7)
n; M} M?

VCW(SO) = ZZ: (Mﬂ-(;p) |:hl <u2(¢(’<§3)> - Ci] ) (2.8)

2Here, we omitted the contribution to the Lagrangian describing the sterile neutrinos as well
as the Seesaw mechanism, since these parts are not relevant for the study conducted in this work.
3For our later study, we follow [60] and set vqep ~ 100 MeV.
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Particle | mZ(p) I1,(T) ni | ¢
@ 3ho@? | (g2, +Xo/3)T | 1 | 3/2
G | hg? I,(T) 1132
Z' | Agmy? 495, T? 315/6

Table 2.1: Ingredients of the (B — L) -SM extension.

in which n; and ¢; = 5/6 (3/2) are the number of degrees of freedom of the i-th particle
species, and specific constants for bosonic (fermionic) fields, respectively.

Lastly, we add the daisy resummation term to resum a certain class of Feynman
diagrams, and therefore treat artificial infrared (IR) (kK — 0) divergencies arising in
perturbative calculations in finite-temperature field theories. It reads

3 3
Visin (0:T) = =3 oo [(M2(0) + (D) — (M2()) ] | (2.9)
(2

where II;(T') is the so-called thermal or Debye mass of the i-th particle species (see
Table 2.1). Note that the daisy resummation technique is rather an adhoc method and
thus certainly not the most elegant way of dealing with IR divergencies. A modern
and more systematic approach to tackle this problem in perturbative calculations is
called the High-temperature dimensional reduction (HTDR) technique [62], with which
one constructs lower-dimensional effective field theories (EFTs) through the scale hier-
achy between the zero- and the non-zero Matsubara modes at T > 0. This allows to
systematically integrate out modes of different scales, which yields the common daisy
ressumation technique at first order.

Note that we employ also the one-loop B-functions for the couplings present in the
system (as calculated in [63]) to minimize the perturbative results’ dependence on the
chosen renormalization (RG) scale pu. As a systematic uncertainty, the latter can have
a sizable impact on GW background predictions within such a setting as shown in [30].
Discrepancies between individual GW spectra predictions with varied p signalise a larger
residual RG scale dependence of the constraint quantum effective potential, indicating
the need for higher loop-order corrections to obtain robust predictions.

The free model parameters gg;, and my Our BSM model comes along with
five parameters of unknown values: the scalar self-coupling Ay, the portal coupling Ap,
the new B — L gauge coupling gz, and the kinetic mixing ¢ between the gauge groups
U(1)p—r1, and U(1)y. We employ the procedure from [60,64] to set our input parameter
such that they become functions of only gg;, and mz. We require Ap and A, to reproduce
the EW scale by fixing them at the RG scale u = my/, and demanding that they match
experimentally determined values, such as the SM Higgs VEV. The SM couplings are
obtained from the physical masses mgyr = {my,, mw, my, m;}. By solving the one-loop
B-functions [63] for the involved parameters, we may finally compute Veg (o, T).
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Figure 2.1: The constrained effective potential Vig(p, T') at its different charac-
teristic temperatures scales T' = {T., T\, T}, }.

2.2 Characteristic temperature scales

It is well known from preceding studies [60,61] that due to its classical conformality,
the B — L -model opens up the possibility towards supercooled cosmological phase tran-
sitions in the very early Universe. It even features a number of different scenarios, here
referred to as phase transition pathways, which are realised in specific regions of the
parameter space (ggr, myz ). Hence, the dynamics of our model’s phenomenology stretch
across a wide range of time/energy scales (max. 10 orders of magnitude), which can be
characterized by the following scale of temperatures:

e Critical temperature T,: This is the temperature at which the constraint quan-
tum effective potential effective potential develops a second local minimum at
e # 0, such that both minima become degenerate, i.e.,

V;eff(SO =0, TC) = V;eff(cpw Tc) . (210)

e Inflation-onset temperature 75: During a supercooling period, the thermal
potential barrier persists until very low temperatures such that the VEV remains
trapped at the false vacuum for a long time. The vacuum (potential) energy
contribution eventually starts to dominate the radiation energy contribution at
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the temperature Ty, i.e.,

p(T) = pvaC(T) + Prad(T) = pvac(T) (1 + Zz:ig§§> (2.11)

A pyac(T) = const., for T < Ty . (2.12)

Followingly, the Universe will be dominated by a constant energy density, causing
the scale factor to grow exponentially and thus initiating a period of thermal
inflation?.

¢ QCD phase transition temperature Tgcp: At this temperature scale, one
expects a QCD phase transition featuring quark condensation, which generates
an additional term linearly proportional to the Higgs field (cf. Eq. (2.6)), which
effectively counteracts and may eventually “melt” the thermal potential barrier.

e Tachyonic temperature 7},°: This is the temperature at which the QCD-
induced term in Eq. (2.6) finally cancels the thermal barrier such that the curvature
of Vg at the origin vanishes, i.e.,

0=m’(e=0, T=T) = & Ver(&, Tp)|p=0 - (2.13)

The sign of the curvature mass at the false vacuum flips and becomes negative,

such that our contraint quantum effective potential exhibits a tachyonic insta-
bility. Following the mean-field stability definitions in Sec. 1.3.3 and 1.3.4, this
means that for 7' < Tj, the false vacuum at ¢ = 0 is not metastable anymore but
completely unstable with respect to small fluctuations around it. As described in
Sec. 1.4.2, the negative curvature mass induces the exponential growth of fluctu-
ation modes that destabilise the false vacuum, driving the phase transition of the
VEV towards the true vacuum.

2.3 Possible Phase Transitions Pathways

The ordering of the relevant temperature scales in our model is: 0 < T}, < T3, < T¢. Thus,
the different phase transition pathways can be distinguished from another by the scale
of the percolation temperature 7}, with regards to the phase transition in the ¢-direction
(see also Sec. 2.3):

I First-order B — L phase transition (Tqcp < 7p):
If percolation completes successfully before the QCD scale, i.e. T}, > Tycp, we find
a B — L-FOPT through which the SM Higgs mass term is generated by the true
vacuum of the new scalar field ¢. If Trw > T}, > Tgcep, where Tew ~ 100 GeV is
the EW scale in the SM, we find a slightly delayed continuous EW phase transition.

4Note that such thermal inflation period is distinct from the cosmic inflation period right
after the big bang.
°It is also referred to as Tyop in the related publication [60].
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II Combined EW-QCD phase transition:

In the scenario where T}, < Tqcp, the QCD phase transition will happen before the
percolation of the B — L-FOPT completes successfully. The quark-condensation
(especially (tt)) will generate an additional term linear in A in the constraint effec-
tive potential of the B — L-model (cf. Eq. (2.6)), which counteracts the thermal
potential barrier. Moreover, the QCD phase transition happens prior to the EW
phase transition (in contrast to the SM), and triggers EWSB by generating an
intermediate Higgs VEV, v, gcp ~ 100 GeV. Two further subcases can now be
identified w.r.t. the B — L. phase transition, depending on how much more time
the percolation will take:

ITa If Tqep > 1 > T, we have B — L phase transition of first order completing
via the bubble nucleation mechanism.

Ib If Tqep > Ty, 1, — Ty, i.e., the percolation temperature lies well below
the QCD-scale and approaches the temperature at which the thermal poten-
tial barrier melts. A dynamical tachyonic instability emerges, rendering the
B — L phase transition still a FOPT, which can now only primarily complete
via spinodal decomposition (see Sec. 1.4.2).

In both cases, subsequent reheating periods will pump back the energy from the
new scalar sector to the SM sector via decays to SM particles.

In this work, we will study the linear regime or, equivalently, the initial quantum
phase of the phase transition dynamics of the last case (IIb), and assess its potential for
a sizable SGWB production.

2.3.1 QCD-sourced Tachyonic B — . Phase Transition

The results of a preceded study [60] demonstrated that our BSM model exhibits a region
in the parameters space where a tachyonic instability in the new sectors contrained quan-
tum effective potential emerges (see Sec. 2.3, Case (IIb)). The B — L phase transition
towards the true vacuum state begins with an exponential amplification of fluctuation
modes, which destabilise the unstable false vacuum, and concludes with the (dominant)
”classical rolling” dynamics of the background field ¢. The driving phase separating
mechanism is therefore spinodal decomposition instead of bubble nucleation.
The constrained tachyonic parameter subspace (see Fig. 2.3.1) spans over the area

Atachyonic = Mzs X gpr, = [5 % 10* GeV, 5 x 10" GeV] x [107%, 2 x 1071].  (2.14)

The ultimate goal of this work is now to analyse the phase transition dynamics by study-
ing the evolution of the fluctuation modes and the field’s variance via the methodology
developed in Sec. 1.4.2. For small background field values ¢, the mode amplitude growth
rate (cf. Eq. (1.154)) has been estimated as

Am?2 |
Im2(p =0,T)| 70 |Amg oep
[Bh(r) = V=0 Dl 1op V2_nO00, 2.15)
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Figure 2.2: Constraint effective potential and its derivatives for gg, = 5 x 1072
and myz = 10° GeV, evaluated at T' = Tj,, where we highlighted the tachyonic field
region || < @spinodal- Fluctuation modes will experience exponential amplification
until the background field reaches the spinodal point during its evolution.

which also corresponds to the quantity plotted in Fig. 2.3.1.

Spectral GW Density from Tachyonic Instability & Redshift Factor

Following our discussions from Secs. 1.2.2 and 1.4.2, we finally want to investigate the
possible SGWB signatures of the tachyonic B — L. phase transitions within our model.
For this purpose, we will use the expression for the redshifted spectral GW density given
in Eq. (1.91), in which we will employ the dimensionless curvature power spectrum de-
rived in Egs. (1.89) and (1.90). Eventhough the parameter subspace under consideration
includes models featuring a subsequent short reheating period — mostly the points close
to the decay constraint line in Fig. 2.3.1 — we will henceforth neglect this fact for prac-
ticality reasons and leave a more careful treatment for future work. More precisely, we
will assume instant reheating from Ty, i.e. the temperature at which classical rolling
starts to dominate our background field’s dynamics (see Eq. (1.25)), to Ty,. This allows
us to identify

Tou =T, arukpru==Fk, agm=e", (2.16)

() () - R e
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2.3. Possible Phase Transitions Pathways
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Figure 2.3: The tachyonic B — L parameter space [60], here filled in shades blue.
The latter depicts the maximal mode growth factor given by Eq. (2.15). Two
exlusion regions are constraining the subspace. For larger gauge couplings and
gauge boson masses (upper left, white shaded region), the B — L phase transition
completes via bubble nucleation before the tachyonic instability occurs. For smaller
gauge couplings and gauge boson masses, the scalar field mass is too low to decay to
the SM Higgs boson, preventing a necessary and successful reheating period after
the B — L phase transition (lower left, gray shaded region) We will henceforth
include both of these constrained regions in our calculations. Figure adopted
from [60].

where k,ry is the physical wavenumber at the reheating temperature, and Ny =
N(n(Ty)) is the efold number at which ¢ ~ ¢.. Note that we have set a(Ty) = a(T(N =
0)) = 1, i.e., we have normalised the scale factor at the beginning of the inflationary
period to 1. Finally, we can express the present-day (redshifted) physical frequency f, o
or wavenumber k, o as

1
B _kyruarn k[ Tp 9x,s(To) \3
2mfpo0 = Fpo = ag  arm (TRH) (9*,5(TRH) (2.18)
1
_ T\ [ 9« s(TO)> 3
=ke V[ — :
(TV> <g*,s(Tv)
1
ko _ T S(To)\ 3
& fpolk) =5 ¢ Net (ﬁ’) (z:ETSD (2.19)
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Wl

_ To\ [ 9+.5(T0) 93 Hz
Y=k cd [ — e 2418 x 10%° —— . 2.2
& Jrlk)=ke (T) (g*,sm) X 2ASAT T (2:20)

(2.21)

where k is the comoving wavenumber (of the associated simulated k-mode) (in GeV),
and the temperature of the SM plasma today corresponds to the CMB temperature, i.e.,
To = Tens = 2.725 K &~ 2.725 x 8.62 x 10714 GeV.
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Chapter 3

Numerical Implementation

In this section, we will describe the numerical methodology that we developed to obtain
the results listed in Chapter 4.

The goal of this work was to develop a Python code to solve the Amplitude-Mukhanov-
Sasaki equations (1.78) including the curvature mass m?(p(n), T'(n)) derived from the
B — L one-loop constraint quantum effective potential Vg (¢(n), T'(n)) (see Eq. (2.4))
to study the nature of the linear regime of the tachyonic transition in our model. The
obtained numerical solutions shall then be used to compute the resulting scalar-induced
curvature power spectrum in Eq. (1.90) as well as the corresponding gravitational wave
spectrum from Eq. (1.91).

In the following, we will give a detailed account of the variety of numerical challenges
one faces with these kind of physical systems, and discuss with which solutions these
have been (mostly) overcome.

3.1 Mode Amplitude & Variance Evolution

At the heart of the analysis conducted in this work lies the computational infrastructure
for the simulation of the comoving k-modes’ evolution from the onset of the inflationary
period at T until the end of the linear or quantum regime at ¢ (see Sec. 2.3.1) with the
general methodology described in Sec. 1.4.2. Since inflationary time scales are commonly
best described by efolds N (see Egs. (1.26) and (1.28)), we will define the start and end
of the time period during which the physical process under investigation takes place via
N to NP where

abort?
h
v =[N, N (3.1)
Npin = N(T,) =0, NP = N(T,) = N(T(5a)) = Na, (3.2)

respectively. We are free to set the scale factor @ as we want, such that we choose
to normalise it to unity at the beginning of the inflationary period, i.e. a(Npipn) = 1.
Followingly, this translates to an initial conformal time 7y = 7(Npin) = —1/H.
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Chapter 3. Numerical Implementation

Since we are interested in the evolution of the k-modes’ amplitudes that generate
curvature pertubation after the inflationary period, i.e., the amplitudes of all modes
leaving the Hubble horizon until T = T'(n1), we need to solve the following differential
equation (DEQ)

0= 40 ~ g k) A, (33
wip(n) = k* — 7]22 +a2(n) - m*(e(n), T(n)) = Q) —2(amH®)*.  (3.4)

for the modes with wavenumber k lying in the minimum wavenumber interval k,

3.1
k€ k=alN)He" = [a(T)H, a(Ty)H] (: ) [H, H exp(Na)] - (3.5)
Obviously, necessary wavenumbers span over
logg (exp(Ne1)) = logig(€e) x Ne =~ 0.43 x Ny (3.6)

orders of magnitude. For example, in the common case of N, =~ 25, we will have
to resolve the evolution of k-modes whose wavenumbers span across approximately 11
orders of magnitude. Recall that the sign of the frequency w,% in Eq. (3.3) decides if the
specific k-mode’s evolution follows the typical behaviour of the sub- or super-horizon
limit, i.e., if it the mode is either (rapidly) oscillating with almost constant amplitude,
or if the oscillation decays and the amplitude freezes out, respectively. At the beginning
of the inflationary period at N = Npyjn, all k-modes are in the Hubble horizon, i.e.,
k > a(Nmin)H = H, and can thus be expressed via the BD vacuum solution in Eq. (1.68).
Then over the simulation time, the individual k-modes will progressively exit the Hubble
horizon at their horizon-crossing conformal time neyoss (see Eq. (1.71)) — first the IR-
(long wavelength), and then the UV- (short wavelength) modes due to the shrinking
Hubble horizon during inflation. This means that our numerical DEQ solver must be
capable of resolving both these widely different solution behaviours at the same time
step. This leads us directly to the numerical challenges one encounters when dealing
with such kind of physical systems.

3.1.1 Numerical Challenges

The development of the DEQ solver was challenged by two main properties of the system
that we want to study:

I Dependency of the DEQ on the background field evolution Formally, we
need to solve the k-mode amplitude evolution that is coupled to the evolution
of the background field ¢ through the curvature mass in the DEQ frequency (cf.
Eq. (3.3)). However, we find ourselves in a special physical set-up, namely in a
supercooled Universe experiencing an additional thermal inflation period before
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3.1. Mode Amplitude & Variance Evolution

11

the onset of a tachyonic phase transition as described in Sec. 2.3.1. In the context
of studying this scenario until the end of its linear or quantum regime, we may
use the approximative treatment of the background field evolution as elaborated
in Sec. 1.4.2. It assumes ¢ to be trapped at the false vacuum at ¢ = 0 for
N < Ny, such that the individual k-mode evolutions become decoupled from one
another until this point. The concrete numerical implementation of the linear
regime background field treatment will be further explained in Sec. 3.1.3.

Simulating a large number of scales simultaneously As mentioned previ-
ously, we need to simulate the amplitude evolution of k-modes, whose wavenum-
bers span over roughly over 10 orders of magnitude, over a time span of N
efolds, during which they simply evolve drastically differently on different time
scales. Differently stated, our solver has to handle the rapid oscillations of the
UV-modes as well as the freeze-out of the IR-modes simultaneously. Such numer-
ical problems are referred to as stiff problems in the literature, and the associated
DEQs as stiff DEQs [65,66]. In such cases, commonly used ezxplicit solver algo-
rithms fail to perform well or even provide a stable result at all. Since the next
evolution step is only computed from the past step’s results, it requires the al-
gorithm to subsequently decrease the next time in order to preserve stability for
the desired accuracy. On the other hand, implicit solver algorithms need the past
and (guessed) future information to evolve the DEQ to the next time step, which
is computationally more expensive per step, but much more stable and therefore
extremely well suited for stiff systems. Thus, in our case, we will make use of
the implicit Radau solver method, i.e., an implicit Runge-Kutta method, for the
solve_ivp solver from the Python package SciPy [67].

Eventhough the latter already helps to tremendously reduce the computation time
of a single simulation (from hours/days to minutes/hours), a poor choice of one of
the key parameters impacting our simulation results can offset the time advantage
we had gained by using a suitable solver method. More precisely, when designing
the code infrastructure, it is important to ask the following questions:

Q1 Starting the simulation at at the beginning of the inflationary period at
Nmin = N(7min) means simulating heavily oscillating sub-horizon k-modes
for a very long time, which is computationally expensive. Is this really nec-
essary to obtain the correct result at the end of the linear regime, or can we
start our simulation at a later point in time before the tachyonic instability
appears without losing importnt physical information?

Q2 What is the optimal set of parameters to define our simulation set-up, and
what are their optimal values? FKEspecially the choice of the number and
interval of simulated wavenumbers need special attention. The minimum
wavenumber interval in Eq. (3.5) spans over a large number of scales, with
the physical maximum corresponding to kmax = ko = a(Te)H. What is the
optimal number of k-modes to be simulated, and can we choose a smaller and
more convenient value for ky,x without (largely) impacting the end result?
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Chapter 3. Numerical Implementation

In order to answer the above questions and thus to test our simulation code base
properly, we first analysed the typical behaviour of the DEQ frequency of the
wZ(N(n)) from Eq. (3.3) as a function of k to obtain a first feeling for the important
parts of the evolution. Later on, we tested our developed code in order to reproduce
the variance results from [68], through which we were able to identify the optimal
simulation parameter set.

3.1.2 Preliminary Study for Code Optimisation

Finding appropriate Inital Conditions To find an answer for Q1, we need
to check for how long the individual k-modes remain in the sub-horizon regime. For
this purpose, we calculated the frequency evolution normalised to the frequency at
the beginning of inflation, evaluated with the curvature mass at the false vacuum,
ie., wz (m2(0,T(N))). The result is depicted in Fig. 3.1 for the parameter point set
o, = 1072 and my = 5 x 109GeV. We can see that all modes maintain their os-
cillatory behaviour until (minimum) N = 20 in this case, and, in fact, in most cases.
This means they have w?(N) / Wl%,o > 1 for N € [0,20]. The efold scale at which the
IR-modes start to deviate from the oscillatory behaviour is naturally given by the efold
number associated to the temperature at which the thermal potential barrier melts
Ny, = N(Ty,) = N(T'(n)), since this is the time where the curvature mass becomes nega-
tive and starts decreasing the frequency w,%. We will denote the wavenumber associated
to Ny, as the tachyonic wavenumber

kyn = Hexp(Ny) . (3.7)

Note that the very large UV-modes with k > k;, will remain oscillatory until the end
of the simulation, when considering the expected duration of the linear regime being
Na € [20,35]. Moreover, we observe that the IR-modes with k£ < kj, show a small
amplification in their frequency (spike-like structure in Fig. 3.1) due to the drop in the
evolution of the number of entropy dofs roughly between N = 15 and N = 25. To see
how this explicitly impacts the frequency through the temperature-dependence of the
curvature mass, we can calculate for N < Ny,

m*(¢(N), T(N)) =~ m*(0,T(N)) (3:8)
xETO) = d (f) e 69
= QQ(N) . m2(¢(N),T(N)) ~ 9123L <g;g(*]<7)>3 T\? . (3.10)

Since g«(T(N)) is a decreasing function in temperature and thus time, we expect the
oscillatory frequency w? of modes with k% ~ O (a2 m?2(0, T(N ))) to increase by roughly
an order of magnitude before the effective mass m? becomes negative around N;,. The
step-function-like nature of g, (T (NV)) reflects in the non-smooth increase of w3 for k < ky,.
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Evolution of the frequency w?(N) Evolution of number of dofs g,
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Figure 3.1: General structure of the frequencies’ evolutions w; shown explicitly at
the benchmark parameter set gy, = 1072 and myz = 5 x 10°GeV (left). All modes
remain oscillatory until shortly before the curvature mass flips it sign at N,,. The
frequencies of smaller k-modes are sensitive to the change of the entropy degrees
of freedom ¢, (T'(N)) (right) as the temperature cools down during the inflationary
period.

We may also shortly study what happens if we vary the model parameters gg;, and
mys, which is demonstrated in Fig. 3.2. An increase in gg;, and a decrease in my cause
a sooner departure from the oscillatory behaviour. Note however that even under their
variation, (almost) all modes remain in the sub-horizon regime roughly until N = 20.

From this analysis, we may conclude that the BD vacuum remains an appropriate
initial condition for all k-modes well after the beginning of the inflationary period.
Even the small amplification of the IR-modes due to the drop in the entropy dofs is not
worrysome with regards to the variance evolution, since the latter is dominated by its
thermal contribution until shortly before N, (see Sec. 4.1).

We therefore employ the BD vacuum from Eq. (1.68) as standard initial condition for
all simulations, and choose the simulation starting conformal time 7.t Or equivalently
efold Ngiary by the following rule:

20, Ny, > 20,
I_Nb—QJ, Ny < 20.

Ngtart = (3.11)

The maximal time period our simulations will capture will be set by Nenq = 50 for all
parameter points, which is, one the one hand, due to practicality reasons, and on the
other hand, also physically motivated due to inflation constraints from the CMB (see
discussion in [30], Sec. II).

Lastly, the k-mode evolution for the time period from the start of inflation until
the start of our simulation, i.e., for N € [0, Ngart), will be also calculated using the
analytical BD vacuum solution.
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mz-dependency of w?(N)

15 T T T T T T 15 T T T T T T
myr = 10° GeV k= He? — g=10"* k = He*°
mys = 108 GeV — k=H¢ __g=10"" — k=H®

? Lo v — k=H® 0= 10-2 — k=HeY
= 10F - my = 10" Ge b — Holo = 10} = 9= b= ot
Il — k=He”® Il — k=He*
k= He® k= He®
\Z_/ ...... WQ(N)/MQ(O)il \Z_/ ...... u2(N)/u2(O):1
N2 5 k k o 5 [ k k
3 3
= = 3
z z o) b
oo N \ Eoof BRE
| ‘ A
g=10"" | tl my =109GeV | i) @
-5 | | LI | | -5 I I L
0 10 20 30 40 50 0 10 20 30

g-dependency of w?(N)

N =In(a)

Figure 3.2: Effect on the frequencies’ evolution under variation of the model pa-
rameters my and g = gg,.

Finding an appropriate set of Simulation Parameters After an initial code
development and testing phase, including the successful reproduction of a benchmark
variance evolution from [30] (see Fig. 3.3), we identified the following key parameters to
determine the quality of our simulation:

o8

e Ngtart: Efold number at which simulation of the k-modes’ evolutions is started,

determined by the rule in Eq. (3.11).

Nena: Efold number that defines the maximum simulation time. Due to the
divergent nature of the variance in our set-up, this value is never reached and
serves as an upper limit.

Npia: Efold number that defines the largest wavenumber kpiq = Hexp(Nmid)
and thus the largest UV-mode that is being numerically evolved until the end of
the simulation. In order to be able to reproduce the characteristic evolution of the
scalar field’s variance in the presence of a tachyonic instability in the constraint
quantum effective potential, it is neccessary to have tachyonically amplified k-mode
amplitudes included. Only the latter are responsible for its steep increase after
Ny, (cf. Fig. 4.1). It is therefore completely sufficient to only simulate k-modes
with wavenumbers that lie in the interval

kek=[H,kd], (3.12)
ko = Hexp(Ne) = Hexp(N(na)) , (3.13)
We will therefore simulate k-modes with wavenumber lying in the interval
Keim = [H, kmia) = [H, H exp(Nmid)] , (3.14)
Nmid 40, Mo 220, (3.15)
Ngtart + 10, N, < 20.



3.1. Mode Amplitude & Variance Evolution

e |k|: Total number of k-modes being numerically evolved during the simulation.
Several tests have revealed that |k|= 500 seems to be sufficient to obtain robust
results. To further improve the accuracy of the variance calculation, which is
a discrete integral over all super-horizon k-modes, we will use |k|= 1000 as the
default value.

is_k_analytic (optional): Boolean variable to decide whether or not UV-modes
with k& > kniq should be computed analytically via the BD vacuum solution and
added to the total variance at each evolution step.

The initial version of the code featured the option to include an analytic back-
ground term for the variance calculation to account for the ”missing” oscillatory
k-modes with k& > kg4 especially in the thermal variance sum. Later, we found
that its inclusion is irrelevant for the end result due to the above explained reasons,
which is why it has been disabled for all simulations.

Ninax (optional): Efold number that defines the largest wavenumber and thus the
highest UV-mode contributing to the analytic background term for the variance.
This has also become irrelevant since the analytic background itself has become
irrelevant for our computations.

The relationship between these key parameters during the simulation is also illlus-
trated in Fig. 3.1.2.

Nmin Nstart Nmid Nend ’k‘ iS-k_aIlalYtiC A\vnmx
0 20 if Ny, > 20, | 40 if Ny, > 20, 50 | 1000 Fal 60
else Ny, — 2 | else Ngpart + 10 atse .

Table 3.1: Fixed values for the key simulation parameters used for the simulations
which have been performed to obtain the results presented in Sec. 4.
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Figure 3.3: Reproduction of Fig. (3) from [30] with our k-mode amplitude evolu-
tion solver. The authors studied a similar mechanism to generate scalar-induced
curvature pertubations from inflationary periods in a supercooled Universe. The
reference curve (blue circles) matches our numerical result (orange). Due to an
incorrect redshift factor in their Bose-Einstein distribution, the correct result for
this benchmark point should however corresponds to the yellow curve.

Numerical treatment

Nmin Nstart Ncurr = N(n) Ny, Nmid Nend Nmax
| | |
N I I T T T T 1
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| 1 1 | ! |
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| Fully numerically simulated modes | Optional analytic |
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Figure 3.4: Overview of the evolution of the simulated comoving k-modes. Here,
Ecurr = a(Neurr)H denotes the current horizon-exit mode at the current conformal
time step Neurr- As described in Sec. 1.2.1, a k-mode’s evolution will depend on
the value of their wavenumber relative to keypr.
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3.1.3 Step-by-Step: How to Solve the Amplitude evolution

Let us now summarize the concrete computational tasks during each conformal time
step of the implemented k-mode amplitude evolution solver:

Step I With the numerical solution of the previous conformal time step, calculate the
current value of the variance (®2)(ncurr) as well as the approximate current back-
ground field value ¢ (Neurr) = V/{(P2) (Meurr);

Step IT Check the sign of the current curvature mass at the false vacuum m?(0, T (feurr)):

» If m2(0, T (Newrr)) > 0: The thermal barrier still exists, and thus the back-
ground field still sits at the false vacuum at ¢ = 0. We thus may continue
using the curvature mass at false vacuum, i.e. m2(0, T(1curr))-

» If m2(0, T(Newrr)) < 0, the tachyonic instability has appeared such that the
false vacuum has become unstable and will be destabilised by the fluctua-
tions. We therefore need to start using the curvature mass at the approx-
imate background field value m?(©(Newrr ), T(Meurr)). From this moment on,
our modes’ evolutions become coupled via the inclusion of the variance in
their computation.

Step III Evolve each k-mode by a discrete conformal time step (automatically and adap-
tively handled by the solve_ivp solver).

Step IV Check if the variance has reached the maximal cut-off value:

» If (®2)(Neurr) > (P?)max: The variance shows signs of diverging behaviour,
i.e. the k-mode amplitudes are being amplified, such that we have encoun-
tered a slow-roll exit scenario. The simulation is therefore terminated in a
controlled way at this point.

» (D2)(Neurr) < (P?)max: The variance has not reached the maximum cut-off
value yet, such that the simulation will be continued with the next conformal
time step.

— In the case that the simulation is never terminated until the fixed maximal
simulation length at Ngnq = 50, we have encountered an extended inflationary
scenario.

Step V At the end of each simulation, flag the specific model parameter set with the
boolean variable is_terminated to later distinguish the interesting slow-roll exit
scenarios from the extended inflationary scenarios, in which unphysically large
curvature pertubations are produced (see Eq. (1.154)).

Since we are only interested in the scalar field’s evolution until the end of the linear
regime, i.e. where ©(Neurr) = @el(Neurr), we need to further differentiate between two
principal evolution cases after each simulation (see Fig. 3.5):
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» Classical limit already reached at Ti, = T'(n): The approximate background
field value has already reached the end of the linear regime at the moment where
the tachyonic instability first occurs. For later usage, the obtained simulation data
is therefore truncated at 1. = .

» Classical limit reached only later at T.; < T},(n): The end of the linear regime
has not been reached yet at the appearance of the tachyonic instability, such that
the mode evolution continues until (Neyrr) = @el(Neurr) = Mel- In this case, the
mode amplitudes experience additional efolds AN = Ny — Ny, of tachyonic am-
plification, resulting in an enhancement of the curvature perturbation production.
Here, the obtained simulation data is truncated at 7.

In the following, we will denote the temperature- or, equivalently, conformal time-
dependent curve

pa(n) = pa(T(n) for T e€l0,Th) (3.16)

obtained by solving Eq. (1.25) as the classicality line.

Note that the simulation data in the cases of the extended inflationary scenarios will
be left untruncated, having a maximal conformal time of the evolution corresponding to

Tlend = U(Nend = 50)

3.2 Dimensionless Curvature Power Spectrum &
GW Energy Density Spectrum

For the computation of the dimensionless curvature power spectrum at the time where
the linear or quantum regime ends (see Eq. (1.90)), we will use the truncated versions
of the k-mode amplitude evolutions, whose truncation process has been described in
Sec. 3.1.3. Note that we will only compute the curvature power spectrum for those model
parameter points that did not exhibit an extended inflationary scenario. Moreover, we
will truncate the resulting curvature power spectrum at the maximum scale kpax = ko
(see Eq. (3.12)), since this is the scale associated to the last k-mode leaving the Hubble
horizon at the end of the linear regime, and thus sub-horizon modes with k > k¢ should
yield no contribution.

Lastly, the scalar-induced GW energy density spectrum from Eq. (1.91) is obtained
from the truncated curvature power spectrum. The featured double integral is com-
puted numerically with the quad integrator from SciPy, in which we employ a smooth
interpolation of the truncated curvature power spectrum. Due to the fact that we have
a discrete and upper-bounded k-interval for which we have numerical data available, we
manually set the super-horizon contributions to the double integral to zero to keep the
original integration boundaries of the inner integral.
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Figure 3.5: Different scenarios of the variance’s evolution and the corresponding
truncation criteria as described in Sec. 3.1.3. Here, note that we will use the
corresponding efold numbers N(n) for the following description of the different
cases.

Left: If the total variance is below the classicality line for all N € [Ngtart, Nend),
the simulation is aborted at N.,q and all simulation data is to be truncated at
Nena- In this case, we encounter an extended inflationary scenario. Middle: In
case the total variance is above the classicality line for all N € [Ngart, Nenal, the
simulation is to be aborted when the variance hits the maximal safety value, and
the simulation data shall be truncated at N.,q. In this case, the evolution of the
scalar field has already reached the end of its linear regime at Ny,. Right: If the
total variance is below the classicality line at Ny, the simulation is to be aborted
at No > Ny, where it first crosses the classicality line again, and simulation data
to be truncated at N,. This corresponds to the more interesting case where the
background field dynamics have not reached the end of the linear regime yet,
resulting in additional efolds of tachyonic mode amplification.

63



Chapter 4

Results

In this final chapter, we will present the obtained results from our study of the linear
or quantum regime of the QCD-sourced tachyonic phase transition in the Classically
Conformal B — L. model. We will present the scalar-induced curvature power spectrum
obtained from the simulated k-mode amplitude evolutions, and the resulting GW energy
density spectrum. By comparing our reslts to the Power Law Integrated Sensitivity (PLI)
curves from a number of future GW observatories, we will estimate the detectability of
our calculated GW spectra and therefore the ability to probe our BSM model.

4.1 Mode Amplitude & Variance Evolution

Firstly, we will discuss the characteristics of a typical variance evolution in the cases
where the end of the linear regime of the background field dynamics is reached after
a finite number of efolds N, < N < 50 (cf. middle and right plot in Fig. 3.5). In
Fig. 4.1, we depict the evolution of comoving k-mode amplitudes together with the
resulting variance evolution for the case where the linear regime end at N, = N(T})
(top panel) and N > Ny, (bottom panel), respectively.

Generally, we observe that the variance evolution is initially dominated by its ther-
mal contribution (see Eq. (1.152)) (®?)1 ~ T?/12, which is rapidly decreasing due to
the cooling of the universe during the inflationary period. All super-horizon k-modes
maintain their oscillatory behaviour with a constant amplitude, which, when normalised
by the scale factor a(IN) o< exp(V), decrease linearily in the log-log representation. As
soon as the universe cools down to 7}, at which the tachyonic instability due to the
vanishing thermal potential barrier appears, the false vacuum becomes unstable and
vacuum fluctuations become (in fact more than) simultaneously exponentially amplified
with the same growth factor Fggwth (see Eq. (2.15)), which corresponds to the steep rise
of the k-mode amplitudes from N, onwards. This is also reflected in the steep increase
of the vacuum variance contribution, which then starts to take over the dominant role
in the total variance’s evolution. Note that the offset between the k-mode amplitudes is
given by their inverse proportionality w.r.t. k (cf. Egs. (1.67) and (1.68)), i.e., k-modes
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4.1. Mode Amplitude & Variance Evolution

with smaller comoving wavenumber &k (IR-modes) will have a larger initial amplitudes
than those with large comoving wavenumbers k& (UV-modes).
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Figure 4.1: Example of the evolution of the comoving k-modes’ amplitudes
luk(n)|/a(n) (left), and the resulting evolution of the dimensionless total variance
(®%)/H? (right) and its individual contributions for g5, = 1072 and mz = 10° Gev.
Top panel: A case where the linear regime ends already at the efold number Ny
associated to the tachyonic temperature Ti,. Note that the three lowest k-mode
amplitudes lie on top of each other, since they are simultaneously amplified with
the same growth rate. Bottom panel: Scenario in which the linear regime ends
at Ny > N, after the thermal potential barrier has vanished, giving the k-mode
amplitudes more time to experince tachyonic growth.
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In the first case where the linear regime ends already at N = NV}, we see that only
the comoving super-horizon k-modes with k < ki, become sufficiently amplified, while
sub-horizon k-modes with k > ki, remain oscillatory with a constant amplitude. In the
second case with N > Ny, the evolution continues for a fraction of an efold, meaning
that the curvature mass in the DEQ frequency has more time to become more negative
such that a couple of k-modes with k, < k < k¢ experience tachyonic growth as well.

Model Parameter Dependence of the Evolutions We may also study how the
k-mode amplitude and thus variance evolution change under a variation of the model
parameters gg, and mgy, which is shown for two exemplary parameter point sets in
Fig. 4.2. This will allows us to already learn a lot about where to find what magnitude
of the generated curvature perturbations and the resulting GW energy density spectra
in the tachyonic parameter subspace (cf. Fig. 2.3.1).

Generally, we would expect a model (g1, mz/) to generate variance evolutions more
and more similar to the left plot in Fig. 3.5 as we approach the |Amqcp|/H ~ 1 line
in Fig. 2.3.1. In particular, this means that an increase in my will subsequently flatten
out the variance evolution for N > N, due to an insufficient mode amplification (cf.
Eq. (2.15)), until it eventually leads to an extended inflationary scenarios featuring an
almost completely flat variance for Ny, < N < 50. For my > 10% GeV, a steady decrease
in gp;, should have the same effect since one then also approached the |[Amqcep|/H ~ 1
line. Both of these aspects can already clearly be seen in Fig. 4.2. Let us now summarize
the most important conclusions from our study in Fig 4.2 with the inclusion of the results
from Fig. 4.1:

Key Findings I

¢ The variation of my largely impacts the offset of the total variance, the efold

number Ny, the classical field value ¢(NVy,), and the tachonic growth rate Fgr%wth-

e Models with small my/-value start with a higher offset (due to a smaller
Hubble parameter H ~ m%,), have a small Np-value, a large growth factor
for tachyonic amplification (cf. Eq. (2.15)), and a small value for ¢¢(Ny).
Their total variances show a very steep rise after Ny, which corresponds
to a fast growth of the k-modes and a fast end of the linear regime where
the background field starts its ”classically rolling” phase. Due to the fast
dynamics in these specific cases, i.e., ¢'(n) becomes large, we expect the
curvature perturbation production to be suppressed since.

e Models with increasing my show a delayed tachyonic instability, i.e., an in-
crease in Ny, a smaller tachyonic growth factor, and larger values for @c(Np).
The variance curve becomes less and less steep after Ny due to a slower
tachyonic growth of the k-mode amplitudes. Due to the subsequent increase
in pc(Np), we will start encountering models (cf. red line in top plot in
Fig. 4.2) in which the linear regime ends only after N}, giving more k-modes
more time to experience tachyonic amplification, which therefore feature an
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4.1. Mode Amplitude & Variance Evolution

enhanced production of curvature perturbations. Note also that the maximal
super-horizon scale kpyax = k¢ also increases with Vy,. Followingly, these are
the scenarios in which we expect the largest curvature perturbations. The
physically sensible models are those where the maximum of their curvature
power spectrum does not reach unity, i.e., max(A¢(k,7q)) < 1. As we will
see in Sec. 4.2, the actual corresponding exclusion region will extend the one
found in [60] (cf. Fig. 2.3.1) to slightly smaller my/ -values. These excluded
models typically feature extended inflationary scenarios, where the variance
curve is almost completely flattened out after Ny, (see e.g., the orange line in
the top plot of Fig. 4.2). Physically, this means that the growing fluctuations
are unable still to small to sufficiently destabilize the background field from
the unstable false vacuum, and therefore cannot provide an exit out of the
inflationary period.

¢ The variation of gg, significantly impacts the classical field value . (Ny) and the

tachyonic growth rate FngSwtha and less dominantly the value of NVy,.

e Models with larger gg.-value show show an equivalent behaviour to the one
explained above with with smaller my/-values, namely a large tachyonic
growth factor and small value for ¢.(Np), and thus fast dynamics with a
quick end of the linear regime at small Ny,. Similarly, we expect a suppres-
sion of the curvature perturbation production for large gg,, at fixed my;.

e As gg, decreases, we find models with similar Ny-values, decreasing tachy-
onic growth factor and increasing value for ¢ (7}). Physically, the same
happens as if we were to increase the my/-value: the tachyonic growth of
the k-mode amplitudes is slowed subsequently until we begin finding models
with a delayed termination of the linear regime (see light solid and dash-
dotted purple lines in bottom plot of Fig. 4.2) and thus enhanced curvature
perturbation production. This time, however, the maximal scale kyax = kq
of the dimensionless curvature power spectrum is not significantly increased
since NV}, =~ const.. Note that this is due to the fact that a decrease in gg,
at fixed my-value equals approaching the m/H < 1 line in Fig. 2.3.1 or,
equivalently, the new magenta max(A¢(k,nq)) = 1 line in Fig. 4.5.

With this new knowledge at hand, we may now inspect the resulting scalar-induced
dimensionless curvature power spectra and study especially their peak amplitudes.
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Figure 4.2: Evolution of the dimensionless total variance (®?)/H? under variation
of the gauge boson mass my (top) and the gauge coupling gs;, (bottom). Addi-
tionally, we depict the tachyonic efold number Ny, = N(T},) (dash-dotted line), the
corresponding classical field value pq(Ny) (dot), and the efold N, number where
the linear regime ends (light solid line). The latter becomes larger than N, espe-
cially for increasing ¢gg.. The offsets between the curves in the top panel are due
to an increasing Hubble constant H with increasing my,. Moreover, we expected
the largest values for ¢ (Ny) for large myz and gg,.
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Lt Efold of tachyonic temperature N, = N(T3) .
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Figure 4.3: Parameter space plot showing the (interpolated) efold number Ny, as-
sociated to the tachyonic temperature T, at which the thermal potential barrier
melts. An increase in NV}, is mainly due to an increase in my; an increase in gg;,
has only little effect on N, in most of the non-excluded area of interest. The
magenta-coloured curve is a new exclusion bound due to unphysically large curva-
ture perturbations in Fig. 4.5, which extends the pre-existing m/H < 1 exclusion
line found in [60] (cf. Fig. 2.3.1) to smaller my-values.
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4.2 Curvature Power Spectrum A.(k, 1)

Generally, the expected shape of the scalar-induced curvature power spectra in our set-up
is estimated should strictly increase and peak at the maximal wavenumber scale kyax =
ko associated to the efold at which the linear regime has ended in the corresponding
model. Now as a next step, following our preceding discussion on the total variance’s
evolution, we will verify our therefrom derived expectations on the model parameter
dependence of the resulting scalar-induced dimensionless curvature perturbation spectra.
The latter is depicted for again two benchmark parameter point sets in Fig. 4.4. The
most important features are:

Key findings Ila

e As gg is decreased and my is increased, we approach the m/H < 1 line in
Fig. 2.3.1, such that we recover slower tachyonic growth of the k-mode amplitudes
as well as larger values for ¢q(Ny). As previously noted, we then expect the
production of curvature perturbations to be enhanced, and thus larger overall
values for the resulting dimensionless curvature power spectra. Naturally, we
recover this prediction in the top as well as the bottom plot in Fig. 4.4.

e Additionally, we saw from Figs. 4.2 and 4.1 that an increase in myz causes an
increase in Ny, and followingly in V.. This means that the maximal super-horizon
wavenumber scale kyax = ko is also increased. Since the smallest super-horizon
wavenumber is given by the Hubble parameter H o m%,, this results in an overall
shift of the curvature power spectrum towards larger comoving wavenumbers k,
or equivalently, a higher comoving frequencies f o k/27. This is particular can
be observed in the top plot in Fig. 4.4.

After this preliminary analysis, we performed a scan of the non-excluded part of
the tachyonic parameter subspace (cf. Eq. 2.14) and computed the corresponding peak
amplitudes of the curvature power spectra. This constitutes one of the main results of
this work and is showcased in Fig. 4.5. We summarize:

Key findings 11b

e As predicted, the largest curvature perturbations can be found upwards along the
m/H < 1 line from Fig. 2.3.1 for generally larger my,- and gg-values. Their peak
values range over roughly 20 orders of magnitude.

o In the left corner between the FOPT and decay exclusion regions from [60], we
find that curvature perturbations are clearly suppressed due to comparably fast
dynamics of the background field, leading to a quick end of the linear regime.
Followingly, we do not expect sizable amplitudes in the GW energy density spectra
generated by the models in this parameter space region. Note that the colouring
in this area appears a little irregular, which is most probably due to numerical
uncertainties or issues during the simulation of the k-mode amplitude evolutions.
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4.2. Curvature Power Spectrum A¢(k, 1)

e Note that the upper right corner of the unconstrained tachyonic parameter sub-
space between the FOPT and m/H < 1 exclusion region contains a higher abun-
dance of models in which the linear regime ends after NV,. Consequently, we
observe higher peak magnitudes in the curvature power spectra and also in the
GW energy density spectra.

e Additionally, we find that the actual physically excluded line with respect to un-
physically large curvature perturbations, i.e., max(A¢(k,nq1)) = 1, extends the
m/H < 1 region towards smaller my/-values whilst (approximately) preserving the
original shape. This is depicted as the magenta-coloured line in Figs. 4.1, 4.5, 4.8,
and 4.9.

Estimating the unphysical curvature power spectrum exclusion line with m/H = 1
is strictly only valid if one assumes a slow-roll scenario and imposes the super-
horizon expressions for the k-mode amplitudes. The latter are only valid way
outside the Hubble horizon. Since we however include their full solution from the
numerical evolution including the tachyonic amplification, this could be a potential
source of the deviation from the simpler analytic BD estimate. Moreover, the
thermal contribution featuring the Bose-Einstein distribution in Eq. (1.49) could
also add a contribution to the latter. Eventually, a more thorough investigation
regarding this is left for future work.

e In the area to the left and close to of the new magenta-coloured exclusion line,
we observe a ”sweet spot” band of intermediate peak values of the dimensionless
curvature power spectrum, ranging roughly from 107! to 10~!. This is the most
interesting parameter space region with regards to sizable and potentially probable
GW energy density spectra.

As we have now successfully analysed the most important features of the dimension-
less curvature power spectra and the most interesting areas in the tachyonic parameter
subspace of the B — L. model, we will continue with studying the resulting GW energy
density spectra.
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Figure 4.4: Scalar-induced dimensionless curvature power spectra Ac(k,nq) for
different gauge boson masses my (top) and gauge couplings gs;, (bottom). The
main takeaways are that decreasing gz, and increasing my leads to a larger peak
amplitude, and mostly the increase in my leads to a larger maximal physical cut-
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Figure 4.5: Parameter space plot showing the (interpolated) maximal amplitude
of the scalar-induced dimensionless curvature power spectrum A¢(7.1), where we
employed the excluded parameter space regions from [60] (cf. Fig. 2.3.1). To
the right of the magenta-coloured curve, we find models with unphysically large
curvature perturbation, i.e., max(A¢(na)) > 1. Note that the curve follows the
shape of the pre-existing exlusion line found in [60] (cf. Fig 2.3.1) and extends the
m/H < 1 exclusion region to slightly smaller my values.
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4.3 GW Energy Density Spectrum h*Q2(f)

As in the previous sections, we will start with a study of the resulting scalar-induced
GW energy density spectra’s model parameter dependence to the verification of our
predictions from Sec. 4.2. The correpsonding spectra are shown in Figs. 4.6 and 4.7.
Their general shape is directly related to the form of the curvature power spectra, which
are linearily increasing in log-log space and cut-off at the maximum wavenumber scale
ko that leaves the Hubble horizon at N, when the linear regime ends. Thus we expect
the GW energy density spectrum to peak at the corresponding redshifted frequency.
Shortly beyond the latter, around k ~ 2k;,.x due to momentum conservation, it should
fall off to zero.

Furthermore, we will now also asses the ability to probe the SGWBs from our special
set-up within the B — L model by comparing the computed GW peak amplitudes and
frequencies with the Power Law Integrated Sensitivity Curves (PLIs) of future GW ob-
servatories. More precisely, we will include experiments such as the Laser Interferometer
Space Antenna [8], the Big Bang Observer (BBO) [69], the Deci-Hertz Interferometer
Gravitational Wave Observatory (DECIGO) [70,71], the Einstein Telescope (ET) [72,73],
the Square Kilometer Array (SKA) [74], and pAres [75].

Let us first gather our conclusions obtained from the first part of the analysis in this
section:

Key findings IIla

e All GW energy density spectra look as predicted via the typical model parameters

scaling of the peak magnitudes and wavenumbers of the dimensionless curvature
power spectra in Sec. 4.2:
An increase in my and ggp, increases the GW peak amplitude by several orders of
magnitude. However, only an increase in my can enforce a shift of the GW peak
frequency towards higher frequencies within the millihertz regime. Note that the
small ripples shortly before the peak amplitude are most likely due to numerical
uncertainties and not of physical origin.

e As gp. and my are simultaneously increased, one ends up yet again at the upper
end of the new magenta-coloured exclusion line, where we have more cases of a
prolonged linear regime with enhanced tachyonic amplification. These scenarios
yield the highest visbility with regards to the included GW observatories, featuring
record peak amplitudes ranging roughly from max(h?Qgly) € [10719,1075] (cf.
Fig. 4.6 and the upper plot in Fig. 4.7).

e Models which feature a suppressed curvature perturbation production (see lower
plot in Fig. 4.7) consequently show a strongly suppressed GW energy density
spectrum that is out of reach of all included future GW experiments.

Following the philospophy of Sec. 4.2, we will now also conclude with a parameter
space scan with regards to the GW peak amplitudes and frequencies. These are depicted
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in Fig. 4.8 and Fig. 4.9, respectively.

Key findings 11Ib

e The peak frequencies of all calculated GW energy density spectra range between
10~* and 10~!, which makes them potentially probable with pAres, LISA, BBO,
and DECIGO. Note that the ”sweet spot” area as denoted in Sec. 4.2 is however
rather constrained to ffez\{( € [1073,2 x 1072].

e By comparing with the the overall GW peak amplitude distribution in Fig. 4.8,
we observe that the parameter points in the ”"sweet spot” paremeter space region,
which closely follow the new magenta-coloured exclusion line, should also be within
the reach of the aforementioned future GW experiments. The GW energy density
spectra’s visibility w.r.t. the latters increases with simultaneously increasing gg-
and my/-values.

e More explicitly, this means that the SGWBs from the linear regime of the QCD-
sourced tachyonic phase transition in the B — L model are in principle detectable
with a couple of future GW observatories!
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Figure 4.6: Scalar-induced GW energy density spectra h2Q2L, (f) for two bench-
mark gauge couplings g, = 1072 (top) and g, = 8 x 1072 (bottom) and varying
gauge boson mass my . Evidently, an increase in my increases the peak amplitude
and peak frequency of the GW energy density spectra, which is perfectly in line
with the results from the dimensionless curvature power spectra in Fig. 4.4. A
simultaneous increase in gg; shifts the peak frequencies even more towards the
millihertz region, which is e.g., the design frequency band for the LISA experi-
ment.
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Figure 4.7: Scalar-induced GW energy density spectra h2Q2L,(f) for two bench-
mark gauge boson masses my = 8 x 10°GeV (top) and myzy = 2.5 x 10° GeV
(bottom) and varying gauge coupling gs,. An increase in gy, increases the peak
amplitude while leaving the peak frequency constant, which related to the fact
that Ny, and thus N, is mostly determined by myz rather than gy, (cf. Fig. 4.1).
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Figure 4.8: Parameter space plot showing the (interpolated) peak amplitude of
the scalar-induced GW energy density spectrum h2Q2%,, where we employed the
excluded parameter space regions from [60] (cf. Fig. 2.3.1). To the right of the
pink curve, we find models with max(A¢ (7)) > 1, which we exclude since they
corresponds to extended inflation scenarios.
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Figure 4.9: Parameter space plot showing the (interpolated) peak frequency of
the scalar-induced GW energy density spectrum h2Q8%,(f), where we employed
the excluded parameter space regions from [60] (cf. Fig. 2.3.1). The ”sweet spot”
parameter space subset is located in the millihertz frequency band, which makes
the SGWBs potentially probable with pAres, LISA, BBO, and DECIGO in the

future.
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Chapter 5

Conclusion & Outlook

In this work, we have successfully explored the linear-regime dynamics of a supercooled,
QCD-sourced tachyonic phase transition in the Classically Conformal B — L SM exten-
sion. After a thorough initial code design and testing phase, we were finally able to
resolve the individual k-mode amplitude evolutions throughout the tachyonic instability
in the thermal inflation period. This enabled us to study the production of scalar-induced
curvature perturbations and the resulting GW energy density spectra associated with
SGBWs as a function of our two free model parameters: the gauge coupling gg;, and
the gauge boson mass my/. Whilst scanning the allowed tachyonic parameter subspace
(see Eq. (2.14)) defined by the preexisting exclusion regions from [60], we have found
that curvature perturbations and thus GWs are produced in sizable amounts along in
the "sweet spot” area close to the new magenta-coloured exclusion curve in Figs. 4.5
and 4.8, along which gg;, and myz subsequently increase. While both model parameters
can equally impact the peak amplitude of the GW energy density spectra, the corre-
sponding peak frequency is almost exclusively controlled by my/. The peak frequencies
of all calculated GW energy density spectra lie around the milliherzt band (cf. Fig. 4.9),
ie., f&g{ € [1074,107!], which makes the corresponding SGWBs likely detectable with
future GW observatories like pAres, LISA, BBO, and DECIGO. All models which lie
very close to the magenta-coloured exclusion line should also be within the reach of the
above mentioned experiments with respect to their peak GW amplitudes, which roughly
range from max(h?Q2%) € [10715,1075].

In the future, we would like to continue investigating this topic by complementing this
work by the following aspects:

I Accounting for post-inflationary, matter-dominated phase in parameter
space: As elaborated in Sec. (1.2.2), the expression we have used for the calcula-
tion of the present-day scalar-induced GW energy density spectrum (cf. Eq. (1.91))
is only valid in the case where our thermal inflation period is followed by a
radiation-dominated era (after instantaneous reheating). However, this might be
problematic for models which lie close decay constraint region in Fig. 2.3.1, since
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they exhibit additional short matter-dominated phases. Thus, more research is
needed in order to correctly account for the individual model’s cosmological path-
ways in the GW energy density spectrum.

Going beyond the linear regime of the scalar field’s background evolu-
tion: The approach we have followed in this work only captures scalar field’s dy-
namics until the onset of its ”classical rolling” phase. It would therefore be interest-
ing to extend the ability of the code to start simulating the background field EOM
(cf. (1.54)) together with the general Mukhanov-Sasaki equation (cf. Eq. (1.61))
from N, onwards for a little while. At some point, we will also need to take into
account the backreactions of the scalar fluctuations during the reheating period,
from which we would expect another SGWB contribution from the sub-horizon
k-modes via the generation of gradients in the scalar field’s energy density. The
latter would complement the GW energy density spectra obtained in this work at
even higher wavenumbers k or frequencies f. Note, however, that the calculation
of this reheating signal requires the simulations on a discretised spacetime lattice,
and is therefore left for future work.

Estimating the primordial black hole production in our set-up: Lastly,
it should be noted that the production of sizable curvature perturbations during
a thermal inflation period may also lead to the production of so-called primor-
dial black holes [34]. The latter constitute dark matter candidates in form of
macroscopic objects, whose properties are being continuously constrained by ob-
servational data [76,77]. Including these would give us another opportunity to
further constrain the B — L. parameter space.
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Appendix

A The Legendre-Fenchel Transformation

Since Legendre-Fenchel transforms play a crucial role in statistical physics and therefore
in equilibrium TQFT (see Secs. 1.3.1 and 1.3.4), we want to recap what effect it has on
a function and how it relates to the Hemlholtz and Gibbs free energies, for example.

4 Definition of a convex function:
A function f : C C R™ — is called convez, if for all z,y € C and « € [0,1] we

have: f(ax + (1 - a)y) < af(z) + (1 -a)f(y).

Pictorially, this means that any line connecting two points on the graph f(C') lies above
it. Analogously, a concave function fulfills the opposite relation with >.

¢ Definition of the Legendre-Fenchel transformation:
If f(z) : R — R is a function, the result of a Legendre-Fenchel transform (LFT)
of f is a new function with

(f(x))* = f(k) =sup [kz — f(z)] , k= [f(2). (1)
z€R
That means that with a LFT, we can find an expression of our original function
in terms of its derivative. This is possible since no information is lost during the
transformation operation. Note that the resulting function f(k) is then convex,
and also the latter’s LFT, i.e., (f(z))**, is also convex. The latter is therefore also
called the convex hull of f(x). This is visualised in Fig. 1.

From Fig. 1, we learn that if the function f is non-convex on a finite interval D =
[a, b], then its LET will have a corresponding non-analyticity/ discontinuous derivative at
the k-value equal to the slope of the tangent to the graph f([a, b]). This non-analyticity
then reflects in the second LFT, the convex hull of f(z), as a flattened graph in the
region where f(x) is non-convex. With this at hand, we may now make the analogy to
statistical physics and TQFT:

e The left function f(z) with the non-convexity can be interpreted as the constraint
quantum effective potential Ucon(p,T) = Veg(p,T), or the Landau free energy
density ¢g(6,T), for T' < Tc.. Followingly, we have = ¢ and k = J.
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A. The Legendre-Fenchel Transformation

e Their LFT, namely f(k), corresponds to the Helmholtz free energy density f(J,T),
whose derivative features a discontinuity at k. = J.. In TQFT language, this would
correspond to the Euclidean connected generating functional W[J,, T'.

e Lastly, the convex hull of f(x) can be associated to the Gibbs free energy density
gles, T], or its quantum analogue, the quantum effective potential U (g, T).

o We see that the quantum effective potential U(y) is the convex hull of the non-
convex constraint quantum effective potential Vg (i, T').

7 (@)

Figure 1: Visualisation of the effect of a Legendre-Fenchel transformation and its
subsequent application. Here, f(z) is our original function which is transformed,
the resulting object f*(k) is then a function of the derivative of f, i.e., k = f'(z).
Figure taken from [78].
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Chapter 5. Chapter

B Simulated model parameter points (my, ¢..)

For completion, we will lastly show all computed model parameter points in the tachyonic
parameter subspace. In total, we completed 281 simulations, which have been the basis
for the interpolated heatmaps in Figs. 4.1, 4.5, 4.8, and 4.9. The interpolations have been
calculated using the nearest method of the native griddata-function of Python’s com-
mon plotting package matplotlib [79]. Some numerically unstable but also physically
uninteresting points (in the yellowish region) have been removed to improve the accuracy
of the interpolation. In this discrete landscape, the new magenta-coloured exclusion line
has been calculated by finding the minimal my value at which max(A¢(k,7c1)) = 1 for
each computed ggp, line.

) Peak amplitude of the dimensionless CPS
10~
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9BL
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Figure 2: Overview of all simulated parameter points.
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