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The future is not what you’ve seen

It’s not where you’ve been to at all.
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A B S T R AC T

Gravitational waves may have been produced during the earliest stages of the cosmic evo-
lution, when the dominant energy component of the Universe was a hot plasma of charged
particles. As a consequence of the weakness of gravity, such primordial gravitational waves
free-stream through the cosmos, forming a stochastic gravitational wave background po-
tentially detectable by future observatories. Since the Standard Model of particle physics
does not predict a sizable abundance of cosmological gravitational waves, their detection
would provide a clear indication of new physics beyond the Standard Model.

In this thesis, we explore the gravitational wave phenomenology of various Standard
Model extensions. We begin by studying classically scale-invariant models, in which the
mass of the Higgs field is generated dynamically. These models introduce a substantial
period of supercooling into the cosmic thermal history. The exit from supercooling can
proceed via various mechanisms, each potentially giving rise to a stochastic gravitational
wave background. To this end, we investigate the modified dynamics of the quantum
chromodynamics and electroweak phase transitions in a supercooled Universe.

In the second part of this work, we focus on the dynamics of axions coupled to Abelian
gauge fields. These pseudoscalar fields were first introduced to solve the strong CP problem
and are promising dark matter candidates. Oscillating axions or axion-like particles can
trigger a tachyonic resonance in the equation of motion of a dark photon. This leads to an
exponential production of gauge quanta, sourcing gravitational waves. We delay the onset
of axion oscillations via trapped misalignment, which induces a period of supercooling
that significantly enhances the associated gravitational wave background. Furthermore,
this enables tachyonic production of Standard Model photons.

Finally, we study the impact of theoretical uncertainties on gravitational wave predic-
tions from first-order phase transitions. We construct the thermal effective potential of the
gauge-singlet extended Standard Model, which allows for a first-order electroweak phase
transition, employing both conventional one-loop methods and state-of-the-art thermal ef-
fective field theory up to next-to-leading order. We perform parameter scans and compare
the observable regions of parameter space between the different approaches. By recon-
structing the underlying model parameters from a benchmark gravitational wave signal
at the future Laser Interferometer Space Antenna, we show that theoretical uncertainties
exceed experimental ones—even for signals just above the detection threshold.
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S U M M A RY

The first direct detection of gravitational waves from two merging black holes by the
LIGO/Virgo collaboration [10] has not only provided yet another experimental confirma-
tion of Einstein’s theory of General Relativity [11, 12], but may also open a new window
into the early Universe, shortly after the Big Bang. These ripples in the fabric of spacetime
are produced in sizable amounts only by the most violent events in the cosmos and barely
interact with matter—yet they may hold the key to answering some of the most pressing
questions in fundamental physics.

Today’s Universe is largely empty, dominated by a currently unknown form of vacuum
energy—the cosmological constant—that drives the accelerated expansion of space. Ex-
trapolating the cosmic history back to the first moments after the Big Bang, we arrive at
a vastly hotter and denser state, where the energy density was dominated by a plasma of
relativistic particles [13]. Despite its significance, little is known about this early epoch of
the cosmic evolution. However, measurements of the cosmic microwave background [14],
emitted approximately 380,000 years after the Big Bang, along with observations of the
abundances of light elements, have shed some light on the state of the Universe up to
MeV-scale temperatures [15].

Before the decoupling of the cosmic microwave background radiation, the Universe was
opaque to electromagnetic radiation. This surface of last scattering hence sets a natu-
ral limit on the timescales accessible to conventional astronomical observations. To this
end, gravitational waves may be crucial to extending our understanding of the primor-
dial Universe. Interacting only weakly with its surroundings and thus decoupling at very
high temperature close to the Planck scale [16, 17], gravitational waves propagate almost
undisturbed through the hot thermal bath. Therefore, if the early Universe underwent a
violent process associated with the emergence of large anisotropies, a primordial stochastic
gravitational wave background would have been generated [18], potentially detectable by
future gravitational wave observatories.

The dynamics of the primordial plasma is dictated by the Standard Model of particle
physics, comprising all fundamental particles and their interactions. The Standard Model
features various symmetry breaking mechanisms. Most notably, at a temperature of Tew ∼
O(100 GeV), electroweak symmetry breaking occurs. That is, the Higgs field acquires a
vacuum expectation value, generating the masses of the weak gauge bosons, quarks, and
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charged leptons. Around the QCD temperature TQCD ∼ O(100 MeV), the approximate
chiral symmetry of the strong interactions is broken via the formation of quark condensates.
This marks the transition of the early Universe from the quark phase to the hadronic phase,
where the fundamental degrees of freedom are bound states, i.e., mesons and baryons.
Intriguingly, both the electroweak and QCD transitions are crossovers in the Standard
Model [19, 20], therefore not associated with a sizable gravitational wave background.

Despite having passed all experimental tests with remarkable precision, there is ample
motivation that the Standard Model is not the ultimate theory. Apart from lacking a
quantum theory of gravity, the Standard Model cannot explain, e.g., the masses of neu-
trinos [21] or the origin of dark matter [22]. Furthermore, the Standard Model does not
provide a baryogenesis mechanism [23], responsible for generating the asymmetry of matter
over antimatter in the Universe. This naturally raises the necessity of new physics beyond
the Standard Model. Although laboratory experiments have set bounds on the properties
of Standard Model extensions, new physics searches are limited by, for instance, feasible
center-of-mass energies of Earth-based colliders. Given the large energies present in the
primordial Universe, gravitational wave observations open a new window to high-energy
physics. The detection of a cosmological gravitational wave background would therefore
not only shine light on the cosmic evolution, but would also constitute evidence for physics
beyond the Standard Model.

Recently, pulsar timing array collaborations have published strong evidence for the ex-
istence of a stochastic gravitational wave background in the nHz frequency band [24–33].
The favored sources are mergers of supermassive black hole binaries, which currently can-
not be resolved independently. However, a primordial source has not been excluded to
date [34], with possible sources including first-order phase transitions, cosmic strings, or
scalar-induced gravitational waves. This underscores the remarkable potential of the still
emerging field of gravitational wave cosmology. Furthermore, a multitude of future obser-
vatories are planned; recently, the space-based Laser Interferometer Space Antenna [35–37]
was approved, starting its mission of detecting gravitational waves in the mHz regime in
the 2030s. In the same time frame, the Earth-based Einstein Telescope [38–40], sensitive
to the O(Hz − kHz) region, aims to commence its operations. Given these exciting experi-
mental developments, it is a timely and crucial endeavor to advance theoretical predictions
of the primordial gravitational wave background.

In this thesis, we will delve into beyond the Standard Model physics and the potential
of probing new physics via primordial gravitational waves. This work is divided in three
parts, each exploring a different Standard Model extension, unified by their implications
for gravitational wave phenomenology. We contribute both to the development of new
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mechanisms that yield novel gravitational wave signatures and to the advancement of
existing theoretical predictions, paving the way for robust gravitational wave templates
that aid future data analyses.

First, we introduce the state of the art in modern high-energy physics in a concise
yet pedagogical manner in part i. This includes the fields and interactions contained in
the Standard Model of particle physics. Furthermore, we describe the cosmic evolution
as predicted by the cosmological principle and the theory of General Relativity. We high-
light open problems within the standard paradigm and discuss possible resolutions. The
general features of a stochastic gravitational wave background are outlined, along with
the necessary conditions for its generation. To illustrate the deep connection between par-
ticle physics and primordial gravitational waves, we examine in detail the dynamics of
cosmological first-order phase transitions.

The first main part of this thesis, part ii, centers on modifications of the electroweak
sector. Specifically, we study classically scale-invariant Standard Model extensions. These
are characterized by a lack of mass terms at tree-level. Therefore, the negative Standard
Model Higgs mass term −µ2, responsible for electroweak symmetry breaking, is replaced
by a portal coupling to a new scalar field φ. This scalar is charged under an additional
gauge symmetry, which is spontaneously broken via the Coleman–Weinberg mechanism,
that is, by radiative corrections to the tree-level potential. As φ acquires a vacuum expec-
tation value, the electroweak symmetry is broken dynamically; the negative Higgs mass
emerges via the portal coupling to the new sector. To this end, we largely focus on the
U(1)B-L extension of the Standard Model [41], where the global “baryon – lepton number”
symmetry is gauged. This theory contains three right-handed neutrinos, which, in addition
to explaining the neutrino masses via the Seesaw mechanism [42], can constitute dark mat-
ter [43], and provide the necessary conditions for the generation of the baryon asymmetry
via leptogenesis [44]. Hence, classically scale-invariant models exhibit rich phenomenology
while relying on only a few input parameters, making them highly predictive.

Intriguingly, classically scale-invariant Standard Model extensions modify the thermal
history of the primordial Universe. Scalar fields interacting with a thermal bath receive
temperature-dependent mass corrections that restore gauge symmetries at high tempera-
tures. Then, the thermal effective potential only possesses a minimum at the origin. As
the Universe cools and a finite vacuum expectation forms, the scalar field transitions to
the true vacuum state. In the absence of a negative tree-level mass term, however, a bar-
rier is generated that separates the false from the true vacuum. The scalar field must
overcome this barrier; that is, the theory undergoes a first-order phase transition. Intrigu-
ingly, the barrier persists at very small temperatures, delaying both the breaking of the
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U(1)B-L and electroweak symmetry. If the phase transition is sufficiently supercooled, the
false vacuum energy of the new scalar field eventually becomes comparable to the energy
density of the thermal bath. Then, the Universe enters an intermediate period of ther-
mal inflation which ends with the symmetry-breaking phase transition. First-order phase
transitions proceed via the nucleation and percolation of true vacuum bubbles. The in-
teractions of such bubbles with each other and with the thermal bath introduces large
anisotropies, hence gravitational waves. Due to the substantial amount of supercooling,
classically scale-invariant models generate particularly strong gravitational wave signals.

In chapter 6, we consider the possibility of a QCD-induced exit from supercooling. Classi-
cally scale-invariant models always feature a parameter space where electroweak symmetry
breaking is delayed to the QCD scale. As a consequence, all Standard Model quarks re-
main massless during QCD chiral symmetry breaking. This allows for the possibility of a
first-order quark–hadron transition [45]. The formation of quark condensates breaks clas-
sical scale invariance and induces a vacuum expectation value for the Higgs field [46]. This
can trigger the conformal phase transition via the Higgs portal. While the latent heat is
then dictated by the conformal sector, the timescale of the transition is determined by the
nucleation rate of hadronic bubbles. To study the resulting gravitational wave background,
we employ low-energy effective QCD models that predict a first-order phase transition in
the chiral limit. We compute the phase transition dynamics in a supercooled Universe
dominated by a classically scale-invariant sector. Intriguingly, we find that the transition
timescale crucially depends on the background evolution, i.e., the Hubble parameter dur-
ing thermal inflation. If the energy scale of new physics is large, the timescale of the QCD
transition is extended. This implies a larger characteristic bubble size at collision, and
therefore, an enhanced gravitational wave amplitude. Hence, we find excellent observa-
tional prospects at future observatories such as the Einstein Telescope. Furthermore, this
mechanism provides a way to enhance gravitational wave backgrounds from more exotic
strongly-coupled sectors, which are typically associated with small amplitudes due to their
fast transition timescales.

Based on these results, we develop a novel gravitational wave production mechanism
in classically scale-invariant models in chapter 7. Employing the U(1)B-L model, we show
that if the gauge coupling in the new sector is small, gB-L ≲ O(10−2 − 10−1), one en-
ters a regime of extreme supercooling where bubble percolation cannot drive the phase
transition. Instead, the symmetry-breaking scalar field rolls towards the true minimum as
the thermal barrier is canceled by QCD-induced effects. Then, φ crosses a region of the
effective potential where its mass squared is negative. This signals a tachyonic instabil-
ity, where long-wavelength fluctuations become unstable and grow exponentially; we call

x



this scenario a tachyonic phase transition. Such dynamics are known from tachyonic pre-
heating models after cosmic inflation [47, 48]. The explosive amplification of fluctuations
induces large-scale anisotropies in the energy–momentum tensor of the Universe, generat-
ing a stochastic gravitational wave background. Using previous results from lattice studies
of tachyonic preheating, we estimate the peak frequency and amplitude of the resulting
gravitational wave signal, and assess its observational prospects at future observatories.
This predicts a unique signature and opens up previously unexplored parameter spaces
within classically scale-invariant Standard model extensions.

In part iii, we study the dynamics of axions and axion-like particles in the early Uni-
verse. These pseudoscalar fields were initially introduced to solve the strong CP problem,
associated with the absence of CP violation in QCD [49–52]. In addition, axion-like parti-
cles are promising dark matter candidates, as their coupling to Standard Model fields is
naturally suppressed by a large energy scale fϕ. This energy scale is associated with the
spontaneous breaking of the global U(1)PQ Peccei–Quinn symmetry, from which the axion
emerges as a pseudo-Nambu–Goldstone boson. However, the suppressed coupling makes
the detection of axions and axion-like particles extremely challenging. Therefore, it is cru-
cial to develop mechanisms that allow for detection without relying on large couplings to
the visible sector.

One such example is the audible axion mechanism [53], in which axion-like particles
couple to a dark Abelian gauge field. Interestingly, the motion of the axion-like particle
triggers a tachyonic instability in the equation of motion of the dark photon. This leads to
a copious production of vector modes in a specific momentum band. Again, this induces
anisotropies in the stress–energy tensor, sourcing stochastic gravitational waves. Due to
the CP-violating nature of the axion-dark photon coupling, the resulting signal is chiral,
providing a smoking-gun signature at future observatories.

The original audible axion mechanism exhibits two shortcomings. First, tachyonic dark
photon production is only efficient for very large axion-dark photon couplings α ≳ 20.
Second, only large axion decay constants close to the Planck scale yield sizable signals.
This severely limits the accessible parameter space. Inspired by part ii, we study the pos-
sibility of an axion-driven period of supercooling in the early Universe. This is achieved
via additional, U(1)PQ-breaking operators at high energy scales, trapping the axion ini-
tially and delaying the onset of its oscillations [54]. We derive bounds on this scenario and
identify the cosmologically viable parameter space. We show that supercooled axions sig-
nificantly enhance the resulting gravitational wave amplitude, opening up the parameter
space probed via gravitational wave observations. In addition, this reduces the required
coupling to α ∼ 1. Furthermore, we demonstrate that the supercooled audible axion sce-
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nario allows for tachyonic production of Standard Model photons from the thermal bath.
As a consequence, the mechanism is simplified, as it does not rely on the existence of a
dark photon. To this end, we identify two distinct parameter regions at low and ultra-high
frequencies that may feature sizable signals.

In the last main part, part iv, we examine the robustness of gravitational wave predic-
tions from first-order phase transitions. In general, the computation of the phase transition
dynamics is a delicate task, involving a multitude of physical scales and sources of uncer-
tainty; we focus on the construction of the thermal effective potential. This is one of the
most sensitive parts of the computation, as thermal quantum field theory suffers from
slow convergence in the infrared [55]. To extend the regime in which the perturbative
treatment is valid, thermal resummations of heavy plasma modes are required. Conse-
quently, uncertainties in the effective potential propagate through the computation of the
bubble dynamics and affect the final gravitational wave prediction. In some cases, incom-
plete resummation was shown to induce order-of-magnitude deviations in the resulting
spectrum [56].

We extend the Standard Model by a real, gauge-singlet scalar field. If this new degree
of freedom is sufficiently light, the electroweak phase transition is rendered first-order in
certain parts of the parameter space. We study the robustness of this parameter space
using different computational techniques, including both conventional, one-loop resumma-
tion and state-of-the-art thermal effective field theory up to two-loop order. We show that
while one-loop results for single parameter points carry large uncertainties, the overall
parameter space that features a strong first-order phase transition is more robust. Con-
versely, only the two-loop methods predict large parameter spaces that remain consistent
under a variation of the renormalization group scale. Lastly, we reconstruct the underlying
model parameters via Fisher matrix analyses using a benchmark signal at the future Laser
Interferometer Space Antenna given the different approximations of the effective poten-
tial. Intriguingly, although the absolute deviation of the reconstructed parameters is small
between the different approaches, the one-loop results are not compatible within their
confidence levels; only the two-loop methods yield consistent parameter reconstructions.
This implies that theoretical inconsistencies from incomplete resummation dominate over
experimental uncertainties. This holds already for signals that barely exceed the detection
threshold, highlighting the need for two-loop resummation and providing an important
step forward in inferring the underlying microphysics from gravitational wave signals.
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Part I

P RO L O G U E



1

I N T RO D U C T I O N

The 20th century witnessed the emergence of two revolutionary physical theories that
reshaped our understanding of the Universe: General Relativity (GR) and the Standard
Model (SM) of particle physics. The SM describes nature at its smallest scales, comprising
the fundamental particles and their interactions. Its last missing piece—the Higgs boson, re-
sponsible for the generation of masses via spontaneous symmetry breaking—was detected
in 2012 [57, 58], more than 40 years after it was first predicted [59–64]. Despite its re-
markable experimental success, the existence of physics beyond the SM (BSM) is strongly
motivated by, for instance, the lack of a quantum theory of gravity and the unexplained
origin of neutrino masses [21].

Einstein’s theory of GR is the mathematical framework that describes nature at its
largest scales, capturing the interplay between the energy content of the Universe and the
curvature of spacetime. Predicted in 1915, GR has been experimentally confirmed numer-
ous times—most notably by the first direct detection of gravitational waves (GWs) [11,
12] from merging black holes by the LIGO/Virgo collaboration [10]. GWs are periodic
perturbations of spacetime that propagate at the speed of light. As a consequence of the
weakness of gravity, they are generated only by the most violent events in the cosmos.
Intriguingly, in spite of the small coupling strength between GWs and matter, they may
hold the key to the next fundamental breakthroughs in particle physics.

In addition to GWs from astrophysical systems such as black holes and neutron star bi-
naries [65], GWs might have been produced in the earliest moments after the Big Bang. In
this epoch, the Universe was significantly hotter and denser than today, with the dominant
energy component being a plasma of charged particles. Remarkably, observations of the
cosmic microwave background (CMB) [14] and measurements of element abundances allow
us to reconstruct the cosmic history to the era of Big Bang Nucleosynthesis (BBN) [15];
this corresponds to the first formation of light elements at MeV-scale temperatures. These
observations guided the development of the currently favored model of the evolution of
the Universe: the Lambda Cold Dark Matter (ΛCDM) model. This model postulates the
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introduction

existence of dark energy, driving the accelerated expansion of the Universe, and dark
matter (DM), constituting a form of matter neither explained by GR nor by the SM.
Furthermore, today’s Universe shows an asymmetry of matter over antimatter. The cos-
mic history of the SM in the ΛCDM model, however, lacks a baryogenesis mechanism to
generate this asymmetry.

In particular, generating the matter-antimatter asymmetry requires an out-of-equilibrium
phenomenon in the early Universe [23], such as a first-order phase transition (FOPT).
Analogously to the phase transition (PT) of water when brought to a boil, the primor-
dial plasma might have changed its ground state through the nucleation of bubbles. If
these bubbles carried a large fraction of the total energy density of the Universe and grew
sufficiently large compared to the Hubble horizon, large anisotropies would have been gen-
erated. This inevitably leads to the emission of GWs, which propagate almost undisturbed
to the present day. Such a signal would manifest as a cosmological stochastic GW back-
ground (SGWB)—a diffuse, persistent background of gravitational radiation rather than
a transient signal.

The SM of particle physics features two symmetry-breaking mechanisms: electroweak
symmetry breaking (EWSB) and chiral symmetry breaking (χSB) of quantum chromody-
namics (QCD). While the former is responsible for giving fundamental particles their
mass, the latter is associated with quarks confining to bound states, i.e., hadrons. Notably,
both phenomena are realized as smooth crossovers [19, 20] which do not generate GWs.
The detection of a primordial SGWB would therefore constitute evidence for BSM physics.
This establishes a remarkable connection between the microphysics governing fundamental
particles and the macrophysics of the Universe as a whole.

The emerging field of GW cosmology has already made an exciting step forward when
various pulsar timing array (PTA) collaborations published strong evidence for a SGWB in
the nHz frequency band [24–33]. While the favored explanation are unresolved supermas-
sive black hole mergers, a primordial origin of the signal has not been excluded to date [34].
Furthermore, new observatories will start their mission in the foreseeable future. This in-
cludes, for instance, the space-based Laser Interferometer Space Antenna (LISA) [35–37]
sensitive to the mHz band, and the Earth-based Einstein Telescope (ET) [38–40], detecting
GWs at O(10 Hz) frequencies. The broad frequency range covered by future experiments
will enable testing new physics across energy scales spanning many orders of magnitude.
Therefore, it is crucial to improve the precision of existing theoretical predictions and
develop novel mechanisms that give rise to primordial GWs.

In this thesis, we will explore various BSM mechanisms that predict the existence of
a SGWB. In the following chapters, we first give a concise introduction to the theoreti-

3



1.1 notation

cal background, covering the foundations of modern high-energy physics and SGWBs. In
part ii, we will investigate the cosmological implications of classically scale-invariant (CSI)
SM extensions. These models are designed to dynamically generate EWSB. We will demon-
strate that such theories significantly modify the thermal history of the Universe by a
period of supercooling, therefore establish an intriguing connection between QCD and
electroweak physics, and generate GW signals in the reach of future observatories. Part iii
centers on axion-like particles (ALPs). These hypothetical, pseudoscalar particles represent
promising DM candidates. Specifically, we will study the early Universe phenomenology
of ALPs coupled to (dark) photons, which provide a mechanism for the production of DM
along with a smoking-gun GW signature. Lastly, we will closely examine the robustness
of GW predictions from FOPTs in part iv. By analyzing the dynamics of the electroweak
PT (EWPT) under the influence of an additional gauge-singlet scalar field in increasing
levels of computational diligence, we show that theoretical uncertainties dominate over ex-
perimental ones at the future LISA observatory. This highlights the necessity of employing
robust theoretical frameworks and constitutes an important step forward regarding new
physics searches via GWs. Finally, we summarize and conclude this thesis in part v.

1 . 1 notation

Throughout this thesis, we employ natural units where ℏ = c = 1. Greek letters corre-
spond to spacetime indices, µ ∈ {0, 1, 2, 3}. Three-vectors are written as bold symbols (x),
with latin indices indicating the respective components (xi). Einstein’s sum convention,∑

µ AµBµ = AµBµ, and the Dirac slash notation, /k = kµγµ, are used. The Minkowski
metric reads ηµν = diag(1, −1, −1, −1). Partial derivatives with respect to a variable x

are expressed as ∂x. Spacetime derivative then read ∂µ = ∂
∂xµ = (∂t, ∂i). We employ the

reduced Planck mass MPl = (8πG)− 1
2 , where G is the gravitational constant.
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C U R R E N T U N D E R S TA N D I N G O F T H E U N I V E R S E

The foundation of modern high energy physics consists of two theories: the SM of Particle
Physics, which captures the microscopic interactions of fundamental particles, and the
ΛCDM model, which describes the cosmological evolution on large scales. In the following,
we first introduce the particle content of the SM and its symmetry breaking mechanisms.
Thereafter, we outline the current paradigm of the cosmic evolution, focusing on the
primordial Universe shortly after the Big Bang. Subsequently, we discuss various open
puzzles, highlighting the close connection between particle physics and cosmology.

2 . 1 standard model of particle physics

The SM of Particle Physics is a quantum field theory (QFT) which comprises all known
elementary particles and their interactions. Developed in the 20th century [66–70], the
SM was completed in 2012 [57, 58] with the discovery of the final predicted fundamen-
tal particle—the Higgs boson. Since then, the SM has passed all experimental tests with
remarkable consistency. The agreement between theoretical predictions and experimental
observations is unprecedented, making the SM the most precise scientific theory in his-
tory [71]. However, it is important to note that the SM cannot be the ultimate theory as
it lacks, for instance, a quantum description of gravity and an explanation for neutrino
masses [21].

particle content. The SM is based on gauge symmetries that dictate the inter-
actions between quantum fields. The total gauge group is

SU(3)c × SU(2)L × U(1)Y , (2.1)

where SU(2)L × U(1)Y corresponds to the electroweak sector [67–69], while SU(3)c de-
scribes the strong interactions, i.e., QCD [72–76]. The matter fields in the SM come in
three generations and are of fermionic nature. That is, spin–1/2 particles, where one distin-
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2.1 standard model of particle physics

Name Field SU(3)c SU(2)L U(1)Y

Quarks qi
L 3 2 + 1

6

ui
R 3 1 + 2

3

di
R 3 1 −1

3

Leptons liL 1 2 −1
2

ei
L 1 1 −1

Gluons G 8 1 0
Electroweak gauge bosons W 1 3 0

B 1 1 0

Higgs H 1 2 1
2

Table 2.1: Particle content of the SM. For each field, we indicate the corresponding charges under
the respective gauge groups. The index i ∈ {1, 2, 3} denotes the fermion generations, while the
subscripts L and R indicate left- and right-handed chiralities.

guishes between quarks and leptons. Quarks are divided into up-type (up u, charm c, top t)
and down-type (down d, strange s, bottom b) fields, which differ in their electromagnetic
charge. Leptonic fields are the electron e, muon µ, tau-lepton τ , and the corresponding
neutrinos (νe, νµ, ντ ). The respective forces are mediated by spin–1 fields: the electroweak
W and B gauge bosons, and the gluons of QCD. Furthermore, the SM contains the scalar,
hence spin–0, Higgs field.

The dynamics are derived from the Lagrangian density, commonly referred to as the
Lagrangian, which may be classified into three building blocks,

LSM = Lkin + LYuk + LHiggs . (2.2)

Here, Lkin corresponds the kinetic part, containing the dynamics of the fields and all gauge-
mediated interactions. The Yukawa interactions between the matter fields and the Higgs
boson are described by LYuk, while LHiggs comprises the Higgs potential.

An overview of the fundamental fields with their respective charges is given in table 2.1.
The subscript L (R) denotes left-handed (right-handed) fields. Left-handed fermions are
doublets under SU(2)L, while the right-handed counterparts are singlets. That is, the
weak interaction is maximally parity violating. Therefore, bare mass terms involving left-
and right-handed fermions are forbidden as they would break gauge invariance. Quarks
carry color charges, hence transform as triplets under SU(3)c, while leptons are singlets.
Furthermore, we see that gluons form an octet under SU(3)c, i.e., they are self-interacting.
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2.1 standard model of particle physics

The same is true for the W boson, which transforms as a triplet under the weak gauge
group. The Higgs field does not carry color charge, however, couples to the electroweak
sector and is responsible for mass generation.

electroweak symmetry breaking. In the SM, the electroweak symmetry is
spontaneously broken down to

SU(2)L × U(1)Y → U(1)EM (2.3)

via the Higgs mechanism [59–64]. Here, U(1)EM denotes the unbroken gauge group of
quantum electrodynamics (QED) [77–81]. To see this, let us consider the Higgs potential
in eq. (2.2)

V (H) = −µ2H†H + λ(H†H)2 , (2.4)

where the mass term µ2 > 0, λ is the quartic self-interaction strength, and the Higgs
doublet is given by

H =

 G±

1√
2 (v + h + iG0)

 . (2.5)

The physical Higgs field is denoted by h, v corresponds to a classical background field, and
G±/G0 are the Goldstone modes. By minimizing the Higgs potential along the real axis,
we find that the negative mass term induces a finite vacuum expectation value (vev) [71]

v0 =

√
µ2

λ
≈ 246 GeV . (2.6)

Expanding around this ground state of the theory yields mass terms for the electroweak
gauge bosons via the covariant derivatives, spontaneously breaking the electroweak sym-
metry. This leads to the emergence of W ± mass eigenstates, which are linear combinations
of W1 and W2. The electrically neutral Z gauge boson forms as a superposition of W3 and
B0. To this end, the Goldstone modes provide the longitudinal degrees of freedom. In addi-
tion, the massless photon remains as a second linear combination of W3 and B0, mediating
electromagnetic interactions. The Higgs mechanism also generates fermion masses via the
Yukawa couplings in eq. (2.2). However, note that this does not account for neutrino
masses, as the SM lacks a right-handed neutrino component.

What is crucial for this work is that the SM does not exhibit a PT. That is, EWSB
occurs via a smooth crossover at Tc ≈ 160 GeV [82] for the observed Higgs mass of mh ≈
125 GeV [19].
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2.1 standard model of particle physics

qcd chiral symmetry breaking. In QFTs, the couplings that parametrize the
strength of a given interaction are not constant, but run with the energy scale µ; this
behavior is captured by the β–functions. The β–function of a QCD-like, non-Abelian
gauge theory with Nc colors and Nf flavors is given by [83]

dgs

d ln µ
= β(gs) = − g3

s

(4π)2

(11
3 Nc − 2

3Nf

)
QCD
= −7 g3

s

(4π)2 , (2.7)

where gs is the gauge coupling and we have specialized to QCD with Nc = 3 and Nf = 6
in the last step. The negative sign implies a decreasing coupling strength in the ultravio-
let (UV), leading to the phenomenon of asymptotic freedom [76]. That is, quarks and gluons
behave as free fields at sufficiently large energy scales, i.e., short distances. Conversely, gs

becomes large in the infrared (IR) below ΛQCD ∼ O(100 MeV), inducing color confinement
at large distances [84, 85]. This implies the confinement of quarks into color-neutral bound
states, called hadrons.

The QCD Lagrangian reads

LQCD =
∑

f

q̄f (i /D − mf ) qf − 1
4Ga

µνGµν
a , (2.8)

where Gµν is the gluonic field strength tensor, a runs over the generators of SU(3)c, /D =

γµDµ with γ being the Dirac matrices, and f denotes the quark flavor. The quark mass
mf is set via the Yukawa couplings to the Higgs field. Since the masses of the light u,
d, and s quarks are well below the confinement scale, the Lagrangian (2.8) possesses an
approximate, global

SU(3)L × SU(3)R (2.9)

symmetry. This is known as the chiral symmetry of QCD, where the generators of SU(3)L

and SU(3)R act on the left- and right-handed quark field components, respectively. Mass
terms that couple left- and right-handed fields ∼ mq q̄LqR break this symmetry explicitly.
In the hadronic phase spontaneous χSB occurs,

SU(3)L × SU(3)R → SU(3)V , (2.10)

through the formation of chiral condensates ⟨q̄q⟩ = ⟨q̄LqR + q̄RqL⟩. The remaining symmetry
corresponds to SU(3)V vector transformations that treat left- and right-handed fields in
the same way. As the chiral symmetry is not exact, the resulting pseudo-Nambu–Goldstone
bosons are massive [86, 87]. These manifest as an octet of light pseudoscalar mesons: pions,
kaons, and the η-meson.

Lattice studies indicate that the chiral transition is a crossover near Tc ≈ 155 MeV for
physical quark masses [20, 88]. Therefore, the SM does not feature any FOPTs.
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2.2 cosmic evolution

2 . 2 cosmic evolution

While the SM captures the microphysics of the Universe, its behavior on large scales is
described by Einstein’s theory of GR. The corresponding field equations read

M2
Pl

(
Rµν − 1

2Rgµν

)
= Tµν , (2.11)

where gµν is the metric tensor. The gravitational constant is contained in the reduced
Planck mass MPl = (8πG)− 1

2 ≃ 2.435 × 1018 GeV. Spacetime curvature is encoded on
the left-hand side, where R = gµνRµν is the Ricci scalar with Rµν = ∂λΓλ

µν − ∂νΓλ
µλ +

Γλ
λρΓρ

µν − Γρ
µλΓλ

νρ being the Ricci tensor. The Christoffel symbols Γλ
µν describe the metric

connection and are functions of gµν and its derivatives; hence, they are directly tied to
the geometry of the Universe. The right-hand side of eq. (2.11) is the stress–energy tensor,
which contains the energy and momentum of the cosmic fluids. This reveals the direct
connection between spacetime curvature and the matter content of the Universe.

In the following, we will first introduce the metric that describes the Universe on its
largest scales. By solving the Einstein equations, we then obtain the scaling laws for the
different energy components in the Universe. Based on this theoretical background, we
introduce the ΛCDM model, also called the Standard Model of Cosmology. Finally, we
outline the thermal history of the primordial Universe. To this end, we largely follow
refs. [89, 90].

friedmann-lemaître-robertson-walker universe. Observations of the
CMB [14] strongly suggest that the Universe is isotropic on its largest scales. The cos-
mological principle states that Earth is not a special point in the cosmos. Under this
assumption, we may conclude that the Universe is isotropic at every point, and hence ho-
mogeneous. This implies that the Universe does not have a preferred position or direction;
accordingly, the spacetime metric must share these properties.

It is important to note that homogeneity and isotropy merely apply to the spatial part of
the Universe, as the time component is dynamical. The most general metric that respects
these symmetries was found in the 1920s, and is nowadays known as the Friedmann–
Lemaître–Robertson–Walker (FLRW) metric,

ds2 = dt2 − a(t)2
[

dr2

1 − κr2 + r2dΩ2
]
= a(τ )2

[
dτ2 − dr2

1 − κr2 − r2dΩ2
]

, (2.12)
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2.2 cosmic evolution

where the angular part dΩ2 = r2(dϑ2 + sin2 ϑdφ2). The scale factor a(t) parametrizes the
expansion of the Universe and is taken to be dimensionless. Then, r has the dimension of
length. To arrive at the second expression, we have introduced conformal time

dτ =
dt

a
. (2.13)

The parameter κ controls the overall geometry of the Universe, with κ ∈ {−1, 0, 1} cor-
responding to negative, zero, and positive intrinsic curvature, respectively. Measurements
indicate a flat Universe [14], therefore we set κ = 0 henceforth.

The matter content in a homogeneous and isotropic Universe, hence the source term
of eq. (2.11) is described by a perfect fluid. That is, the energy–momentum tensor is
parametrized merely in terms of energy density ρ and pressure p,

Tµν = diag (ρ, −p, −p, −p) , with p = wρ , (2.14)

where the proportionality constant w determines the equation of state of the respective
component.

To obtain the Friedmann equations that govern the expansion dynamics of the Universe,
we insert eqs. (2.12) and (2.14) into the Einstein equations. This yields

H ≡ ȧ

a
=

√
ρ

3M2
Pl

, (2.15)

ä

a
= − 1

6M2
Pl
(ρ + 3p) . (2.16)

The first expression defines the Hubble parameter H, i.e., the expansion rate of the Uni-
verse, which is directly linked to the energy density of the Universe. The present value
of H0 ≈ 67 km/Mpc/s [14] as measured from the CMB is dubbed the Hubble constant.1

Consequently, the total energy density today reads ρtot = 3H2
0 M2

Pl. The second equation
determines the acceleration of the expansion rate. Fluids with w > −1/3 decelerate cosmic
expansion. For w < −1/3, we find an accelerated expansion; such fluids are characterized
as dark energy. Combining both Friedmann equations gives

ρ̇ + 3H(ρ + p) = 0 , (2.17)

which describes how matter responds to the expansion of space. Employing the relation
between energy density and pressure (2.14), the solution of eq. (2.17) is

ρ ∝ a−3(1+w) . (2.18)
1 Note that there is a discrepancy in the value of the Hubble constant determined using astrophysical

standard candles, yielding H0 ≈ 73 km/Mpc/s [91, 92]. This is known as the Hubble tension; see ref. [93]
for possible solutions.
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2.2 cosmic evolution

This expression determines how the energy density of a fluid dilutes with the cosmological
expansion, hence provides crucial insights into the cosmic evolution.

We may now apply eq. (2.18) to three special cases that we will consider below:

Matter : w = 0 → ρm ∝ a−3 , (2.19)

Radiation : w =
1
3 → ρrad ∝ a−4 , (2.20)

Cosmological constant : w = −1 → ρΛ ∝ a0 . (2.21)

Non-relativistic matter acts as pressureless dust, hence w = 0. The equation of state
parameter for radiation, i.e., relativistic particles, comes from the fact that the trace of
the stress–energy tensor has to vanish for massless fields. Fluids with constant energy
density act as a cosmological constant Λ, hence w = −1. From eq. (2.15), we see that a
Universe dominated by the cosmological constant expands exponentially fast, a ∝ exp(Ht),
where H is constant.

Λcdm model. The ΛCDM model is the current standard paradigm for the evolution
of the Universe on large scales. It assumes a flat Universe dominated by dark energy,
which is modeled as a cosmological constant (w = −1).2 Furthermore, most of the matter
content is attributed to DM, the nature of which is a long-standing puzzle (see sec. 2.3).3

Ordinary baryonic matter and radiation (i.e., photons) make up a subdominant fraction
of the total energy content. Introducing the relative energy density

Ωi =
ρi

ρtot
, with

∑
i

Ωi = 1 , (2.22)

the contributions of the respective fluids today read [14, 101]

ΩΛ,0 ≈ 0.69 , Ωm,0 ≈ 0.31 , Ωrad,0 ≈ 9 × 10−5 . (2.23)

The matter contribution is further divided into baryons and DM,

Ωb,0 ≈ 0.05 , ΩDM ≈ 0.26 . (2.24)

By extrapolating today’s energy content to the future using the Friedmann equations,
we can predict its ultimate fate. The most likely outcome is a “big chill” scenario, in

2 While a cosmological constant remains the favored explanation for the accelerated expansion of the Uni-
verse, recent measurements of baryon acoustic oscillations [94–97] are consistent with a time-varying dark
energy component. Extensive reviews of dark energy models are found in, e.g., refs. [98, 99].

3 Note that in the original model, DM is assumed to be cold and collisionless. However, this paradigm is
currently challenged by astrophysical observations on small scales, with one possible solution being DM
self-interactions [100].
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2.2 cosmic evolution

Figure 2.1: Overview of important events in the cosmic history.

which the cosmological constant continues to drive the accelerated expansion, galaxies
keep receding from each other, and stars gradually burn out—resulting in a cold and dark
Universe. Conversely, extrapolating the expansion history to the past provides a value
for the current age of the Universe, t0 ≈ 13.8 Gyr. This also reveals that the Universe
was significantly hotter and denser at very early times, dominated by a plasma of highly
relativistic particles. As this thermal bath cooled, a series of critical events occurred, which
we outline in the following.

thermal history. The thermal history of the early Universe as predicted by the
ΛCDM model is sketched in fig. 2.1. The first conjectured event in the history of the
Universe is cosmic inflation [102, 103]. During this epoch, the Universe was subject to
an accelerated expansion driven by the vacuum energy of some new, typically very heavy,
inflaton field. If such a field rolls sufficiently slowly along a flat direction in its potential,
it effectively behaves as dark energy. The theory of inflation was developed to resolve the
horizon, flatness, and magnetic monopole problems [104, 105], which otherwise require an
extreme level of fine-tuning in the early Universe. To this end, inflation should have lasted
for at least N ≈ 60 e-folds, which corresponds to a growth of the scale factor by a factor
of e60 ∼ 1026. Note that while the true nature of the inflaton field remains unknown,
inflationary dynamics are constrained by CMB observations, restricting the maximum
Hubble parameter during inflation to Hinf ≲ 6 × 1013 GeV [101].
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2.2 cosmic evolution

To enable the formation of light elements [15, 106], the Universe must have transitioned
to radiation domination (RD) at some point in its evolution. This requires the end of cosmic
inflation, which is achieved through a process known as reheating [107, 108], during which
the inflaton field decays into SM particles that subsequently thermalize. The temperature
at the end of reheating is unknown, however, constrained by Trh ≲ 1016 GeV [101]. From
this moment on, the primordial Universe was dominated by a thermal bath of highly
relativistic particles. The associated energy density is related to the temperature via [109]

ρrad(T ) =
π2

30g⋆,ϵT
4 , (2.25)

where g⋆ denotes the effective relativistic degrees of freedom [110]. Hence, the Hubble
parameter is (cf. eq. (2.15))

H ∼ T 2

MPl
. (2.26)

The entropy density of the primordial plasma is given by [89]

s =
2π2

45 g⋆,sT 3 , (2.27)

where g⋆,s are the entropic degrees of freedom. Entropy conservation establishes a connec-
tion between the scale factor and temperature of the Universe

g⋆,s a3T 3 = const. , (2.28)

hence T decreases linearly with the cosmic expansion.
As the temperature approaches T ∼ 150 GeV, EWSB occurs. That is, the Higgs field

acquires a vev, generating a mass for the quarks, charged leptons, and weak gauge bosons.
EWSB is realized as a crossover in the SM (cf. sec. 2.1). A particle species i with mass
mi becomes non-relativistic and Boltzmann suppressed once the temperature T ≲ mi, as
thermal production ceases to be efficient. This gradually decreases the effective degrees of
freedom in eqs. (2.25) and (2.28).

At T ∼ 150 MeV, the QCD quark–hadron transition takes place, where quarks confine
into bound states. The breaking of the chiral symmetry proceeds as a crossover transition
for physical quark masses; see sec. 2.1. This corresponds to the most significant drop in g⋆

during the cosmic evolution.
Around the MeV scale, neutrinos decoupled from the thermal bath. Furthermore, elec-

trons and positrons annihilated, leaving behind a tiny net excess of electrons over positrons.4

Then, the thermal bath consisted of nucleons, electrons and photons. This also marks the

4 The matter-antimatter asymmetry requires a baryogenesis mechanism [111]; see sec. 2.3.

13



2.3 open problems

onset of BBN [15, 106, 112], when the nuclei of light elements were formed. Astrophysical
observations of element abundances align with theoretical predictions from BBN and there-
fore, remarkably, provide bounds on the state of the Universe approximately only minutes
after the Big Bang. This represents one of the main successes of the ΛCDM model.

Because of the equation of state-dependent scaling law (cf. eq. (2.18)), the abundance
of non-relativistic matter exceeds the one of radiation as the thermal bath approaches the
eV scale; this is known as matter-radiation equality. Shortly after, during the recombina-
tion epoch, electrons and protons form neutral hydrogen. As a consequence, the photons
decouple and start to free-stream. In other words, the Universe becomes translucent to
electromagnetic radiation. The relic photons are observed today as the CMB, providing a
snapshot of the Universe approximately 380 kyrs after the Big Bang [101, 113]. This marks
the end of the primordial Universe. In this work, we will be concerned with the cosmic
evolution prior to the BBN epoch. In particular, we will investigate the potential to probe
this era via GWs induced by new physics, motivated by the puzzles outlined below.

2 . 3 open problems

Despite the remarkable success of the SM of particle physics and the ΛCDM model, there
are limitations that necessitate new physics. In the following, our aim is to provide a con-
cise summary of selected long-standing puzzles, which lays the foundation for the studies
conducted in parts ii, iii, and iv.

nature of dark matter. Approximately 26 % of the energy content of the Uni-
verse is composed by DM [14], a yet unknown form of matter which interacts extremely
weakly with the visible sector. Evidence for the existence of DM comes from many inde-
pendent observations, including the velocity dispersion of the Coma cluster [114], galaxy
rotation curves [115], colliding galaxy clusters [116–118], and the CMB [14]. Intriguingly, a
certain abundance of DM is required in order for structures to form as observed today [119,
120].5 Therefore, we may conclude that DM must have been produced in the primordial
Universe; an extensive review of DM production mechanisms is found in ref. [22].

There exist a plethora of proposed DM candidates on a vast range of energy scales.
This includes, e.g., wave-like DM (ultralight bosons, ALPs), particle DM (sterile neu-
trinos, weakly-interacting massive particles), and macroscopic objects (primordial black
holes) [22]. Consequently, there are a multitude of current and future experiments that

5 Note that this rules out SM neutrinos as DM candidates, as they, being relativistic at the time, would have
washed out small-scale structures.
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search for DM through (in)direct detection [22]. Although these experiments were able to
constrain certain DM properties, its true nature remains unknown. While a finite inter-
action strength between the dark and visible sectors is not guaranteed, DM does interact
gravitationally. Therefore, GW observations from astrophysical or primordial origin may
hold the key to understanding DM. To this end, we will study in part ii a particular SM
extension that contains right-handed neutrinos as a DM candidate and induces GWs in
the early Universe. In part iii, we investigate GW probes of ALPs.

baryogenesis. The mere fact that we can observe today’s Universe is evidence for
an asymmetry between matter and antimatter. Assuming equal initial amounts of parti-
cles and antiparticles, their annihilation throughout the evolution of the early Universe
should leave nothing but electromagnetic radiation.6 This can be expressed by the baryon
asymmetry of the Universe (BAU) η, inferred from CMB and BBN observations as [14]

η =
nB − nB̄

s
≈ 8.7 × 10−11 , (2.29)

where s is the entropy density (2.27) and nB (nB̄) is the baryon (antibaryon) number density.
The generation of the BAU, baryogenesis, requires three conditions [23]: (i) the violation
of baryon number, (ii) charge-parity (CP) violation, and (iii) the departure from thermal
equilibrium. The first condition is met by the SM through electroweak sphalerons [121].
Furthermore, a complex phase in the quark mass mixing matrix sources CP violation [122].
However, as discussed in sec. 2.2, both the electroweak and QCD PT are crossovers. There-
fore, the SM does not provide sufficiently strong out-of-equilibrium conditions to establish
the BAU. One possible mechanism is electroweak baryogenesis [123], which necessitates a
first-order EWPT. Although we will not study baryogenesis explicitly, we will show how
strong out-of-equilibrium conditions can be generated during EWSB in part ii . Further-
more, precise predictions of the BAU require theoretical control over the PT dynamics.
This is the focus of part iv, where we investigate the theoretical uncertainties in FOPTs.

strong cp problem. The QCD Lagrangian generally allows for a topological term

Lθ = θ
g2

s

32π2 GµνG̃µν , (2.30)

where gs is the strong gauge coupling and Gµν denotes the gluonic field strength tensor. The
dual field strength tensor is G̃µν = Gαβϵµναβ/2. Intriguingly, this term is CP violating,
with the magnitude of CP violation being controlled by the dimensionless constant θ.

6 Particles and antiparticles annihilate once the temperature drops below their mass.
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This induces a neutron electric dipole moment, which is constrained by experiment such
that θ ≲ 10−10 [124]. In principle, θ also receives corrections from CP violation in the
quark mass matrix. This cancellation between two independent contributions leading to
the absence of CP violation in the strong interactions represents a fine-tuning problem,
known as the strong CP problem.

The currently favored resolution amounts to the introduction of a global U(1)PQ symme-
try [49, 50] that is spontaneously broken at the energy scale fϕ and anomalous under QCD.
Then, the pseudoscalar axion ϕ emerges as Nambu-Goldstone boson [51, 52], coupling to
the gluonic fields via

Lθ = − ϕ

fϕ

g2
s

32π2 GµνG̃µν . (2.31)

During confinement, GµνG̃µν receives a vev, which generates a potential for the axion.
Since the minima of this potential are CP conserving [125], the axion can dynamically
solve the strong CP problem as it is driven to the minimum during the cosmic evolution.

The axion potential reflects the periodic nature of the QCD vacuum, with the potential
energy at the maxima given by m2

ϕf2
ϕ ∼ Λ4

QCD [126], where ΛQCD is the confinement scale.
Therefore, if the U(1)PQ breaking scale is large, the axion is extremely light mϕ ∼ Λ2

QCD/fϕ.
Depending on the implementation to the SM, the axion has different coupling strengths to
the SM fields [127, 128]. Most importantly, all couplings are suppressed by the axion decay
constant f−1

ϕ , hence the axion is invisible for large fϕ. This renders the pseudoscalar an
excellent DM candidate [129–131], however, extremely difficult to probe experimentally.
In part iii, we will be concerned with the dynamics of axion-like particles (ALPs)—a
generalization of the QCD axion—in the primordial Universe. We will see that ALPs can,
in the absence of large couplings to the SM, produce strong GW signals in the reach of
future observatories.
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3

S T O C H A S T I C G R AV I TAT I O N A L WAV E B AC KG RO U N D S

The unresolved issues in the SM strongly suggest the presence of new physics. This natu-
rally raises the question of how BSM physics can be probed by present and future experi-
ments. While particle colliders are approaching the upper limit regarding feasible center-
of-mass energies, the first direct detection of GWs from merging black holes [10, 132–134]
has opened a window for new physics searches. Predicted by Einstein’s theory of GR [11,
12], GWs are ripples in the fabric of spacetime, propagating at the speed of light and
interacting only gravitationally with matter in the Universe. GWs can be divided into two
classes, depending on whether their origin is astrophysical or cosmological. The latter may
have been produced in the earliest moments after the Big Bang through particle physics
processes that induced large anisotropies [18]. Subsequently, they propagated (almost)
undisturbed until today, emerging as background noise rather than a transient signal from
a single event. The detection of such a SGWB would not only provide insights into the
state of the Universe right at the beginning of time, but also hold key information on BSM
physics. While inflationary scenarios provide a source of GWs [103], let us note that we
will focus on GWs generated in the radiation-dominated era of the cosmic evolution.

In the following, we first discuss general features of stochastic GWs, provide some in-
tuition about the characteristic amplitudes, and demonstrate how the present frequency
is directly linked to the temperature in the early Universe when the GWs were generated.
Then, we discuss in more detail the dynamics of FOPTs, which are a prime example of
the close relation between particle physics and the generation of primordial GWs.

3 . 1 general features

In contrast to GW signals from astrophysical binary systems, a SGWB does not allow
for the discrimination of individual sources. Instead, it consists of many different waves
at various frequencies, measured as background noise in a detector; a gravitational ana-
logue to the CMB. A SGWB is described as a statistical ensemble, which is assumed to
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3.1 general features

be homogeneous, isotropic, unpolarized, and Gaussian [18, 135]. Here, homogeneity and
isotropy directly follow from the properties of a FLRW Universe (cf. sec. 2.2). The as-
sumption that GW backgrounds are unpolarized, however, only holds in the absence of a
parity-violating source.1 Then, both GW helicities are produced in the same way, leaving
a zero net polarization. Gaussianity is expected since a SGWB originates from a multitude
of uncorrelated regions in the early Universe. By the central limit theorem the result is a
Gaussian distribution, formed as a superposition of all independent sources [135].

generation. The generation of GWs is described in linearized GR. That is, a small
perturbation hµν is introduced around a slowly varying background,

gµν(x) = ḡµν(x) + hµν(x) , (3.1)

where ḡµν , in our case, corresponds to the FLRW metric. Then, one expands the Einstein
equations (2.11) with a source term to linear order in hij , which, employing transverse-
traceless (TT) gauge, yields [18]

ḧij(x, t) + 3Hḣij(x, t) − 1
a2 ∇2hij(x, t) =

2
M2

Pl
ΠTT

ij (x, t) . (3.2)

Here, the second term describes friction due to the expansion of space. The TT components
of the energy momentum tensor of the GW source ΠTT

ij (x, t) correspond to the spatial,
anisotropic part. The perturbation hij is a massless excitation and therefore has two
polarization states, which are usually referred to as × and +. To obtain the GW spectrum
for a certain scenario, one solves eq. (3.2)—analytically or numerically—for a given energy
momentum tensor.

In most parts of this work, we will be interested in the spectral energy density of a given
GW signal. This is defined via the metric perturbation as follows [18],

ΩGW(f) ≡ 1
ρtot

dρGW(f)

d log f
, ρGW = T 00

GW =
M2

Pl

4 ⟨ḣij ḣij⟩ , (3.3)

where ρtot = 3H2M2
Pl is the total energy density of the Universe, T µν

GW is the GW energy
momentum tensor in TT gauge, and dots denote derivatives with respect to cosmic, or
physical, time t. The brackets ⟨. . . ⟩ denote averaging over a characteristic length scale ℓ,
such that λ ≪ ℓ ≪ L0, where λ is the GW wavelength and L0 is today’s Hubble horizon.

a rule of thumb. Instead of solving the linearized Einstein equations and extract-
ing ΩGW for a specific example, we would like to give the reader an intuition about the
properties required for a source to generate a sizable GW background.

1 In part iii, we will consider GWs from axions, representing a CP-violating source.
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3.1 general features

GWs from the early Universe are produced in a FLRW Universe, hence a curved space-
time. This introduces the notion of horizons; the expansion rate of the Universe determines
the maximum length scale over which physical events can be in causal contact at a given
time, Rmax = H−1. Therefore, the characteristic wavelength λ of a primordial GW should
be within the horizon λ < H−1. Conversely, the characteristic timescale is required to be
less than a Hubble time, H < t−1 < β. Connecting the inverse timescale β of the process
to the characteristic physical momentum scale kGW/a ∼ β, we have

kGW

a
> H ∝ T 2

MPl
. (3.4)

Hence, for a causal, sub-horizon source the possible peak frequency is bounded from below
by the Hubble parameter. The proportionality to the temperature T of the thermal bath
holds in a radiation-dominated Universe (cf. eq. (2.25)).

Regarding an estimate for the GW amplitude, let us approximate eq. (3.2) for timescales
smaller than a Hubble time, β > H, as [136]

β2hij ∼ 2
M2

Pl
Πij . (3.5)

This suggests that the time variation of the metric perturbation scales as

ḣij ∼ 2
M2

Pl
Πij

1
β

, (3.6)

such that via eq. (3.3)

ρGW ∼ 1
M2

Pl

(Πij

β

)2
. (3.7)

This yields [136–138]

ΩGW ∼
(

ρsource
ρtot

)2 ( aH

kGW

)2
. (3.8)

Here, we have identified the energy momentum tensor as the energy budget available for
GW emission, Πij ∼ ρsource. We observe that a source, which carries a larger fraction of the
total energy density of the Universe, induces stronger GW signals. Furthermore, the GW
abundance is enhanced if the timescale is not much shorter than a Hubble time β ≳ H.
Then, the characteristic scale is close to the Hubble horizon λ ≲ Rmax, sourcing larger
spatial perturbations.

From this we learn that merely very violent events inducing substantial anisotropic stress
on large scales generate sizable GWs. Potential sources include FOPTs, where the Universe
transitions to a new vacuum state through the nucleation of macroscopic bubbles. This
will be discussed in more detail in sec. 3.2, chapter 6, and part iv. As a second example,
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3.1 general features

resonant production of particles with wavelengths close to the Hubble horizon acts as a
source of GWs. Those scenarios are typically relevant in the context of reheating after
cosmic inflation [139–141]. In chapter 7 and part iii, we will explore how such dynamics
may emerge in the radiation-dominated epoch of the Universe.

Apart from the specific examples discussed in this work, there exist a plethora of mech-
anisms that may source GWs in the early Universe, including cosmic defects [142, 143],
scalar-induced curvature perturbations [144, 145], or production of tensor perturbations
during inflation [102, 103], to name just a few. The crucial point is that none of these
sources are predicted by the SM. Therefore, a detection would be a smoking-gun signa-
ture of new physics,2 highlighting the promising prospects for fundamental discoveries via
GWs.

redshifting to today. GWs produced in the early Universe free-stream from
their production until today, hence are affected by the cosmic expansion history. To assess
the present detection prospects, we have to redshift the GW frequency and amplitude
today via

f0 =
k⋆

a0
=

k⋆

a⋆

T0
T⋆

(
gs,0
gs,⋆

) 1
3

, (3.9)

h2ΩGW,0 = ΩGW,⋆

(
gs,0
gs,⋆

) 4
3 (T0

T⋆

)4 ( H⋆

H100

)2
. (3.10)

This expression holds for the standard cosmological evolution without, for instance, addi-
tional matter-dominated epochs in the early Universe. In addition, we have used that GWs
propagate at the speed of light, hence redshift like radiation ∝ a−4. The subscripts 0 and
⋆ denote today and the time of production, gs are the entropic degrees of freedom, and
T0 = 2.73 K is the temperature associated with the CMB today [14, 146]. Furthermore, we
have introduced H100 = 100 km/Mpc/s, such that h ≈ 0.67 [14] is the dimensionless Hub-
ble parameter today. By combining eqs. (3.4) and (3.9), we reveal the direct connection
between today’s frequency and the temperature of the primordial plasma,

f0 ∝ β

H⋆

H⋆

T⋆
∼ β

H⋆

T⋆

MPl
, (3.11)

2 Note that there is a SM-induced SGWB from gravitons decoupling from the thermal bath [16, 17]. This
signal is predicted to lie at ultra-high frequencies, which remain challenging to probe experimentally.
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Figure 3.1: Projected GW landspace as a function of today’s frequency f0, which is related to
the temperature of the thermal bath in the early Universe T⋆. In the mid- to long-term future, a
multitude of GW experiments will probe gravitational radiation from the nHz to the kHz regime.
The black and grey curves indicate some benchmark GW spectra (3.59) from FOPTs for varying
transition strength α and percolation temperature Tp. Here, we employ characteristic values for
the inverse timescale β/H⋆ = 50 (dashed) and β/H⋆ = 500 (see sec. 3.2). The purple violins
correspond to the recent evidence for a nHz SGWB from the NANOGrav collaboration [29].

where typically β/H⋆ ∼ O(10 − 103). Therefore, detecting GWs in different frequency
bands provides information about different epochs of the cosmic evolution. The redshift
factors can further be rewritten as [147]

f0 = 1.65 × 10−7Hz k⋆

aH⋆

T⋆

GeV

(
g⋆

100

) 1
6

, (3.12)

h2ΩGW,0 = 1.67 × 10−5
(100

g⋆

) 1
3

ΩGW,⋆ , (3.13)

where we have assumed g⋆ = g⋆,s = g⋆,ϵ.

future observatories. Future GW experiments can be divided in three classes:
Earth-based interferometers such as ET [38–40], space-based observatories such as LISA [35–
37] and the futuristic proposals Big Bang Observer (BBO) [148] and µARES [149], and
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3.2 first-order phase transitions

PTAs such as NANOGrav [29] and the Square Kilometre Array (SKA) [150].3 In fig. 3.1
we display their projected power-law integrated (PLI) sensitivity curves; computational
details on how to obtain the curves are found in, e.g., refs. [152, 153]. Depending on
their size, each detector will be sensitive to a unique frequency range, collectively covering
the nHz to kHz regime. As a consequence, observations of primordial GWs may provide
information on BSM physics from the QCD scale at T ∼ 100 MeV, up to T ∼ 109 GeV.

As discussed earlier, several PTA collaborations have reported strong evidence for a
SGWB in the nHz band [24–33]. We show the NANOGrav 15-year dataset by the purple
violins [29]. While astrophysical supermassive black hole binaries remain the most plausible
source, a signal of cosmological origin cannot be excluded to date [34].

In the course of this work, we will develop and study different mechanisms that generate
GWs in various frequency windows. To provide a better understanding of the tight con-
nection between QFT and GW emission, let us now turn our attention to a more in-depth
discussion of a distinct source: cosmological FOPTs.

3 . 2 first-order phase transitions

During a cosmological FOPT, a QFT transitions from a false to a true vacuum state as the
Universe cools, spontaneously breaking an underlying symmetry and thereby encountering
a discontinuity in the first derivative of its free energy. In other words, a symmetry-breaking
field, such as the Higgs field in certain BSM theories, has to tunnel through a thermal
barrier, which is accompanied by the nucleation and percolation of true vacuum bubbles.
As these bubbles interact with each other and the thermal bath, large anisotropies, hence
GWs, are generated. Therefore, FOPTs are a specific example how particle physics theories
are intimately tied to the emission of stochastic GWs in the early Universe.

In the following, we aim to provide a short review of the formalism describing the
dynamics of a FOPT. We first discuss some technical details on the computation of the
thermal effective potential. Then, we switch focus from the microscopic to macroscopic
scales, examining the emergence of bubbles and the associated GW spectra.

matsubara formalism. To begin our discussion of FOPTs, let us first introduce
some aspects of the Matsubara formalism [154], also dubbed imaginary time formalism;
a tool to describe the equilibrium thermodynamics of a QFT. A more comprehensive
introduction to the imaginary time formalism is found in refs. [109, 155].

3 Let us also note the ongoing efforts to develop technologies for measuring GWs in the high-frequency
band [151].
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3.2 first-order phase transitions

The central object in thermodynamics is the partition function,

Z(T ) ≡ Tr
(
e−βH

)
, (3.14)

where β = 1/T with T being the temperature; H is the Hamiltonian of the system. All
thermodynamic observables, such as the free energy F or entropy S, can be derived from
Z(T ). The expectation value of an operator A is defined as a thermally averaged sum,

⟨A⟩T =
1
Z

∑
n

⟨n|A|n⟩e−βH =
1
Z

Tr
(
e−βHA

)
, (3.15)

where |n⟩ describe a complete set of orthonormal eigenstates of the Hamiltonian.
We can use eq. (3.15) to derive properties of the two-point correlation function of a

quantum field ϕ(x, t) at finite temperature. Specifically, employing quantum mechanical
time evolution, ϕ(x, t) = eiHtϕ(x, 0)e−iHt and the cyclic permutation property of the
trace, we have

⟨ϕ(x, t)ϕ(y, 0)⟩ = ⟨ϕ(y, −iβ)ϕ(x, t)⟩ . (3.16)

By performing a Wick rotation, i.e., introducing imaginary time t → τ = it, we obtain
the Kubo-Martin-Schwinger relation [156, 157]

ϕ(x, 0) = ±ϕ(x, β) , (3.17)

revealing the β = 1/T periodicity of quantum fields in the imaginary time direction. The
sign in eq. (3.17) depends on whether the field (anti-)commutes with itself, i.e., if the field
is fermionic or bosonic. In the Matsubara formalism, the time direction is therefore com-
pactified and directly connected to the temperature of the system. The resulting theory is
static, that is, describes the equilibrium properties of the thermal bath.4 As a consequence
of the periodic nature of the imaginary time direction, the associated momenta can only
take discrete values. Then, all momentum integrals are replaced with sum integrals over
Euclidean momenta k0 = ik0

E, i.e., kµ
E = (ωn, kE) [109, 159],∫ d4kE

(2π)4 f(kE) → T
∞∑

n=−∞

∫ d3k

(2π)4 f(ωn, k) . (3.18)

Consequently, quantum fields are represented by

ϕ(x) = T
∞∑

n=−∞

∫ d3k

(2π)3 ϕ(ωn, k)ei(ωnτ−k·x) , (3.19)

4 Out-of-equilibrium dynamics are typically studied in the real-time formalism, also dubbed Schwinger-
Keldysh formalism [158].
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3.2 first-order phase transitions

where

ωn =

 πT 2n for bosons ,

πT 2(n + 1) for fermions ,
n ∈ Z , (3.20)

are the Matsubara frequencies. In the following, we dub all non-zero Matsubara modes
hard modes. Let us note that fermions do not exhibit a Matsubara zero mode, due to their
anti-periodic boundary conditions (see eq. (3.17)), i.e., always exhibit a finite momentum
in the (imaginary) time direction. This will shortly become important as the bosonic
zero mode, which typically is the degree of freedom driving a PT, is sensitive to the IR
dynamics.

thermal effective potential. The Matsubara formalism provides a tool to
compute the thermal effective potential Veff(ϕ, T ) of a QFT. To this end, consider a system
consisting of a complex scalar field Φ = (ϕ+ iG)/

√
2, charged under some gauge symmetry

that contains a gauge boson Aµ and a fermion χ. The gauge coupling is denoted by g. We
assume a Higgs-like tree-level potential

Vtree(Φ) = −µ2Φ2 + λΦ4 , (3.21)

where µ2 > 0 is the mass parameter and λ denotes the self-coupling, which we assume to
be λ ∼ g2. We split the real component into a constant part ϕ̄ and a dynamical part φ,
such that

ϕ = ϕ̄ + φ . (3.22)

By minimizing the tree-level potential along the real axis, we find two non-trivial minima

vϕ = ±

√
µ2

λ
, (3.23)

which is called the vev, or true minimum. This is an analogue of the Higgs mechanism
in the SM, where a negative tree-level mass term breaks the electroweak symmetry. The
corresponding field-dependent mass of the physical scalar field is obtained by taking the
second derivative with respect to the background field ϕ̄. The scalar tree-level mass in our
example then reads

m2
ϕ(ϕ̄) =

∂2Vtree(ϕ̄)

∂ϕ̄2 = −µ2 + 3λϕ̄2 . (3.24)

The goal of this section is to study this theory at finite temperature. We will see that at
high temperature, gauge symmetries are generally restored. That is, at high temperatures
the potential possesses only a minimum at the origin. This implies that at some point
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3.2 first-order phase transitions

in the cosmic evolution, the theory must have transitioned from the vacuum state at the
origin to vϕ. To determine the relevant temperature scales and the symmetry breaking
pattern, we construct the effective potential Veff(ϕ̄, T ), which incorporates (thermal) loop
corrections to eq. (3.21).

Let us first note that the effective potential of the scalar field is nothing but the free
energy of the system [109]

F (T ) = Veff(ϕ̄, T ) . (3.25)

That is, we can investigate the phase structure of the theory by analyzing the evolution
of the ground states of the effective potential. A FOPT is defined by a discontinutity in
the first derivative of the free energy,

dF (T )

dT
=

∂Veff(ϕ̄, T )

∂T

∣∣∣∣
ϕ̄=ϕ̄min

, (3.26)

hence corresponds to a jump of the minimum of the effective potential at a critical tem-
perature Tc. In other words, a FOPT occurs since the scalar field has to tunnel through a
barrier to reach a new ground state (cf. fig. 3.2).

Diagrammatically, the effective potential is computed via [160]

V ℓ
eff(ϕ̄) = −

∞∑
n=0

ϕn

n!
Γ(n)

ℓ (p = 0) . (3.27)

Here, Γ(n)
ℓ (p = 0) is the n-point effective vertex, where ℓ denotes the loop order, i.e.,

controls the expansion in ℏℓ. Here, all external momenta are set to zero, since we are
interested in the evolution of the classical background field ϕ̄. Setting ℓ = 0 simply gives
the tree-level potential. The one-loop effective potential is computed by taking ℓ = 1, i.e.,
summing all diagrams containing one loop insertion and n external scalar legs with zero
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3.2 first-order phase transitions

momentum. For our example, this amounts to the following diagrams, where dashed (solid,
wiggly) lines denote scalar (fermion, gauge field) contributions:

V 1
eff(ϕ̄) =

 + + + ...


p=0︸ ︷︷ ︸

scalar contributions + + + ...


p=0︸ ︷︷ ︸

gauge field contributions + + ...


p=0︸ ︷︷ ︸

fermionic contributions

.

(3.28)

The functional shapes of these infinite series are known. Employing the Euclidean signa-
ture, the evaluation of eq. (3.28) yields [159]

V 1
eff(ϕ̄) =

∑
i

ηini

2

∫ d4kE

(2π)4 ln
(
k2

E + m2
i (ϕ̄)

)
, (3.29)

where the sum runs over all particle species i with degrees of freedom ni and field-dependent
mass mi(ϕ̄). Furthermore, ηi = +1(−1) for bosons (fermions). Since we work at finite
temperature, we employ eq. (3.18) such that

V 1
eff(ϕ̄) =

∑
i

ηini

2 T
∞∑

n=−∞

∫ d3k

(2π)3 ln
(
ω2

n + k2 + m2
i (ϕ̄)

)

=
∑

i

ηini

∫ d3k

(2π)3

[
k2 + m2

i (ϕ̄)

2 + T ln
(

1 − ηi exp
(

−k2 + m2
i (ϕ̄)

T

))]
= Vcw(ϕ̄) + VT(ϕ̄, T ) .

(3.30)

In the last step, we have seperated the temperature-dependent and -independent contri-
butions. The vacuum contribution is known as the Coleman–Weinberg term (CW) [161].
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3.2 first-order phase transitions

Employing dimensional regularization to treat the UV divergences, one obtains the final
expression,

Vcw(ϕ̄) =
∑

i

ηini
m4

i (ϕ̄)

64π2

[
ln
(

m2
i (ϕ̄)

µ̄2

)
− Ci

]
, (3.31)

where Ci =
3
2

(
5
6

)
for scalars and fermions (gauge bosons). Note that through the renormal-

ization procedure, the renormalization group (RG) scale µ̄ enters the effective potential via
dimensional transmutation. In principle µ̄ is an arbitrary integration constant that should
not affect any physical results. Regarding Veff , the dependence on the RG scale cancels
order-by-order. This translates to the usual loop expansion at zero temperature. At finite
temperature, Veff receives contributions from both one- and two-loop diagrams at O(g4).
Therefore, the dependence on µ̄ is only cancelled when including two-loop contributions;
see, e.g., ref. [162].5 While the RG scale is often chosen as a mass scale or vev of the theory,
we will see that a more consistent choice is a T -dependent RG scale µ̄ ∼ πT (cf. sec. 5.2
and part iv).

Thermal corrections then read

VT(ϕ̄, T ) =
T 4

2π2

∑
i

ηiniJb/f

(
m2

i (ϕ̄)

T 2

)
, with (3.32)

Jb/f(x
2) =

∫ ∞

0
dyy2 ln

[
1 ∓ exp

(
−
√

y2 + x2
)]

, (3.33)

with “b/f” for bosons/fermions. In the high-temperature limit where z → 0, the thermal
functions6 Jb/f can be expanded to O(x4) as [159]

Jb(x
2) ≈ −π2

45 +
π2

12x2 − π

6 x3 − x4

32 ln(x2) , (3.34)

Jf(x
2) ≈ 7π4

360 − π2

24x2 − x4

32 ln(x2) . (3.35)

We can now inspect the effect of the thermal contributions on the mass of the symmetry-
breaking scalar field. To this end, we again take the second derivative of the effective
potential around the origin with respect to the background field, which yields

m2
ϕ(ϕ̄)

∣∣∣
ϕ̄→0

=
∂2Veff(ϕ̄)

∂ϕ̄2

∣∣∣∣∣
ϕ̄→0

∼ −µ2 + λT 2 . (3.36)

5 We will return to this issue in part iv, where we study the impact of RG scale dependence on GW
predictions.

6 The thermal functions can introduce imaginary parts to the effective potential. While such imaginary
parts can be treated in a strict EFT expansion [163, 164], one typically discards such contributions if
Im Veff < Re Veff at the minima [165].
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3.2 first-order phase transitions

Hence, the effective mass receives a positive thermal contribution. We note two important
observations from the above expressions.

First, at high temperatures the term ∼ T 2ϕ̄2 dominates the effective potential. This
implies that any non-trivial minimum at ϕ̄ ̸= 0 vanishes at sufficiently high temperatures
where T 2 ≫ µ2, leaving only a minimum at the origin. Conversely, as the T -dependent
quadratic contributions become comparable to the tree-level mass term µ2 ∼ λT 2, the
system becomes unstable, indicating the onset of a PT. Second, a cubic term naturally
arises in the effective potential when integrating out UV scales, which plays a crucial role
in the emergence of a thermal barrier.

daisy resummation. To conclude our review of the computation of the effective
potential, we turn our attention to a very important issue of perturbation theory at finite
temperature: the breakdown of perturbativity in the IR, known as the Linde problem [55].
Besides the mass parameter µ2, the temperature T enters as a second scale, such that the
effective expansion parameter in finite-T field theory reads [109]

ϵ ∼ g2T

πmϕ
, (3.37)

where mϕ receives contributions from the vacuum and thermal part of the effective po-
tential. As the system becomes unstable, we have µ2 ∼ λT 2, such that m2

ϕ → 0 for the
Matsubara zero mode and the perturbative expansion ceases to be valid.7 In part iv we will
introduce a systematic approach to extend the regime of perturbativity to higher loop or-
ders: high-temperature dimensional reduction (DR) [166]. This effective field theory (EFT)
method consistently integrates out hard Matsubara modes, generating a perturbative the-
ory valid in the IR.

For now, we focus on the more conventional approach: Daisy resummation [167–169],
applicable at one-loop order and used in part ii of this work. To this end, let us consider
as an example the scalar self-interaction, in particular the contribution of a hard thermal
loop with ωn ̸= 0 to the propagator of the zero mode

= λT
∑

n

∫ dk3

(2π)3
1

ω2
n + k2 + m2

ϕ

T ≫mϕ

≈ λT 2 . (3.38)

Integrating out the heavy scalar Matsubara non-zero modes induces a thermal mass Πϕ ∼
O(λT 2). Likewise, hard loops involving gauge fields and fermions induce contributions
to the thermal mass of the scalar zero mode. The same holds for the longitudinal zero

7 Fermions are IR-safe in the absence of a zero Matsubara mode, as m ∼ πT such that ϵ ∼ (g/π)2.

28



3.2 first-order phase transitions

mode of the gauge field, which receives a Debye mass mD ∼ O(gT ) by integrating out
hard thermal loops [155]. Repeating this exercise with N − 1 additional hard loops, we
have [109]

= λT
∑

n

∫ dk3

(2π)3
1

(ω2
n + k2)N−1 +

[
λT

∑
n

∫ dk3

(2π)3
1

(ω2
n + k2)N−1

]N−1

∼
(

λT 2

µ2

)N− 3
2

λ
3
2 T 2 .

(3.39)

As argued above, at the time of a PT µ2 ∼ λT 2 and the term in the parentheses in the last
row becomes O(1). Then, all Daisy diagrams contribute at the order ∼ λ

3
2 T 2, independent

of the number of attached loops. Therefore, the loop expansion does not hold, and diagrams
involving any number of hard Matsubara loops cannot be ignored. The resummation of
the infinite series of Daisy diagrams yields [109]

∑
N

= −
∑

i

T

12π
(m2

ϕ(ϕ̄) + Πϕ(T ))
3
2 , (3.40)

hence a finite contribution at O(λ
3
2 ) for m2

ϕ → 0. The corresponding correction to Veff

then reads [170]

Vdaisy(ϕ, T ) = −
∑

i

T

12π

(
(m2

i (ϕ̄) + Πϕ(T ))
3
2 − (m2

i (ϕ̄))
3
2
)

, (3.41)

where the second term is subtracted to avoid double counting of the cubic mass term. Here,
the sum runs over all Matsubara zero modes, that is, scalars and longitudinally polarized
gauge bosons. The thermal mass receives contributions from all hard modes coupled to
the respective field. The same result can be achieved by taking

m2
ϕ → m2

ϕ + Πϕ , (3.42)

in the one-loop corrections to Veff [168]. With power counting λ ∼ g2, the replacement (3.42)
yields a perturbative expansion parameter in the limit mϕ → 0, ϵ ∼ g/π. Hence, Daisy
resummation extends the regime of perturbativity, but modifies the structure of the power
expansion. To summarize, the full one-loop thermal effective potential of a given particle
theory reads

V 1−loop
eff (ϕ̄, T ) = Vtree(ϕ̄) + Vcw(ϕ̄) + VT(ϕ̄, T ) + Vdaisy(ϕ̄, T ) , (3.43)
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0 φ̄ = vφ

V
eff

(φ̄
,T

)

Crossover transition

0 φ̄ = vφ

FOPT

T � Tc
T = Tc
T = Tp

Figure 3.2: Two different symmetry breaking patterns as the Universe cools. The left panel corre-
sponds to a crossover transition, during which the scalar field evolves smoothly with temperature.
In the right panel, the true and false minimum are separated by a thermal barrier, which the scalar
field has to overcome via thermal tunneling. The result is a FOPT, proceeding via nucleation of
true vacuum bubbles.

where the loop contributions are given by eqs. (3.31), (3.32), and (3.41).
In fig. 3.2, we sketch two different symmetry breaking patterns. In both panels, we

observe a symmetry restoration at high temperatures (orange). As the Universe cools,
the vev starts to form, however, the shape of Veff at this time is fundamentally different
between the two cases. In the left panel, there is no thermal barrier that separates the
true from the false vacuum; the background field evolves smoothly with temperature.
This is equivalent to the SM case, where the EWPT is a crossover for the observed Higgs
mass [19]. The right panel sketches the dynamics of a FOPT. Here the cubic term in the
effective potential generates a thermal barrier, preventing the field to evolve to the true
minimum. This corresponds to a discontinuity in the first derivative of the free energy at
the critical temperature Tc, where both vacua become degenerate. A FOPT is predicted
by a multitude of BSM theories. This includes scenarios where the electroweak or QCD
dynamics is modified by new physics (see, e.g., [46, 171, 172], chapter 6 and part iv), or
FOPTs in secluded dark sectors that interact only gravitationally with the SM [152, 173].

bubble dynamics. In a FOPT, the symmetry-breaking scalar field has to overcome
a barrier via tunneling, leading to the formation of true vacuum bubbles. The relevant quan-
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tity that describes the efficiency of thermal tunneling is the bubble nucleation rate [174–
178]

Γ(T ) = AdynAstat exp
(

−S3(T )

T

)
, (3.44)

where the prefactor is decomposed into a dynamical and a statistical contribution [179].
In this work we only include equilibrium dynamics [176, 177],8 such that the prefactor is
approximated by

Astat ≈ T 3
(

S3(T )

2πT

) 3
2

, Adyn ≈ T . (3.45)

In the above expression S3/T ≡ S3, where the leading order (LO) bounce action [175, 184]

S3(T ) = 4π

∫
drr2

1
2

(
dϕ̄

dr

)2

+ Veff(ϕ̄, T )

 , (3.46)

is the O(3)-symmetric action of the scalar field ϕ in Euclidean spacetime. This expression
is evaluated for the critical bubble profile, i.e., a nucleating bubble with ϕ̄ ̸= 0 inside. The
equation of motion associated with the action (3.46) is called bounce equation and reads

d2ϕ̄

dr2 +
2
r

dϕ̄

dr
=

dVeff(ϕ̄, T )

dϕ̄
, (3.47)

with boundary conditions
dϕ̄(r = 0, T )

dr
= 0 , lim

r→∞
ϕ̄ = 0 . (3.48)

This is typically solved numerically using over-/undershooting methods. To this end, we
employ the Python package CosmoTransitions [185].

Next, let us introduce further relevant temperature scales that characterize FOPTs. The
nucleation temperature Tn is defined at the time when, on average, one bubble has been
nucleated per horizon patch. Specifically, we evaluate [176, 177]

N(Tn) = 1 =
∫ tn

tc

dt
Γ(t)

H(t)3 =
∫ Tn

Tc

dT

T

Γ(T )

H(T )4 , (3.49)

where we have replaced cosmic time t by the temperature T in the last step.
To assess whether a FOPT has completed, one employs the percolation temperature

Tp [186]. This is defined via the probability of a point in space to remain in the false
vacuum P = exp(−I(T )), where [187–189]

I(Tp) =
4π

3

∫ Tc

Tp

dT ′

T ′4
Γ(T ′)

H(T ′)

(∫ T ′

T
dT̃

vw
H(T̃ )

)3

= 0.34 . (3.50)

8 Note that this neglects the fluctuation determinant [180] which enters Astat. This can have a sizable impact
in certain cases [56, 181–183].
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3.2 first-order phase transitions

Here, vw is the bubble wall velocity, which we will briefly discuss below. The percolation
temperature Tp hence marks the moment where all quantities relevant for GW emission
are evaluated.

In the course of this work, we will be concerned with extremely supercooled FOPTs. In
such scenarios, the Universe may undergo a short phase of thermal inflation when bubble
percolation becomes efficient; that is, accelerated expansion takes place. Then, it is crucial
to check whether the volume of space that is trapped in the false vacuum Vfalse is actually
decreasing [13],

1
Vfalse

dVfalse
dt

= H(T )

(
3 + T

dI(T )

dT

)
< 0 . (3.51)

If this were not the case, the PT could never finish.

gravitational wave sources. While nucleating bubbles are typically spherical,
hence do not induce a quadrupole moment, the collision of bubbles and bubble-plasma
interactions source anisotropic stress in the energy momentum tensor, hence GWs. Such
GW signals are quantified by a few characteristic quantities, which we introduce in the
following.

The transition strength α describes the latent heat released in the transition. This cor-
responds to [190–192]

α(T ) ≡ 1
ρrad

(
∆Veff − T

4 ∆dVeff
dT

)∣∣∣∣∣
T=Tp

≃ ∆Veff
ρrad(TQCD)

, (3.52)

where ∆Veff = Veff(0, T )− Veff(vϕ, T ) is the energetic difference between the true and false
vacuum. The energy density in the radiation bath is denoted by ρrad (cf. eq. (2.25)). In
strongly supercooled PTs, the transition strength is well approximated by the last term
in eq. (3.52) [193].

The transition strength is connected to the velocity of the bubble walls vw. A preci-
sion computation of vw constitutes a highly challenging task [194–209], requiring out-of-
equilibrium computations. We will only consider very strong transitions featuring α ≫ 1,
often corresponding to detonations. Therefore, we will employ vw = 1 and relegate more
precise analyses [209], taking into account possible small deviations, to the future.

The last quantity that enters the computation of the GW spectrum is the inverse
timescale β/H⋆. Parametrizing the rate of the false vacuum decay as [13]

Γ(t) ∼ exp(−βt) , (3.53)

one finds (cf. eq. (3.44))
β

H⋆
= T

dS3
dT

∣∣∣∣
T=Tp

, (3.54)
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3.2 first-order phase transitions

where S3 = S3/T . An alternative definition is obtained via the average bubble radius at
collision [13, 210],

R⋆ ≡ n
− 1

3
B =

[
T 3

p

∫ Tc

Tp

dT ′

T ′4
Γ(T ′)

H(T ′)
e−I(T ′)

]− 1
3

, (3.55)

where nB is the bubble number density. For moderately strong transitions the relation
to the inverse timescale reads R⋆ = (8π)

1
3 /β [210],9 while a recent simulation [211] has

shown that R⋆ ≈ 5/β is more appropriate for strongly supercooled transitions.
The GW spectrum from FOPTs receives contributions from several distinct sources [191].

First, the collision of bubbles breaks their spherical symmetry, which sources anisotropies
and, therefore, GWs. Second, during the expansion and collision of bubbles, some fraction
of the latent heat is transferred to the thermal bath via bubble-plasma interactions. This
leads to the formation of sound waves, which again induces a time-varying quadrupole
moment and generates GWs. At some time, excitations of the plasma form turbulences,
which act as a third source of GWs. In recent years, significant progress has been made
on accurately computing the turbulence contribution [212–214]. Because of its remaining
uncertainty, and since it is usually subdominant compared to the first two sources, we will
solely consider bubble and sound wave contributions in the following.

The dominant source can be determined by considering the friction between the bubble
wall and the plasma. This is discussed in chapter 6, where we use the bubble wall friction
to derive an approximate upper bound on the scale of new physics in CSI SM extensions.
In part iv, we consider PTs with moderate supercooling, which are usually dominated by
sound wave contributions. For now, we therefore skip the discussion on how to determine
the dominant source and focus on the GW spectra.

The computation of the GW spectra is highly involved, since strong FOPTs are non-
perturbative processes involving a multitude of physical scales. To obtain a precise picture,
expensive numerical simulations are required. Hence, the results of such simulations are
typically fitted and parametrized in terms of α, β, vw, and Tp, allowing for a direct con-
nection between thermodynamic computations and the associated GW signal. While there
is a large theoretical effort underway to increase our understanding of the different GW
sources [192, 215–222], let us, in the following, focus merely on the templates employed in
this work and discuss some of their characteristics.

In chapter 6, we will be concerned with FOPTs featuring α ≫ 1, which are difficult
to simulate on a lattice because of the large hierarchy of scales. In a more simplified
approach [211], it has been shown, however, that in such a case the GW spectrum from

9 Note that for weak transitions, the relation between β and R⋆ depends on the sound speed cs via
max{vw, cs}. We assume vw > cs and vw ≃ 1.

33



3.2 first-order phase transitions

bubble collisions and sound waves are indistinguishable. This is because the fluid shells
behave as ultra-relativistic shocks, mimicking the behavior of a bubble wall. Following
ref. [211], we therefore employ

Ωsc
GW,⋆(f) =

(
H⋆

β

)2 ( α

1 + α

)2
Sfit(f) , (3.56)

with its spectral shape

Sfit(f) = A(a + b)c

(
f

fp

)a[
b + a

(
f

fp

)a+b
c
]−c

. (3.57)

The fit parameters are A = 0.0513, a = 2.41, b = 2.42, and c = 4.08 [211], and the peak
frequency reads

fp ≈ 0.12 β . (3.58)

For the sound wave spectrum in part iv, we will employ the results from lattice simula-
tions [192, 215, 216]. We have

Ωsw
GW,⋆(f) = 2.47 × 10−2 R⋆H⋆

(
1 − 1√

1 + 2τswH⋆

)(
α

1 + α

)2
Ssw(f) , (3.59)

with spectral shape

Ssw(f) =

(
f

fsw

)3[4
7 +

3
7

(
f

fsw

)2
]− 7

2

, (3.60)

and peak frequency
fsw = 1.58 R−1

⋆ . (3.61)

Sound waves typically propagate for a longer time, their GW spectrum is enhanced. This
is captured in eq. (3.59) by the sound wave period normalized to the Hubble rate [186,
192, 223–225]

τswH⋆ =
H⋆R⋆

Ūf
, Ūf ≈

√
3
4

α

1 + α
, (3.62)

where Ūf is the root-mean-square of the fluid velocity. To compare the GW signal to
the sensitivity regions of future experiments, they are redshifted to today as outlined in
sec. 3.1.

To conclude, let us discuss the main characteristics of the GW spectrum. First, we
observe that the GW amplitude is enhanced by the transition strength α. That comes from
the fact that a larger latent heat implies a larger energy budget available to be converted
into GWs, hence a more violent PT. Second, the amplitude is suppressed by (H⋆/β)n,

34



3.2 first-order phase transitions

where n = 2 in the case of a strongly supercooled PT, and n < 2 in the case of a sound
wave-induced signal. The general suppression by the inverse timescale can be understood
from the fact that slower transitions allow for the bubbles to grow for a more extended
period of time. This generates a larger characteristic bubble size R⋆ at percolation, hence
larger spatial anisotropies (cf. eq. (3.8)). Since sound waves are active for a longer time
than colliding bubbles, their suppression by the inverse timescale is alleviated by τsw.

To illustrate the impact of different thermodynamic parameters on the resulting GW
signal, we show four different benchmark spectra from sound waves in fig. 3.1. Here, we set
(α, Tp) = (10−2, 10 MeV) (gray) and (α, Tp) = (1, 10 TeV), respectively. Clearly, increas-
ing the percolation temperature shifts the GW peak to a higher frequency (cf. eq. (3.12)).
A larger transition strength α enhances the amplitude. Furthermore, we vary the inverse
timescale β/H⋆ ∈ {50, 500}. A larger inverse timescale not only decreases the charac-
teristic spatial scale, hence enhances the frequency, but also suppresses the GW ampli-
tude (cf. eqs. (3.8), (3.12), and (3.59)).

With the above machinery, we are now ready to delve into the first main part of this
work. In the following, we turn our attention to the interplay between EWSB and the
QCD quark-hadron transition in a certain class of BSM theories, and explore various GW
signatures potentially detectable at future observatories.
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4

P R E L U D E

In the standard cosmic evolution, EWSB occurs at Tew ≈ 160 GeV [82], while the QCD
quark–hadron transition takes place at TQCD ≈ 155 MeV [88]. For the measured Higgs
mass mh ≈ 125 GeV and physical quark masses, both transitions are crossovers [19, 20]. In
the absence of nucleating bubbles, one therefore does not expect relic GWs from the SM
symmetry-breaking mechanisms. In the following, we will study how this picture changes
in CSI SM extensions.

CSI models [41, 183, 226–250] exhibit one characteristic feature: the absence of mass
terms in the tree-level potential. That is, the Higgs mass term in eq. (2.4) is replaced
by a coupling to a new scalar field, µ2 → λpΦ2, where λp denotes the portal coupling
between the electroweak and dark sectors. The scalar field is charged under an additional
gauge symmetry which is spontaneously broken, either by radiative corrections [41, 226–
234] or non-perturbative dynamics [235–242]. As Φ acquires a vev, the portal term gener-
ates the SM vacuum, triggering EWSB. Besides the theoretically appealing explanation
for the Higgs mass term [251], CSI models have gained popularity due to their interest-
ing phenomenology, providing solutions to various open problems we have discussed in
sec. 2.3. To this end, CSI theories allow for baryogenesis [252–261] and DM production
mechanisms [262–275]. Moreover, the combined conformal-electroweak symmetry breaking
is usually realized as a strongly supercooled FOPT in the early Universe, leaving behind
a relic background of GWs potentially observable with future detectors [46, 183, 193, 243,
244, 246, 247, 276–280].

In this work, we will focus on weakly coupled BSM theories, in particular the CSI
U(1)B-L model where the global B−L (“baryon−lepton number”) symmetry is gauged. For
small gauge couplings gB-L ≲ O(0.1) [46, 243, 244], it was shown that B−L PT has not
yet occurred as the temperature of the thermal bath approaches the QCD scale. This
significant delay of the EWPT induces an intermediate period of supercooling, where the
false vacuum energy of the conformal sector sources an accelerated expansion. As the
Universe is trapped at the origin of field space, all SM fields remain massless during χSB.
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prelude

The formation of quark condensates induces a vev for the Higgs field via the Yukawa
couplings, triggering EWSB1 and the exit from supercooling. After reheating to a high
temperature, the Universe then follows its standard evolution, satisfying all observational
constraints.

In the following, we study different symmetry breaking patterns in the U(1)B-L SM
extension and analyze the resulting GW signals. First, we introduce the CSI U(1)B-L model
in chapter 5, including its field content, the thermal effective potential, and the modified
cosmic thermal history. In chapter 6, we consider the possibility of a first-order electroweak-
QCD phase transition (χPT). While for a long time the chiral phase transition (χPT) in the
chiral, i.e., massless limit, was believed to be first-order [45, 288, 289], recent lattice results
indicate a second-order transition [290]. In the absence of lattice studies investigating
the combined electroweak-QCD transition, we explore the cosmological consequences of a
possible FOPT. To this end, we construct different low-energy effective QCD models that
predict a FOPT and compute the bubble dynamics in a thermally inflating Universe. The
QCD transition then marks the escape from supercooling, i.e., naturally involves a large
transition strength α ≫ 1. The characteristic timescale, however, strongly depends on the
interplay between QCD and the scale of the conformal sector. We find that if the new
physics energy scale is large compared to the electroweak scale, the GW spectrum from
QCD-induced EWSB is significantly enhanced, implying great observational prospects at
future observatories.

In chapter 7, we develop a novel GW production mechanism in the context of CSI
models that does not rely on the order of the cosmic QCD transition. We show that
for small gauge couplings gB-L ≪ 0.1, the period of supercooling continues past QCD
χSB. We demonstrate that in a large part of the parameter space, bubble percolation
becomes inefficient to drive the conformal PT compared to the expansion rate of the
Universe. That is, the Universe remains trapped in the false vacuum until the breaking
of scale symmetry via QCD cancels the thermal barrier in the potential of the CSI scalar
field. The result is a tachyonic phase transition, where the scalar field rolls towards the
true minimum. As it traverses a region in the effective potential where its squared mass
is negative, long-wavelength fluctuations are exponentially produced. This preheats the
supercooled Universe, while generating anisotropic stress, and therefore, GWs [6, 53, 140,
291–297]. Inspired by models of tachyonic preheating [47, 48, 139, 140, 291, 298–313], we
estimate the GW amplitude. This mechanism opens up the possibility of probing a large
region of parameter space at future GW experiments.

1 This goes back to an idea by Witten [281] and was further studied in, e.g., refs. [46, 256, 282–287].
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C L A S S I C A L LY C O N FO R M A L U ( 1 ) B - L E X T E N D E D S TA N DA R D
M O D E L

We first introduce the particle content of the CSI U(1)B-L SM extension. Then, we construct
one-loop, finite-temperature effective potential based on the foundations we set in the
previous part, and outline how to fix the free model parameters to guarantee a successful
generation of the electroweak scale. Lastly, we describe how a classical scale symmetry
affects the thermal history of the early Universe.

5 . 1 field content

In the CSI U(1)B-L model [41], the global B−L symmetry of the SM is promoted to a
gauge symmetry, such that the total underlying gauge group is SU(3)c × SU(2)L × U(1)Y ×
U(1)B-L. SM quarks and leptons then carry a B−L charge of +1/3 and −1, respectively.
Besides the new Z ′ gauge boson associated with the U(1)B-L symmetry, we introduce
an additional, complex scalar field Φ = (φ + iG)/

√
2 with a B−L charge of +2. As a

consequence of classical scale invariance, the tree-level scalar potential reads

Vtree(Φ, H) = λhH4 + λφΦ4 − λpΦ2H2 , (5.1)

where H = (G+, (h + iG0)/
√

2) is the SM Higgs doublet, while λh and λφ parametrize
the strength of the scalar self-interactions. The SM Higgs mass term has been replaced
by the portal coupling to the new scalar field, µ2 → λpΦ2. We will eventually see that
radiative corrections lead to the spontaneous breaking of the U(1)B-L symmetry, resulting
in a mass for the vector boson

mZ’ = 2gB-Lvφ , (5.2)

where gB-L is the gauge coupling and vφ denotes the scalar vev. Then, the electroweak
scale is recovered by matching λpΦ2 to the Higgs mass parameter.

In addition to the scalar Φ and the Z ′ gauge boson, the model contains three right-
handed neutrinos. That is due to gauge anomalies arising at the loop level, i.e., triangle
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SU(3)c SU(2)L U(1)Y U(1)B-L

qi
L 3 2 + 1

6 + 1
3

ui
R 3 1 + 2

3 + 1
3

di
R 3 1 −1

3 + 1
3

liL 1 2 −1
2 −1

N i
R 1 1 0 −1

ei
R 1 1 −1 −1

H 1 2 1
2 0

Φ 1 1 0 +2

Table 5.1: Particle content of the CSI U(1)B-L extended SM. Here, i ∈ {1, 2, 3} denotes the
number of generations, while the subscripts L/R indicate chirality. Apart from the SM fields and
the U(1)B-L gauge boson, the model contains a complex scalar Φ and three right-handed neutrinos.
Table adapted from [41].

diagrams that break the B−L gauge symmetry, hence induce a current Jµ
B-L with ∂µJµ

B-L ∝
Q3

B-L. Summing over the B−L charges of all SM matter fields, one finds∑
fermions

Q3
B-L = 3 . (5.3)

That is, three generations of fermions N i
R (i ∈ {1, 2, 3}) which carry B−L charge of −1

cancel the anomaly. In addition, the right-handed neutrinos account for the generation of
neutrino masses via the Seesaw mechanism [42]. The relevant part of the Lagrangian reads

Lseesaw = −Y ij
D N̄ i

RH†liL − 1
2Y i

NΦN̄ ic
R N i

R + h.c. . (5.4)

Here, Y ij
D and Y i

N are the respective Yukawa couplings and “h.c.” denotes the Hermitian
conjugate. After spontaneous U(1)B-L and electroweak symmetry breaking, this results in
a Dirac neutrino mass term, while the second term generates Majorana mass terms for
the right-handed neutrinos. Furthermore, the lightest right-handed neutrino represents a
viable DM candidate, if the mixing angle with active neutrinos is sufficiently small [43,
314, 315]. A summary of the particle content is given in table 5.1.

5 . 2 effective potential

Let us now construct the one-loop effective potential, following sec. 3.2. The effective po-
tential will eventually be used to analyze the symmetry breaking pattern of the extended

40
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SM in the early Universe, with a focus on various GW production mechanisms. Let us
therefore first note that collider searches for the Z ′ boson [316, 317] exclude the parameter
space of moderate gauge couplings and small Z ′ masses, such that mZ’ ≳ O(TeV). There-
fore, we generally have vϕ ≫ vh = 246 GeV (cf. eq. (5.2)). In this case, it was shown that
symmetry breaking occurs first along the B−L direction in field space [279]. Subsequently,
the scalar evolves smoothly to the global electroweak minimum as in the SM. Hence the
relevant step for potential GW generation is the first one, and it suffices to only consider
the φ direction of the effective potential.

coleman-weinberg contributions. We start by incoporating the zero-T , one-
loop corrections to the tree-level potential (5.1). In sec. 3.2, we have computed the CW
contribution, which in our case reads [161]

Vcw(φ, T ) =
3

64π2 mZ’(φ)
4
[
log

(
mZ’(φ)2

µ(φ, T )2

)
− 5

6

]
, (5.5)

where mZ’(φ) = 2gB-Lφ. Note that already here, a temperature dependence arises via the
renormalization scale µ(φ, T ). We will discuss this choice below after having introduced
the remaining contributions to Veff . The logarithmic corrections in eq. (5.5) spontaneously
break the U(1)B-L symmetry and classical scale invariance, generating a vev for the scalar
field which induces the finite Z ′ mass (5.2) in the true vacuum.

Note that we only include the contribution from the Z ′ boson, i.e., we neglect the scalar
self-interaction and the coupling to the right-handed neutrinos. Let us briefly justify this
decision. To this end, we compute the derivative of the one-loop effective potential,

∂

∂φ
(Vtree(φ) + Vcw(φ, T )) = λφφ3 +

g4
B-L

π2 φ3
(

3 log
(

4g2
B-Lφ2

µ(φ, T )2

)
− 1

)
, (5.6)

which we require to vanish around the true minimum vφ = mZ’/(2gB-L). Employing the
Z ′ boson mass1 as the relevant symmetry breaking scale, µ = mZ’, we find

λφ(µ = mZ’) =
g4

B-L

π
. (5.7)

This is a typical relation in Coleman Weinberg models. The crucial point is that λφ ∝ g4
B-L,

hence the scalar contributions to the effective potential are suppressed relative to the vec-
tor contributions. In other words, the one-loop gauge boson corrections are formally of the
same order ∼ g4

B-L as the scalar tree-level term. This is expected, since the radiative cor-
rections must become comparable to the LO terms to spontaneously break the symmetry.

1 We follow ref. [246] and identify the physical gauge boson mass with its tree-level value.

41



5.2 effective potential

On the other hand, this tells us that it suffices to consider the Z ′ contribution at the loop
level. To obtain the mass of the scalar field around the true minimum,2 we evaluate

m2
φ =

∂2

∂φ2 (Vtree(φ) + Vcw(φ, T ))

∣∣∣∣
φ=vφ

=
6
π2 g4

B-Lv2
φ =

6
4π2 g2

B-Lm2
Z’ . (5.8)

Hence, we note that the scalar mass is always suppressed with respect to mZ’ for small
values of gB-L.

Let us now turn to right-handed neutrino contribution. To this end, we consider the
contribution of the heaviest state N3 with mN3(φ) = Y3φ/

√
2,

VN3 = − 2
64π2 mN3(φ)

4
(

log
(

m2
N3

µ2

)
− 3

2

)
. (5.9)

Again, we compute the first derivative of the effective potential for µ = mZ’(φ) taking into
account VN3 , which yields

λφ =
g4

B-L

π2 +
Y 4

3
32π2

(
log

(
Y 2

3
8g2

B-L

)
− 1

)
, (5.10)

as the minimization condition. Plugging this expression back into Veff and taking the
second derivative with respect to φ, we obtain

m2
φ =

∂2Veff
∂φ2

∣∣∣∣
φ=vφ

=
96g4

B-L − Y 4
3

16π2 v2
φ . (5.11)

For the potential to have a non-trivial minimum, we demand

g4
B-L ≥ Y 4

3
96 . (5.12)

This can be translated into a bound on the largest right-handed neutrino mass,

mN3 ≤
(3

2

) 1
4

mZ’ . (5.13)

If mN3 exceeded this limit, the U(1)B-L symmetry would not be spontaneously broken, as
the fermionic correction to Veff enters with a negative sign, i.e., counteracts the Z ′ contri-
bution. Then, also EWSB could not be realized and the model would not be consistent.
Conversely, we note that the right-handed neutrinos only give a small contribution to the
effective potential unless mN3 is very close to mZ’, since their respective contributions
scale with the fourth power of the Yukawa coupling. Since the Yukawas are unknown and
the parameter space where mN3 ≈ mZ’ is extremely fine-tuned, we will henceforth assume
that Y3 ≪ gB-L, and neglect the impact of the right-handed neutrinos on the symmetry
breaking dynamics.

2 Note that in principle, the scalar mass obtains corrections via mass mixing with the SM Higgs. Those
contributions are, however, extremely suppressed due to the large hierarchy of the vevs, hence are neglected.
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5.2 effective potential

recovering the electroweak scale. Having introduced the one-loop effec-
tive potential at zero temperature, let us now briefly describe how to fix the model param-
eters in order to reproduce EWSB. To this end, we follow the approach from ref. [246]. The
model contains five variables [244]: three scalar couplings which enter eq. (5.1), the gauge
coupling gB-L, and the parameter g̃, associated to the kinetic mixing between the U(1)Y

and U(1)B-L gauge fields. Let us first note that g̃ only affects the running of the couplings
via the renormalization group equations (RGE). Therefore, it has negligible impact on our
results and we set g̃(µ = mZ) = 0.3 Regarding the remaining parameters, we will show
that two are fixed by the requirement to generate the electroweak scale. Furthermore, we
exchange the portal coupling for the Z ′ boson mass, such that our only input parameters
are gB-L and mZ’ The procedure is as follows:

1. We choose a value for gB-L and mZ’ at the B−L symmetry breaking scale given by
µ = mZ’. As shown above, we minimize the effective potential and require that the
true minimum sits at vφ = mZ’/(2gB-L). This yields eq. (5.7) which fixes λφ at
µ = mZ’.

2. Next, we employ the β-functions [234] to run gB-L and λφ down to the electroweak
scale, µ = mZ. Note that the portal coupling affects the running of the scalar self-
coupling. Since its effect is numerically small, we neglect the λp-dependent term in
this part of the computation. From the physical Z, W ±, top quark mass and the
Fermi constant GF [318, 319] we obtain the SM gauge couplings and Higgs vev at
µ = mZ. Further we neglect scalar mass mixing due to the extremely large hierarchy
between vφ and vh, such that λh takes its SM value.

3. We minimize the effective potential again, now employing µ = mZ, to numerically
find a value for the vev at the electroweak scale vφ(µ = mZ). By minimizing the
tree-level potential in the h direction,

∂Vtree
∂h

= λhh3 − λp

2 v2
φh , (5.14)

and demanding that vh = vh,SM = 246 GeV, we find a condition for the portal
coupling,

λp(µ = mZ) = 2λh

(
vh,SM

vφ

)2

= 2
(

µh,SM

vφ

)2

. (5.15)

Here, µh,SM is the mass parameter that enters the Higgs potential in the SM. This
ensures that EWSB takes place as in the SM. Furthermore, we see that since vφ ∝
mZ’ ≳ O(TeV), the portal coupling is generally strongly suppressed for large mZ’.

3 An appropriate value of g̃ can stabilize the Higgs vacuum up to the Planck scale [243].
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5.2 effective potential

This completes the construction of the model in the vacuum, and we can move on to study
the system at finite temperature.

finite-temperature contributions. We have introduced the thermal correc-
tions to the effective potential in sec. 3.2. Following the reasoning from the previous section,
we only include the Z ′ contribution,

VT(φ, T ) =
3T 4

2π2 JB

(
mZ’(φ)2

T 2

)
, (5.16)

where the bosonic thermal integral is given by eq. (3.33). Further, we implement the Daisy
contributions that extends the regime of perturbativity in the IR [168, 170],

Vdaisy(φ, T ) = − T

12π

[
(mZ’(φ)

2 + ΠZ’(T ))
3
2 − mZ’(φ)

3
2
]

. (5.17)

Note that we have nZ’ = 1 in eq. (5.17) as only the longitudinal degree of freedom with
thermal mass [243, 244]

ΠZ’(T ) = 4g2
B-LT 2 , (5.18)

is resummed. The transverse degrees of freedom do not receive a perturbative thermal
mass [55]. Also, let us mention that we restrict ourselves to one-loop order. As discussed
in sec. 3.2 and further demonstrated in part iv, the two-loop effective potential can be
obtained via high-temperature DR [166] if the system exhibits a high-temperature scale
hierarchy. Recently, this approach was used to study the CSI SU(2)X model at next-
to-leading order (NLO) [183, 247]. We are, however, interested in the case where QCD
χSB triggers the conformal PT (see below). Then, QCD-induced corrections enter the
effective potential, which carry a natural uncertainty from non-perturbative dynamics
during cosmic QCD transition. These uncertainties are expected to dominate, i.e., high-
precision thermal resummation plays a secondary role, and we leave an NLO analysis of
the CSI U(1)B-L model for future work.

Let us briefly investigate the effect of the thermal corrections. To this end, we employ
the high-temperature expansion [109, 159] of the thermal bosonic integral (3.34), such that

VT(φ, T ) =
π2T 4

30 +
T 2mZ’(φ)2

8 − T 4

4π

(
mZ’(φ)2

T 2

) 3
2

+ . . . . (5.19)

Taking the second derivative of the effective potential with respect to φ around the origin
yields

∂2(Vtree(φ) + Vcw(φ, T ) + VT(φ, T ) + Vdaisy(φ, T ))

∂φ2

∣∣∣∣∣∣
φ→0

= g2
B-LT 2 . (5.20)
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5.2 effective potential

We see that the absence of quadratic terms in the tree-level potential leads to a positive
mass around the origin. Intriguingly, this holds as T → 0. In other words, since there is no
negative mass term that counteracts the positive thermal mass, a thermal barrier emerges
that remains down to very small temperatures. As the scalar field has to tunnel over the
barrier to convert the Universe to the true vacuum state, CSI models typically feature
strongly supercooled FOPTs, i.e., a large hierarchy between the critical temperature Tc

and the percolation temperature Tp. This is exemplified in fig. 5.1, where we show the
effective potential Veff = Vtree +Vcw +VT +Vdaisy for (gB-L, mZ’) = (0.1, 1 TeV), varying the
temperature. At T = Tc, the true vacuum becomes degenerate with the origin. Decreasing
the temperature, the thermal barrier shifts to smaller field values, however, persists due
to the lack of a negative tree-level mass term.

qcd-induced contribution. It has been shown that for small gauge couplings
gB-L ≲ O(0.1), the Universe enters the regime of extreme supercooling [46, 243, 244]. Then,
the bubble nucleation rate is sufficiently small such that percolation has not occurred as
the temperature of the thermal bath approaches the QCD scale, ΛQCD ∼ O(100 MeV).
Since the electroweak symmetry remains unbroken, both fields h and φ sit at the origin,
such that the SM fields are massless during the QCD quark–hadron transition [45, 288–
290]. The temperature associated with the breaking of the chiral symmetry, ⟨qq̄⟩ ̸= 0, in
the presence of six massless flavors is lower than for physical quark masses. Ref. [288], e.g.,
finds TQCD ≈ 85 MeV.

The formation of quark condensates breaks the classical scale symmetry. To see this, let
us consider the SM Higgs tree-level potential in the presence of quark condensates and
vφ = 0,

Vh =
λh

4 h4 +
∑

i

yi√
2

⟨qiq̄i⟩h . (5.21)

Here, the sum over quark flavors is dominated by the top quark, as it exhibits the largest
Yukawa coupling yt. By minimizing eq. (5.21), we find that the Higgs takes a finite, QCD-
scale vev [46, 282]

vh,QCD =

[
− yt√

2λh

⟨tt̄⟩
] 1

3

. (5.22)

Hence the cosmic QCD transition triggers EWSB. A precise value of vh,QCD can only be
inferred from the lattice, since the formation of the ⟨tt̄⟩ condensate is driven by strongly-
coupled dynamics and the top quark Yukawa runs non-perturbatively large [283]. However,
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Figure 5.1: Exemplary effective potential for different temperatures, imposing (gB-L, mZ’) =

(0.1, 1 TeV). While at high temperatures (dark blue) the potential only possesses a minimum around
the origin, the true vacuum becomes degenerate at Tc ≈ 313 GeV (red). Further decreasing the
temperature moves the barrier towards the origin (light blue). Nevertheless, the barrier remains
intact, as seen in the inset figure where we compare to the zero-T potential (dashed black).

the numerical value is expected to be at the QCD scale. This can be estimated via, for
instance, low-energy effective QCD models (see chapter 6). Therefore we employ

vh,QCD = 100 MeV , (5.23)

throughout this work unless stated otherwise.
Coming back to the effective potential in the φ-direction in field space, we find that the

QCD-induced breaking of the electroweak symmetry induces a negative mass term in the
tree-level potential eq. (5.1) through the portal term,

VQCD = −λp

4 v2
h,QCDφ2 . (5.24)

This term acts as a negative, temperature-independent mass,

∆m2
QCD = −λp

2 v2
h,QCD . (5.25)
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5.2 effective potential

Repeating the exercise from eq. (5.20), we have

∂2Veff(φ, T )

∂φ2

∣∣∣∣∣∣
φ→0,T <TQCD

= g2
B-LT 2 − λp

2 v2
h,QCD . (5.26)

The thermal barrier is counteracted by ∆m2
QCD, i.e., a temperature Troll emerges where

the barrier vanishes. Plugging in our model parameters, we find a tree-level estimate,

Troll ≃ 2
√

λhvh,SM
vh,QCD

mZ’
≈ 180vh,QCD

mZ’
GeV . (5.27)

Conversely, for the barrier to vanish right at TQCD, we have

mZ’ ≲ 180vh,QCD

TQCD
GeV . (5.28)

This interplay between QCD and the conformal sector leads to intriguing cosmological
histories with interesting observational signatures, as outlined in sec. 5.3 and studied in
chapters 6 and 7.

Finally, the full effective potential reads

Veff(φ, T ) =

Vtree(φ) + Vcw(φ, T ) + VT(φ, T ) + Vdaisy(φ, T ) if T > TQCD ,

Vtree(φ) + Vcw(φ, T ) + VT(φ, T ) + Vdaisy(φ, T ) + VQCD(φ) if T ≤ TQCD ,
(5.29)

where the relevant contributions are given in eqs. (5.1), (5.5), (5.16), (5.17), and (5.24).
In fig. 5.2, we show the full effective potential (5.29) at T = TQCD for (gB-L, mZ’) =

(0.1, 1 TeV) (left) and (gB-L, mZ’) = (0.1, 150 GeV) (right), respectively. We only display
the field space around the thermal barrier, φ ≪ vφ. As expected from eq. (5.28) we observe
the barrier, despite being diminished, to persist through the cosmic QCD transition for
larger Z ′ masses. For smaller Z ′ masses, the barrier is directly canceled by the QCD-
induced contribution.

renormalization group improvement. Before analyzing the cosmic history
of the CSI SM, we need to specify the RG scale µ which enters the effective potential via
dimensional transmutation. Note that in principle, the RG scale is not a physical quantity
but merely an integration constant, therefore it should not affect any physical results. At
zero temperature, the effective potential becomes independent of µ by RG improvement.
In the case of our model this amounts to the replacements

λφ → λφ(µ) , gB-L → gB-L(µ) . (5.30)
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5.2 effective potential

Then, the running of the coupling in the tree-level potential cancels the running of the
logarithmic contributions in the CW term [320]. This is no longer true at finite temperature.
Due to the additional, temperature-dependent contributions, the RG scale in fact cancels
only at the two-loop order (see part iv). Since we restrict ourselves to the one-loop effective
potential, a residual RG scale dependence of our results cannot be avoided. The µ-induced
uncertainty in computations of FOPTs will be studied in part iv.

However, let us demonstrate that there exists a range of values that minimize the depen-
dence on µ. In the high-T limit, we can express the temperature-dependent contributions
according to eq. (3.34). Plugging this into the full potential (5.29), we find [320]

Vcw + VT ⊃ − 3
64π2 mZ’(φ)

4Lb(µ) , with Lb(µ) = 2 ln
(

µeγE

4πT

)
. (5.31)

The logarithmic mass dependence hence cancels between Vcw and VT, solely leaving a
dependence on µ and T . While the common approach in the literature is to fix µ by
the largest mass scale or the scalar vev [244], eq. (5.31) clearly shows that the natural
choice is a temperature-dependent RG scale. To this end, employed values are in the
range π

2 T ≤ µ ≤ 4πe−γET , where the upper bound completely cancels the logarithm.
Throughout the subsequent chapters, we will employ the hard Matsubara scale µ = πT

unless stated otherwise.
While we could end the discussion at this point for models including a tree-level mass

term, CSI theories require special attention [246, 247]. Due to the large amount of super-
cooling, we encounter a scale hierarchy

πT ≪ mφ(vφ) ∼ mZ’(vφ) ∼ vφ . (5.32)

Then, the high-T limit is only valid in the regime of small field excursions where the field-
dependent masses are small. Conversely, close to the true vacuum the respective masses
are large, and the theory enters the low-T regime. In this case, the potential is dominated
by the CW contribution and the relevant scale is set by the vacuum masses. Therefore, we
follow refs. [246, 247] and evaluate all couplings that enter the effective potential at

µ(φ, T ) = max {mZ’(φ), πT , ΛQCD} , (5.33)

employing the β-functions from ref. [234]. Note that we have imposed a lower cutoff
at ΛQCD = 100 MeV. Below the QCD scale the strong gauge coupling gs becomes non-
perturbative, causing a divergent RG flow of the top quark Yukawa yt. Since yt affects
the RG evolution of the portal coupling λp, the numerical evaluation of the RGE becomes
unstable. Therefore we freeze the running of the parameters below the QCD confinement
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Figure 5.2: Full effective potential for small field values φ ≪ vφ, evaluated at the QCD scale
T = TQCD for mZ’ = 1 TeV (left) and mZ’ = 150 GeV (right). The blue line results from including
the QCD-sourced mass term (5.24), while the red curve is obtained without ∆mQCD. For large Z ′

masses, the QCD contribution is not large enough to cancel the barrier. In the right panel, however,
∆mQCD dominates over the positive thermal mass and the field becomes free to roll towards the
true minimum. Note that strictly speaking, the chosen model parameters in the right panel are
exluded by experiment [316, 317], however, they are suitable for our demonstration of the impact
of the QCD contribution.

scale. While this is a practical solution to the problem, a more rigorous treatment of the
strongly coupled dynamics would involve, e.g., lattice techniques. This is beyond the scope
of this work.

5 . 3 modified cosmic thermal history

Let us now describe how CSI models affect the thermal history of the Universe and intro-
duce the resulting symmetry breaking patterns. This provides an overview of the current
literature and sets the foundation for the subsequent chapters, where we explore new
directions.

thermal inflation. In sec. 3.2, we have introduced several temperature scales
characterizing FOPTs. While those are sufficient to describe the dynamics in most models
that include a tree-level mass term, CSI theories require a more careful treatment. Around
eq. (5.20), we have shown that the effective mass around the origin of field space is always
positive, i.e., a thermal barrier persists for all temperatures. Then, the symmetry-breaking
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5.3 modified cosmic thermal history

field may be trapped in the false vacuum for a long time, such that Tp ≪ Tc [243, 244]. Since
the false vacuum energy density is constant while the background dilutes like radiation,
we typically encounter a temperature where

∆Veff(Ti) =
π2

30gϵT
4
i . (5.34)

Here, gϵ denotes the relativistic degrees of freedom in the thermal bath, while ∆Veff(Ti) =

Veff(0, Ti) − Veff(vφ, Ti) is the difference in potential energy between the false and true
vacuum. At Ti, the Universe enters a period of thermal inflation driven by the false vacuum
energy of the conformal sector. Note that this epoch of vacuum domination is unrelated
to the initial period of cosmic inflation [103].

Since the temperature hierarchy is typical large, Tc ≫ Ti ≫ Tp, the potential energy
difference is well approximated by its zero-temperature value. In the case of the U(1)B-L

extended SM, we have

∆Veff(Ti) ≃ ∆Veff(T = 0) = 3
128π2 m4

Z’ . (5.35)

Then, the onset of thermal inflation is given by

Ti ≃
( 90

128π4gϵ

) 1
4

mZ’ , (5.36)

and the Hubble parameter becomes approximately constant,

H(T < Ti) ≃
(∆Veff(T = 0)

3M2
Pl

) 1
2
=

1√
128π

m2
Z’

MPl
. (5.37)

These approximate expressions are useful to obtain an intuition on the relation between
the new physics scale mZ’ and the relevant cosmological parameters. However, for our
quantitative studies in chapters 6 and 7, we always employ the full temperature dependence
in the effective potential and determine Ti numerically.

exit from supercooling. Depending on the duration of the supercooling period
starting at Ti, different symmetry breaking patterns arise which we briefly describe in the
following.

I. Tp > TQCD: Bubble percolation is efficient before the thermal bath approaches the
QCD scale. As shown in refs. [243, 244], this occurs for gB-L ≳ 0.2. The result is a
strong U(1)B-L FOPT, generating relic GWs in the reach of future observatories such
as LISA or ET.
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5.3 modified cosmic thermal history

II. Tp ≤ TQCD: The U(1)B-L PT has not occurred yet as the temperature approaches TQCD

due to the inefficiency of bubble percolation in the inflating Universe. Then, the QCD-
induced contribution (5.24) has to be taken into account and a negative tree-level
mass term emerges. The cosmic history depends on whether the QCD-induced mass
cancels the thermal barrier right at TQCD. We distinguish two cases:

(a) Tp = TQCD: The QCD-induced mass ∆m2
QCD is large enough to cancel the thermal

barrier, such that the U(1)B-L scalar rolls down the effective potential towards
the true minimum [46]. This scenario is depicted in the right panel of fig. 5.2.
The generation of a SGWB depends on the order of the cosmic QCD transi-
tion in the presence of massless quarks. If χSB proceeds via bubble nucleation,
the thermal barrier merely disappears in regions of spacetime where the quark
condensates have formed. Then, the false vacuum energy is released inside the
hadronic bubbles, and the GW amplitude is determined by the timescale of the
χPT.

(b) Tp < TQCD: The thermal barrier persists as the chiral symmetry is broken, as
shown in the left panel of fig. 5.2. Then, the Universe keeps inflating at temper-
atures below the QCD scale, further suppressing the thermal mass of the scalar
field and accelerating bubble nucleation. For moderate gauge couplings gB-L ∼ 0.1,
the exit from supercooling is realized by a QCD-accelerated, first-order U(1)B-L

PT [243, 244].

In the following chapters, we will study scenario II. While the QCD-induced exit from
supercooling, i.e., scenario II (a), was proposed in ref. [46], the PT parameters were only
estimated. Therefore, in chapter 6, we focus on the massless-quark electroweak-QCD PT in
a supercooled Universe and calculate the resulting SGWB employing different low-energy
effective models of QCD.

In chapter 7, we extend previous studies by considering the parameter space of small
gauge couplings gB-L ≪ 0.1, i.e., scenario II (b). We show that as the gauge coupling de-
creases, supercooling becomes more significant, such that one eventually enters a regime
where bubble percolation cannot drive the exit from superooling. Then, the barrier is can-
celled at the temperature Troll ≪ TQCD, and the symmetry-breaking field rolls towards the
true minimum instead of undergoing a FOPT. As φ crosses a region in the effective poten-
tial where its mass is tachyonic, long-wavelength fluctuations are exponentially amplified,
generating a unique GW background.

51



5.3 modified cosmic thermal history

reheating the universe. To recover a consistent cosmological evolution we need
to ensure an efficient reheating of the thermal bath after the exit from supercooling. This
reheating process can proceed in two ways. If the FOPT is dominated by interactions
between the bubble walls and the primordial plasma, the main source of GWs are sound
waves. In this case, the false vacuum energy is efficiently transferred to the heat bath during
bubble expansion, and we may assume reheating to be fast compared to the Hubble rate.
If thermalization occurs in less than a Hubble time, the reheating temperature is well
approximated by setting

π2

30gϵ,rhT 4
rh = ∆Veff(Tp) , (5.38)

where ∆Veff(Tp) is the potential energy difference at percolation, and gϵ,rh denotes all
relativistic degrees of freedom after the PT. Hence, in this case Trh ≈ Ti (cf. eq. (5.36)).

If, on the other hand, the PT is either driven by bubble collisions or not first-order, the
false vacuum energy remains in the conformal sector after symmetry breaking. The U(1)B-L

scalar field oscillates about the true minimum, potentially causing a matter domination
(MD) period which further dilutes the GW signal.4 This depends on the decay rate of
φ into SM particles. The simplest way to reheat Universe is by decays into the Higgs,
provided mφ > 2mh. The associated decay rate reads [244, 322]

Γφ ≈
λ2

pv2
φ

32πmφ
. (5.39)

Assuming rapid thermalization, reheating takes place when

Γφ = Hrh = H⋆

(
a⋆

arh

) 3
2

. (5.40)

The reheating temperature then is
π2

30g⋆,ϵT
4
rh = 3M2

Plmin
(
H2

⋆ , Γ2
φ

)
, (5.41)

i.e., reduces to eq. (5.38) if Γφ > H⋆. Employing our estimate (5.37), we have

Γφ

H⋆
≈ 2 × 10−3gB-L

(
106GeV

mZ’

)5

. (5.42)

Hence, if the gauge coupling is sufficiently small, or conversely, mZ’ is sufficiently large,
the reheating temperature reads

Trh ≈ 1.4 × 104g
− 1

4
⋆,ϵ g

1
2
B-L

(
106GeV

mZ’

) 3
2

GeV . (5.43)

4 In fact, the scalar field configuration after a FOPT is inhomogeneous, which may cause deviations from the
matter-like behavior [321]. The impact on our results is expected to be small; therefore, we follow previous
literature [244] and assume a matter-like scaling.
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This immediately gives a bound on the model parameters by requiring that the Universe
is radiation-dominated during BBN, i.e., Trh > TBBN ∼ O(MeV),

mZ’ < 5.8 × 1010g
− 1

6
⋆,ϵ g

1
3
B-LGeV . (5.44)

Again, note that for our numerical results in the following chapters, we employ the full
effective potential including the running of the model parameters to compute Trh. Also,
let us mention that in principle, scalar mixing provides a way to efficiently reheat the
Universe in a certain parameter space by direct decays into SM leptons [322]. However,
the parameter space relevant to this work, φ → hh is the more efficient decay channel. In
addition, decays into leptons and Higgs particles via right-handed neutrinos can quickly
reheat the Universe [323]. This only occurs in a narrow region of the overall parameter
space where the right-handed neutrino Yukawa couplings are tuned accordingly. Therefore
we relegate a study of such reheating channels and the effect of sterile neutrinos on the
GW signal to the future.
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6

G R AV I TAT I O N A L WAV E S F RO M Q C D - T R I G G E R E D
C O N FO R M A L S Y M M E T RY B R E A K I N G

Motivated by the cosmic thermal history outlined above, we now study in detail the dy-
namics of the QCD χPT in a supercooled Universe. To this end, we are interested in
scenario II (a) from sec. 5.3, where the cosmic QCD transition triggers the exit from su-
percooling by canceling the potential barrier in the CSI effective potential (cf. fig. 5.2).
This involves a large energy budget, as the energy responsible for thermal inflation is
released. The timescale of the transition, on the other hand, depends on the nucleation
rate of hadronic bubbles, which in turn is affected by the Hubble rate during supercooling.
While we have introduced such a symmetry breaking pattern in the case of the U(1)B-L

extended SM, there is a multitude of models which may lead to similar dynamics [46, 256,
281–285]. Therefore, we remain agnostic about the particle content of the new sector. We
leave the scale of new physics, i.e., the amount of supercooling, as a free parameter. The
only assumption is a substantial period of thermal inflation induced by some conformal
dynamics, delaying the EWPT to the QCD confinement scale, such that all SM fields re-
main massless. By computing the χPT dynamics, including the associated SGWB, merely
as a function of Ti (5.34), our results can then easily be mapped to any SM extension.

During χSB, the chiral SU(Nf)L × SU(Nf)R symmetry of QCD is broken down to the
vector subgroup SU(Nf)V by quark condensation, ⟨q̄q⟩ ̸= 0. We note that the order of
the χPT in the massless limit is a long-standing puzzle. While previous results [45, 289]
imply a first-order χPT for Nf > 3, a recent lattice study [290] indicates that the χPT
remains second-order up to a large number of flavors. In contrast, analyses employing the
functional renormalization group allow for the possibility of a first-order χPT [324]. Note
that [290] considers pure QCD. The order of the transition may be affected by the large
top quark Yukawa when including the Higgs field [283], which acquires a vev sourced by
χSB in our scenario. To our knowledge, this combined massless six-flavor QCD + Higgs
system has not been studied on the lattice to date, and the nature of such a transition
remains unknown. For these reasons, we assume a first-order χPT in the following and
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6.1 nambu–jona-lasinio model

explore its phenomenological implications. In addition, our results provide crucial insights
for further model building in strongly-coupled dark sectors.

To this end, we first construct three different low-energy effective theories of QCD which
feature a first order χPT in secs. 6.1 and 6.2. In sec. 6.3, we compute the PT dynamics
in a thermally inflating Universe, focusing on the transition timescale. Subsequently, we
calculate the associated SGWB in sec. 6.4 as a function of the amount of supercooling.
Intriguingly, we find a significant enhancement of the GW amplitude if the new physics
scale is sufficiently large, implying excellent observational prospects.

6 . 1 nambu–jona-lasinio model

Due to the strongly-coupled nature of QCD around the confinement scale, χSB cannot
be studied by conventional perturbative methods. To this end, lattice QCD provides a
non-perturbative way to simulate the dynamics from first principles [20, 290, 325]. Such
simulations are, however, extremely expensive and hence unfeasible for parameter space
scans in the context of early Universe cosmology. Instead, we employ low-energy effective
theories of QCD [326]. Here, an effective Lagrangian is constructed which possesses the
symmetries of the full theory. Subsequently, the model parameters are fitted to match phys-
ical observables such as the meson masses and decay constants. Although this approach
captures certain phenomenological aspects of full QCD, it naturally introduces simplifi-
cations that limit predictive accuracy. We therefore use different effective descriptions to
estimate the associated error band, including the quark-based Nambu–Jona-Lasinio (NJL)
model [327] and two Polyakov loop [328] extended versions thereof, which include gluonic
degrees of freedom.

Inspired by the theory of superconductivity, the NJL model was originally developed [327]
as a mechanism for spontaneous symmetry breaking, i.e., to study the mass generation
of elementary particles. Nowadays, the NJL model serves as a low-energy effective theory
of QCD, with applications in strongly-coupled systems at finite temperature and density,
such as early Universe phase transitions [329, 330] or neutron stars [331–334]. We refer
the reader to refs. [335, 336] for reviews.

tree-level potential. The starting point for our analysis is the quark-based
effective Lagrangian density [337, 338]

LNJL = q̄(i/∂ − m̂)q + L4F + L6F , (6.1)
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6.1 nambu–jona-lasinio model

where q (q̄) denote the SM (anti-) quark fields, and /∂ = γµ∂µ with γµ the Dirac matrices.
The quark mass term, including up-, down-, and strange-quarks, reads

m̂ = diag(mu, md, ms) = diag(yu, yd, ys)
⟨h⟩√

2
, (6.2)

where ⟨h⟩ is the expectation value of the Higgs field. This term will soon be set to zero as
the electroweak symmetry remains unbroken in the supercooled Universe. Note that since
the EWPT is delayed, all Nf = 6 quark flavors remain massless, hence should be included
in the model construction. Nevertheless, we restrict ourselves to Nf = Nc = 3, where Nc

denotes the number of colors. This is based on our assumption that quark condensation
occurs first in the light quark sector [283]. Moreover, all effective parameters can then be
fixed by hadronic physics, since real QCD only features an (approximate) chiral symmetry
for q ∈ {u, d, s}. Furthermore, we neglect the Higgs field in our study, which acquires a
vev along χSB (cf. eq. (5.22)). If we were to compute the effective potential in the Higgs
direction, we would integrate out all quark fields (cf. sec. 3.2). These quark fields, however,
are the dynamical degrees of freedom undergoing χSB. It is currently unclear how this
double counting issue is resolved, hence we postpone a more detailed study of the QCD +
Higgs system to the future.

The effective Lagrangian (6.1) further contains a four-fermion interaction, L4F, and a
six-fermion determinant interaction, L6F,

L4F = G

N2
f −1∑

a=0

[
(q̄ T aq)2 + (q̄ iγ5T aq)2

]
, (6.3)

L6F = GD

[
det (q̄(1 − γ5)q) + det (q̄(1 + γ5)q)

]
, (6.4)

where G and GD are effective coupling parameters. The generators of the underlying flavor
symmetry group SU(Nf) are denoted by T a. L6F is the ’t Hooft determinant [339–341].
This term is introduced since QCD exhibits a global, axial U(1)A symmetry at the classical
level under which the Dirac spinors transform as

q → eiϑ5γ5q , (6.5)

with ϑ5 ∈ R. In full QCD, this symmetry is anomalously broken [339], i.e., it does not
hold at the quantum level. In the effective theory, this is mimicked by including the six-

56



6.1 nambu–jona-lasinio model

point quark interaction, breaking U(1)A explicitly. In the massless limit, the remaining
symmetry group is then SU(3)L × SU(3)R × U(1)V, which transforms quarks field as

SU(3)L : qL → ULqL ,
SU(3)R : qR → URqR , (6.6)
U(1)V : q → eiϑq .

Here, the subscripts L/R denote the left-/right-handed components respectively, UL/R are
unitary matrices with det(UL/R) = 1, and ϑ ∈ R. Hence, the effective NJL Lagrangian
features all symmetry properties required to be an appropriate low-energy effective theory
of QCD. During χSB, the SU(3)L × SU(3)R subgroup is broken to SU(3)V.

We continue the construction of the effective theory by introducting the self-consistent
mean-field approximation (MFA) [342–344]. To this end, let us first reshape eq. (6.1) into
a more compact form [237],

LNJL = q̄
(
i/∂ − m̂

)
q + L4F + L6F ,

L4F = 2G Tr
(
Ψ†Ψ

)
,

L6F = GD

(
det Ψ + h.c.

)
, (6.7)

where Ψij = q̄j(1 − γ5)qi is the quark bilinear. In the MFA, eq. (6.7) is expressed by Ψ
and its expectation value

−4G⟨Ψ⟩ = (σ + iη′) 1 + 2 (aa + iπa) T a , (6.8)

where 1 is the unit matrix, and we have introduced mesonic auxiliary fields. These mesonic
fields correspond to the different chiral condensates [329],

σ = −4G

3 ⟨q̄q⟩ , η′ = −4iG

3 ⟨q̄γ5q⟩ , aa = −4G⟨q̄ T aq⟩ , πa = −4iG⟨q̄γ5T aq⟩ . (6.9)

Here σ (η′) is the (pseudo-)scalar singlet, while aa (πa) is the (pseudo-)scalar octet. Let
us stress that during χSB, only σ can acquire a vev. This is because the SU(3)V isospin
symmetry remains unbroken, hence mesons that mix different flavors, i.e., aa and πa cannot
obtain a vev. Moreover, a pseudoscalar vev, η′ ̸= 0, is prohibited as the vacuum is parity-
even.

The full NJL Lagrangian, expressed in the MFA, can be found in [329]. The tree-level
potential reads

V NJL
0 (σ, η′, aa, πa) = +

1
8G

(
3σ2 + 3η′2 + 2πaπa + 2aaaa

)
(6.10)

− GD

16G3

[
σ(σ2 + πaπa − 3η′2 − aaaa) + 5aaπaη′

]
.

57



6.1 nambu–jona-lasinio model

Since only the σ-direction is relevant for studying χSB, we set η′ = πa = aa = 0 and
obtain

V NJL
0 (σ) =

3
8G

σ2 − GD

16G3 σ3 . (6.11)

radiative corrections. In the next step, we add radiative corrections to the tree-
level potential. This is done by integrating out the fermion fields, as outlined in sec. 3.2.
The fermionic vacuum energy reads

V NJL
1 (σ) = −2Nc

∑
i

∫ d4p

(2π)4 ln det (/p − Mi) , (6.12)

where the factor of two corresponds to the spin degrees of freedom, Nc is the number
of colors, and the sum runs over the fermion flavors. Mi denote the constituent quark
masses [345], which, in the chiral limit, read [329]

Mi ≡ M(σ) = σ − GD

8G2 σ2 . (6.13)

Eq. (6.12) is divergent, i.e., has to be regularized. As a consequence of the multifermion
interactions in eq. (6.1), the NJL model is non-renormalizable. Therefore, a hard cutoff
regularization is typically employed [346]. To this end, refs. [237, 239, 278, 329] impose
a cutoff Λ on the four-dimensional (4D) momentum integral. Since we study the theory
at finite temperature, it is, however, more natural to use a three-dimensional (3D) cutoff
scheme, following refs. [330, 347, 348]. This amounts to replacing∫ d4p

(2π)4 →
∫ dp0

2π

∫ Λ

p
, (6.14)

with the d-dimensional measure
∫

p ≡ µ3−d
∫ ddp
(2π)d , d = 3. Then, thermal integrals con-

taining a Matsubara sum may be treated with the same cutoff. Indeed, by comparing our
results to the ones obtained with a 4D cutoff, we demonstrate in appendix 6.B that the
3D cutoff scheme is more reliable.

Evaluating eq. (6.12) yields [348]

V NJL
1,3D(σ) = −2NcNf

∫ Λ

p
Ep = −NcNf

8π2 Λ4
[(

2 + ξ2
)√

1 + ξ2 +
ξ4

2 ln
√

1 + ξ2 − 1√
1 + ξ2 + 1

]
, (6.15)

where Ep =
√

p2 + M2, ξ = M/Λ, and M is given by eq. (6.13). Hence, we note that
the Λ enters the final expression of the one-loop contribution. Its choice hence crucially
affects resulting predictions. Therefore, Λ is treated as a model parameter, such that,
together with G and GD, the NJL model contains three free parameters. By computing
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meson masses and decay constants in the effective theory, the model parameters are fixed
to reproduce the hadron spectrum of QCD. The parameters are found in ref. [345] and
summarized in table 6.1.

thermal corrections. Interactions with the thermal bath induce temperature-
dependent corrections to the effective potential. Following the procedure from sec. 3.2,
fermionic contributions read

V NJL
T (σ, T ) = gqNcJf

(
M(σ)2

T 2

)
. (6.16)

The number of degrees of freedom is gq = Nf (quarks) × 2 (antiquarks) × 2 (spin) = 12,
and Jf corresponds to the fermionic thermal integral (3.33), which we treat with the same
cutoff as eq. (6.15). Since fermions are IR-safe, we do not have to perform resummations,
hence the construction of the effective potential in the NJL model is complete. In summary,
we have

V NJL
eff (σ, T ) = V NJL

0 (σ) + V NJL
1 (σ) + V NJL

T (σ, T ) . (6.17)

Fig. 6.1 shows the evolution of the effective potential as a function of the chiral condensate
σ and the temperature T . At high temperatures, the chiral symmetry is restored, i.e., the
global minimum is at the origin. As the temperature decreases, a second minimum forms,
separated from the false vacuum by a thermal barrier, implying a FOPT. At the critical
temperature Tc ≈ 128 MeV, both minima become degenerate, hence tunneling to the true
vacuum becomes energetically favored.

6 . 2 polyakov loop modeling

While the NJL model provides an effective method to study the behavior of the quark
condensate ⟨q̄q⟩ at finite-T , it does not contain any gauge degrees of freedom. The goal
of this section is to include the gluonic sector in an appropriate way, in order to obtain a
more complete picture.

center symmetry and polyakov loop. Let us for the moment consider a pure
Yang-Mills system, consisting of gluons coupled to infinitely heavy (i.e., non-dynamical)
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Figure 6.1: Exemplary effective potential obtained with the NJL model, as a function of the
chiral condensate σ, and normalized to the false vacuum energy at the origin V0. While for large
temperatures the chiral symmetry is restored, we find a thermal barrier separating the hadronic
phase (true minimum) from the quark phase (false minimum) at Tc = 128 MeV. This implies a
first-order χPT.

quarks. In the absence of chiral symmetry, the quantity that describes the critical behavior
of this system, i.e., color confinement, is the fundamental traced Polyakov loop [328, 349],

ℓ(x) =
1

Nc
Trc L , (6.18)

L(x) = P exp
[
igs

∫ β

0
dτA4(x, τ )

]
. (6.19)

Here, β = 1/T , A4 = iA0 is the temporal component of the gauge field in Euclidean
time τ , gs is the strong gauge coupling, Trc denotes the trace over color space, and P
indicates path ordering along the time direction. At the mean-field level, A4 is spatially
homogeneous. See, e.g., ref. [326] for a detailed review of the Polyakov loop.

While being a gauge-invariant, hence physical quantity, the Polyakov loop is not invari-
ant under center transformations [350, 351]. The center group ZNc comprises all elements
zk that commute with the elements of the associated gauge group SU(Nc),

zk = e
2πik
Nc , with k = 0, 1, . . . , Nc − 1 . (6.20)

Hence, for Nc = 3, the center group Z3 contains three elements. Under gauge transforma-
tions V (x) ∈ SU(Nc), the gluonic fields transform as [352]

Aµ(x) → A′
µ(x) = V (x)

(
Aµ(x) − 1

igs
∂µ

)
V †(x) . (6.21)
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Specializing to transformations of the form Vk(x) = [zk1]
τ
β , we find (cf. eq. (6.21)) that

the temporal gauge field component acquires a constant shift

A′
4 = A4 − 2πk

gsNcβ
. (6.22)

With eq. (6.18) it is now straightforward to see that the traced Polyakov loop transforms
as

ℓ → ℓ′ = zkℓ . (6.23)

The gauge field is periodic under center transformations, A′
4(x4 = β) = A′

4(x4 = 0), hence
the gauge part of the action remains invariant. Quarks transform non-trivially under center
transformations, which is why center symmetry is only exact in pure Yang-Mills theory.

The crucial property of the expectation value of the Polyakov loop is its connection to
the free energy of a static (anti-)quark (pair) in a gluonic medium [353–355]

⟨ℓ(x)⟩ = e−βFq , ⟨ℓ†(x)⟩ = e−βFq̄ , ⟨ℓ†(x)ℓ(y)⟩ = e−βFq̄q(x−y) . (6.24)

In a confined theory, such as pure Yang-Mills theory or QCD at low energy, the energy to
create a single quark is infinitely large Fq → ∞, i.e., ⟨ℓ(x)⟩ = 0. Conversely, Fq is finite
in the deconfined phase, such that the Polyakov loop expectation value can acquire a non-
zero vev, ⟨ℓ(x)⟩ ̸= 0. This finite vev, however, breaks center symmetry (cf. eq. (6.23)).
From these considerations it becomes clear that color confinement is intimately tied to
the breaking/restoration of the Z3 center symmetry, and that the expectation value of the
traced Polyakov loop is the corresponding order parameter,

Fq → ∞ → ⟨ℓ(x)⟩ = 0 → conserved center symmetry ,
Fq = finite → ⟨ℓ(x)⟩ ̸= 0 → broken center symmetry . (6.25)

In the following, we will drop the brackets for brevity such that ℓ = ⟨ℓ(x)⟩ and ℓ̄ = ⟨ℓ†(x)⟩.

pnjl model. Having identified the order parameter for the gluonic dynamics, we are
ready to extend the NJL model by the Polyakov loop; this is known as the PNJL model.
The corresponding Lagrangian density reads [356–358]

LPNJL = LNJL − Vglue(ℓ, ℓ̄, T ) , (6.26)

where the partial derivative ∂µ in LNJL is replaced by the covariant one Dµ = ∂µ − iAµ.
The Polyakov loop potential Vglue [359, 360] cannot be computed from first principles.
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Instead, it is parametrized and subsequently fitted to SU(3) lattice thermodynamics. While
different parametrizations exist in the literature, we employ the logarithmic form [326, 361]

Vglue(ℓ, ℓ̄, T ) = T 4
[
−1

2a(T )ℓℓ̄ + b(T ) ln
(
1 − 6ℓℓ̄ + 4

(
ℓ3 + ℓ̄3

)
− 3(ℓℓ̄)2

)]
. (6.27)

Here, the expectation value of the Polyakov loop is constrained to ℓ ∈ (0, 1). Note that
the choice of parametrization does not have a significant effect on our results. We have
explicitly checked this by repeating the analysis with the polynomial parametrization found
in refs. [326, 330, 358, 362]. The coefficients in eq. (6.27) read

a(T ) = a0 + a1

(
Tglue

T

)
+ a2

(
Tglue

T

)2
, (6.28)

b(T ) = b3

(
Tglue

T

)3
. (6.29)

The confinement scale is indicated by Tglue = 178 MeV [363], i.e., the temperature of
Z3 center symmetry breaking [353] in the case of three massless flavors. The remaining
parameters a0, a1, a2, and b3 are fitted against lattice data. The numerical values we employ
are summarized in the lower panel of table 6.1.

Proceeding with the construction of the PNJL effective potential, we have

V PNJL
eff (σ, T ) = V PNJL

0 (σ) + V PNJL
1 (σ) + V PNJL

T (σ, ℓ, ℓ̄, T ) + Vglue(ℓ, ℓ̄, T ) , (6.30)

where

V PNJL
0 (σ) = V NJL

0 (σ) , V PNJL
1 (σ) = V NJL

1 (σ) , (6.31)

remain unchanged compared to the NJL model (cf. eqs. (6.11) and (6.12)). Since the NLO
medium interaction in eq. (6.16) is now affected by the presence of the Polyakov loop, we
obtain a mixed term V PNJL

T (σ, ℓ, ℓ̄, T ). To evaluate this term, we start be expressing the
temporal gauge field via [326]

A4 =
2π

gsβ
diag(q0, q1, q2) , (6.32)

where we have employed Polyakov gauge and spatial homogeneity. Here q0, q1, q2 have to
satisfy ∑i qi = 0. Then, the Polyakov loop reads

L = diag(z0, z1, z2) . (6.33)
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Λ [MeV] GΛ2 GDΛ5

631.4 1.835 −9.29

a0 a1 a2 b3 Tglue [MeV]

3.51 −2.47 15.2 −1.75 178

Table 6.1: Upper panel: parameters used in the NJL model to reproduce the QCD meson spec-
trum [345]. Note that because of the different coupling conventions, we have rescaled G via
G = gS/2, with gS from [345]. Lower panel: parameters that enter the Polyakov loop poten-
tial [361].

By including the coupling to the gluons as an effective chemical potential in the grand
canonical quark partition function, we obtain, at vanishing quark chemical potential
µ [326],

V PNJL
T (σ, ℓ, ℓ̄, T ) = −2NfT

∫
p

Nc∑
i=1

[
ln
(
1 + e−βEp+2πiqi

)
+ ln

(
1 + e−βEp−2πiqi

)]
= −2NfT

∫
p

Trc

[
ln
(
1 + Le−βEp

)
+ ln

(
1 + L†e−βEp

)]
= −2NfT

∫
p

[
ln
(
1 + 3ℓe−βEp + 3ℓ̄e−2βEp + e−3βEp

)
+ ln

(
1 + 3ℓ̄e−βEp + 3ℓe−2βEp + e−3βEp

) ]
= −gqT

∫
p

[
ln
(
1 + 3ℓe−βEp + 3ℓe−2βEp + e−3βEp

)]
. (6.34)

Here Ep =
√

p2 + M2, where M = M(σ) is given by eq. (6.13). In the first step, we
have used eq. (6.19) and the property of the logarithm ∑ ln(ai) = Tr ln(A), where ai are
the eigenvalues of the matrix A. In the second step, we have evaluated the color trace.
Subsequently we have set ℓ = ℓ̄ which holds at zero chemical potential [329, 364]. Eq. (6.34)
can further be rewritten as [330]

V PNJL
T (σ, ℓ, ℓ̄, T ) = V NJL

T (σ, T ) − gqT

∫
p

ln
[
1 + (3ℓ − 1)e−Ep/T + e−2Ep/T

]
. (6.35)

This concludes the construction of the effective potential in the PNJL model.
The left panel of fig. 6.2 displays the effective potential (6.30) around the critical tem-

perature Tc ≈ 159 MeV. As for the pure NJL model, a barrier between the two vacua
implies a first-order χPT.
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Figure 6.2: Effective potentials for the PNJL (left) and improved PNJL (right) models. Again,
we normalize the potential energy to its value at the origin. As for the NJL model, we observe
a thermal barrier separating the false and true vacua, indicating a FOPT. The respective critical
temperatures read Tc = 159 MeV (left) and Tc = 154 MeV (right).

improved pnjl model. The parameters in the Polyakov loop potential (6.27) in
the PNJL model are fitted to pure Yang-Mills lattice data. Therefore the presence of
quarks is not accounted for, which should, however, affect the thermodynamic properties
of the gluon bath. Ref. [365] uses functional renormalization group techniques to show
that an improved Polyakov loop potential, including quark backreaction, is obtained by a
simple temperature rescaling. To this end, we first introduce the reduced temperatures

tglue =
T − T glue

cr

T glue
cr

, tYM =
T − T YM

cr
T YM

cr
. (6.36)

Here, T YM
cr = 270 MeV [366] corresponds to the critical temperature in pure Yang-Mills.

T glue
cr is the critical temperature of a QCD-like theory [363] with three massless flavors,

which we have already employed in the Polyakov loop potential in eq. (6.27). With
eq. (6.36), the Vglue is rewritten by replacing

Tglue
T

→ 1
1 + tglue

. (6.37)

Further following ref. [365], one may construct an improved Polyakov loop potential by
rescaling the given reduced glue temperature tglue

tYM(tglue) ≈ 0.57 tglue . (6.38)
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Figure 6.3: Evolution of the order parameters as a function of temperature. The solid lines indicate
the dynamics of the chiral condensate σ, normalized to its value at the true minimum. For all
effective QCD models, we observe a discontinuity in the evolution of the quark condensate (dotted
lines), indicating a FOPT. The dashed lines denote the minima of the Polyakov loop potential
ℓmin(T ) in the PNJL models, which evolve smoothly with temperature.

Then,
Vglue(ℓ, ℓ̄, tglue)

T 4
glue

=
VYM(ℓ, ℓ̄, tYM(tglue))

T 4
YM

. (6.39)

For completeness, the full effective potential in the improved PNJL approach reads

V PNJL
eff (σ, T ) = V PNJL

0 (σ) + V PNJL
1 (σ)

+ V PNJL
T (σ, ℓ, ℓ̄, T ) +

(
Tglue
TYM

)4
Vglue(ℓ, ℓ̄, tYM(tglue)) .

(6.40)

The potential is shown in the right panel of fig. 6.2. We again find a first-order χPT with
Tc ≈ 154 MeV.

6 . 3 supercooled chiral phase transition

We are now ready to study the QCD χPT in a supercooled Universe. To this end, let
us first inspect the evolution of the respective order parameters, i.e., the chiral conden-
sate σ ∼ ⟨q̄q⟩ and the Polyakov loop ℓ, as a function of temperature. This is shown in
fig. 6.3, where different colors indicate different models. We first note that all three effec-
tive theories feature a discontinuity in the evolution of σ. Therefore, all models feature
a FOPT, although the respective critical temperatures differ slightly. For the (improved)
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PNJL model, we observe a smooth evolution of the Polyakov loop with temperature, ap-
proaching ℓ = 1 in the deconfined phase T > Tc. Note that the slight discontinuity in
the evolution of ℓ when σ develops a vev is caused by numerical artifacts of the minimiza-
tion algorithm. Below the critical temperature, ℓ quickly relaxes to zero, indicating quark
confinement.

hubble parameter. Since we assume the Universe undergoes a period of thermal
inflation driven by the false vacuum energy of the CSI SM, the Hubble parameter at the
QCD scale reads

H(TQCD) =

(
ρvac + ρrad(TQCD)

3M2
Pl

) 1
2

≃
(

π2

90g⋆,ϵ(Ti)
T 4

i

M2
Pl

) 1
2

≃ H(Ti) . (6.41)

Here, ρvac denotes the false vacuum energy, while ρrad is the contribution of the thermal
bath to the total energy density. Let us stress again that we characterize the new physics
merely by the temperature where thermal inflation starts, Ti (cf. eq. (5.34)). Below, we
will derive a lower bound on this scale by demanding that the transition is strong enough
to overcome the pressure exerted by the electroweak gauge bosons becoming massive. This
restricts Ti ≫ TQCD, hence the Hubble parameter becomes approximately constant. In our
numerical analysis, however, we employ the full, temperature-dependent expression of the
expansion rate. Without knowledge of the BSM field content, we assume g⋆,ϵ(Ti) = 106.75,
corresponding to the SM relativistic degrees of freedom, noting that the actual value is
slightly larger. This has, however, negligible impact on our results. Let us stress once again
that we assume scenario II (a) from sec. 5.3, where the cosmic QCD transition realizes the
exit from supercooling.

solving the bounce action. To evaluate the decay rate of the false vacuum
(cf. (3.44)), we start by computing the bounce action [182, 329]

S3 [σ] = 4π

∫
dr r2

[
Z−1

σ

2

(dσ

dr

)2
+ Veff(σ, T )

]
, (6.42)

related to the nucleation of hadronic bubbles which initiate the exit from supercooling.
This expression is evaluated for the field configuration that solves the associated bounce
equation of motion,

d2σ

dr2 +
2
r

dσ

dr
− 1

2
d log Zσ

dσ

(dσ

dr

)2
= Zσ

dVeff(σ, T )

dσ
. (6.43)

Here, Veff corresponds to the effective potential in the (improved) (P)NJL model which we
constructed in the last section. In the case of the Polyakov loop extended models, we min-
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Figure 6.4: Three-dimensional bounce action divided by the temperature, S3/T , as a function
of temperature divided by the critical temperature, T /Tc. The black dots indicate the numer-
ical solution of the bounce, while the colored curves correspond to the fits obtained with the
parametrization (6.44). We observe that the bounce action decreases quickly below Tc for all low-
energy theories. The Polyakov-loop extended models yield smaller values of S3/T compared to the
NJL model, implying a larger bubble nucleation rate.

imize the ℓ-direction of the potential for a given (σ, T ). Then, Veff(σ, T ) = Veff(σ, ℓmin, T )

only depends on the chiral condensate. Note that compared to (3.46), eq. (6.42) contains
a wave function renormalization factor Z−1

σ = Z−1
σ (σ, ℓ, T ). This quantity arises since the

fundamental degrees of freedom in the NJL model are fermionic, hence the kinetic term
for the bosonic condensate σ is generated at the loop level. The computation is analogous
to ref. [330], and can be found in appendix 6.A for completeness. We then solve eq. (6.43)
employing CosmoTransitions [185], modified appropriately to include the wave function
renormalization.

Our results are shown in fig. 6.4. We display the value of the bounce action S3/T as
a function of T , normalized to the respective critical temperatures. The black dots corre-
spond to the numerical solution. To facilitate further computations, we follow ref. [329]
and parametrize the temperature dependence of the bounce action as

S3(T )

T
≃ b

(
1 − T

Tc

)−γ

. (6.44)

We then fit the free parameters b and γ; see table 6.2 for the best-fit values. The parametriza-
tions are indicated by the colored curves in fig. 6.4. For all models, we observe that the
bounce action quickly decreases with temperature, which implies that the PT dynamics
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NJL PNJL Improved PNJL

b 0.0118 0.0054 0.0085

γ 1.614 1.583 1.585

Table 6.2: Best-fit value for the parametrization (6.44) of the bounce action, for the different
low-energy models of QCD.

takes place close to Tc. This is expected, as strongly-coupled theories typically do not fea-
ture large amounts of supercooling [208, 329, 330, 367]. In addition we observe that S3/T

takes smaller values in the Polyakov loop extended models, indicating a larger bubble
nucleation rate, i.e., a faster transition compared to the NJL model.

completing the transition. Next, we compute the temperature scales which
determine the onset and completion of the χPT, i.e., the nucleation (Tn) and percolation
temperature (Tp). To this end, we follow the prescription outlined in sec. 3.2. The time
when bubble nucleation becomes efficient is estimated by

Γ(Tn) = H(Tn)
4 , (6.45)

where Γ(Tn) is given by eq. (3.44). Percolation is assumed to terminate once the probability
to find a space point in the false vacuum is P = exp(−I(Tp)) ≈ 0.7, where I(T ) is
computed via eq. (3.50). Note that this calculation requires knowledge of the bubble wall
velocity vw. Since we study the scenario where the conformal PT is triggered by χSB,
i.e., a large amount of vacuum energy is released, we employ vw = 1. Lastly, we ensure
that percolation is indeed efficient by checking that the space volume trapped in the false
vacuum indeed decreases (cf. eq. (3.51)). This criterion will be useful when computing an
upper bound on the scale of new physics.

Let us first discuss the evolution of I(T ), quantifying the exponential suppression of the
false vacuum, displayed in fig. 6.5 as a function of T /Tc. Different panels (colors) corre-
spond to different effective QCD models, while different linestyles imply a variation of Ti.
Here the dash-dotted line is obtained by imposing no supercooling prior to the QCD scale.
While this is not possible within our setup,1 we include this scenario in order to compare
our results to previous studies of dark confinement and chiral PTs [329, 330, 367]. The
nucleation and percolation temperatures are marked by triangles and circles, respectively;
the latter is defined by I(Tp) = 0.34 (gray line). For all three models, we observe that

1 For the quarks to remain massless, EWSB has to be delayed, e.g., a period of thermal inflation starting
between the QCD end electroweak scale, at the latest, is unavoidable.
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Figure 6.5: Suppression of the probability for a point to remain in the false vacuum (3.50) as a
function of temperature relative to Tc. Different panels correspond to the various models of QCD,
while different linestyles indicate a variation of the new physics scale Ti. Dots denote successful
percolation, while the triangles mark the nucleation temperature. A finite period of thermal infla-
tion decreases both Tn and Tp compared to the case of no supercooling-(dash-dotted), implying
an enhancement of the transition timescale. As anticipated from the evolution of the bounce ac-
tion (cf. fig. 6.4), the Polyakov-loop extended models predict the χPT to terminate faster compared
to the NJL model.
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Figure 6.6: Evolution of the percolation temperature relative to the critical temperature as a
function of the temperature where thermal inflation starts. Different colors indicate different low-
energy models. While for small Ti percolation takes place close to Tc, the temperature ratio is
significantly suppressed when increasing the length of supercooling prior to the QCD scale.

percolation occurs close to the critical temperature. Again, this indicates a fast transition,
which is typical for strongly-coupled PTs. Intriguingly, once we switch on thermal inflation,
as shown for Ti ∈ {104 GeV, 107 GeV}, both Tn and Tp are shifted to smaller values. This
behavior is attributed to the expansion rate in the supercooled Universe. Since larger Ti

indicates a larger Hubble parameter during χSB, a larger bubble nucleation rate, hence
smaller S3/T (cf. eq. (3.44)), is required for nucleation and eventually percolation to be
efficient. From these considerations, it is straightforward to see why the completion of the
χPT is delayed.

Fig. 6.6 shows the percolation temperature Tp normalized to the critical temperature
Tc as a function of Ti, where different colors again indicate the respective QCD model.
This temperature ratio provides information on the amount of supercooling involved in
the χPT, in a Universe dominated by a CSI SM. While Tp/Tc ≲ 1 for a late onset of
thermal inflation, the percolation temperature is significantly decreased when shifting the
new physics scale towards the UV. Comparing different models, we find that the NJL
model features smaller Tp than the Polyakov loop extended versions, as we have already
suspected in the discussion around fig. 6.4.
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6 . 4 gravitational wave background

Next, we compute the characteristic PT parameters that enter the calculation of the GW
spectrum; see sec. 3.2 for an overview. In addition to imposing (model-independent) con-
straints on the new physics scale Ti, this allows us to evaluate the observational prospects
of QCD-sourced conformal symmetry breaking at future GW observatories.

transition strength and bubble wall velocity. We study the scenario
in which the χPT triggers the exit from supercooling. Therefore, the false vacuum energy
driving thermal inflation is released. The transition strength then reads

α =
ρvac

ρrad(Tp)
≈
(

Ti

Tp

)4

≫ 1 , (6.46)

due to the temperature hierarchy Ti ≫ TQCD ≈ Tp. As a consequence of the large transition
strength in the entire parameter space, we assume vw = 1 for the bubble wall velocity.

inverse timescale. While the transition strength is dictated by the new physics
scale Ti, the transition timescale is determined by QCD. This comes from the fact that
the false vacuum energy of the conformal sector can only be released in the patches of
space where the chiral symmetry is broken. Hence, the overall timescale depends crucially
on the nucleation rate of hadronic bubbles. To this end, we compute the characteristic
length scale of the transition (3.55) [13, 210], which we translate to the inverse timescale
via β⋆ = 5/R⋆ [211].2

Our numerical results are shown in fig. 6.7. Here, the left panel displays the inverse
transition timescale relative to the expansion rate of the Universe, β⋆/H, as a function
of the temperature where thermal inflation starts Ti. For small Ti, i.e., a short period of
supercooling, we find large transition timescales β⋆/H = O(105).3 This is in agreement
with previous studies of dark χPTs in strongly coupled hidden sectors [329, 330] and
holographic studies of Yang-Mills confinement PTs [367, 368]. When increasing the scale
of new physics, however, the inverse timescale decreases considerably. This comes from
the fact that larger Ti corresponds to a larger Hubble parameter during χSB. Then, for
bubble percolation to be efficient compared to the expansion rate of the Universe, lower
temperatures, hence a larger overall transition timescale, are required. This can be seen

2 Note that the definition of R⋆ in ref. [1] contains a typographical error regarding the temperature scaling.
3 The exclusion region for small Ti ≲ 1 GeV is based on the fact that the false vacuum energy is not sufficient

to withstand the pressure exerted by the SM gauge bosons; see the discussion below.
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Figure 6.7: Left: Inverse transition timescale divided by the Hubble parameter as a function of
the new physics scale. For a small amount of supercooling, the transition proceeds very fast. When
increasing Ti, hence the duration of thermal inflation, the timescale is enhanced considerably,
yielding β⋆/H = O(10) in the most extreme case. The left and right exclusion regions denote
the cases where the true vacuum bubbles cannot withstand the pressure from the thermal bath
(cf. eq. (6.53)), and where percolation is unsuccessful as a consequence of the large expansion rate of
the Universe (cf. eq. (3.51)). Right: Associated GW amplitude, redshifted to today. While a small
Ti predicts GW production to be strongly suppressed, the amplitude of the spectrum is enhanced
by eight orders of magnitude for Ti = O(108 GeV). This is a consequence of the enhanced transition
timescale.

explicitly by considering the definition of the timescale via the bounce action (cf. eq. (3.54)).
With the parametrization (6.44), we have

β⋆

H
≃ γ

(
Tc
Tp

− 1
)−1

S3(T )

T
. (6.47)

This reveals the direct impact of the decreased percolation temperature on the inverse tran-
sition timescale. Note, however, that β⋆/H cannot be arbitrarily small. If the expansion
rate becomes too large, for Ti ≳ 108 GeV, the condition for successful percolation (3.51) is
not fulfilled anymore. Then, the Universe cannot be converted to the hadronic vacuum via
bubble percolation.4 Hence, we find a lower bound of β⋆/H = O(5 − 10), corresponding
to Nmax ≃ 20 e-folds of thermal inflation. Let us also note that all effective QCD models
show an excellent agreement for large Ti, while the low-Ti region reveals a O(1) deviation
between the NJL and improved PNJL model.

4 In this parameter space, other mechanisms such as the growth of quantum fluctuations during thermal
inflation [369] or tachyonic rolling of the BSM scalar field (see chapter 7) may eventually trigger the exit
from supercooling.
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gravitational wave sources. Considerations of the friction exerted by the
surrounding thermal bath on the bubble walls allows for a determination of the dominant
GW source, i.e., the spectral shape [191, 192, 215, 216, 370, 371]. It was shown in ref. [211],
however, that in the case of strongly supercooled transitions, the sound wave-induced
GW contribution takes the same functional form as the spectrum from bubble collisions,
implying ΩGW ∝ (H/β⋆)2, independent of the dominant source. Nevertheless, we will in
the following consider different sources of friction, since this will provide limits on the
new physics scale Ti. In particular, we derive a model-independent lower bound for the
transition to complete.

To this end, let us first introduce the pressure difference across the bubble wall,

∆P = ∆Veff − P1→1 − P1→N . (6.48)

Here, ∆Veff is the false vacuum energy, which is counteracted by various pressure contribu-
tions from the surrounding plasma. The LO term corresponds to all particles that become
massive during the transition [372],

P1→1 ≃
∑

i

ciki

24 M2
i T 2

p . (6.49)

Here Mi is the physical mass of a species i, ki denotes the massive degrees of freedom
and ci = 1 (1/2) for bosons (fermions). The sum runs over all particles in the CSI SM,
including the electroweak gauge bosons. The NLO term is generated by transition radiation
at the bubble wall [373]

P1→N ≃ γ
∑

i

giMiT
3
p , (6.50)

where the sum runs over all gauge bosons i with coupling strength gi. The strategy is to
calculate a threshold on the Lorentz factor, γeq, where the pressure contributions exactly
cancel the false vacuum energy [223]. Then, a comparison with the actual Lorentz factor,
γ⋆, determines whether the bubble walls reach a steady state with the radiation bath. Such
a computation requires knowledge about the field content of the theory. Since we aim for
a model-independent analysis by leaving Ti as an input parameter, we cannot reliably
compute the Lorentz factor. Nevertheless, we can discuss certain relevant regimes, and
derive a model-independent lower bound on Ti.

Let us first consider the scenario of extreme supercooling, Ti ≫ TEW,SM ≫ TQCD. Then,
the false vacuum energy is dominated by new physics, and

∆Veff ∼ M4 ∼ T 4
i ≫ T 4

p . (6.51)
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The mass scale M then corresponds to the mass of the gauge boson of the CSI gauge
group. This is a direct consequence of radiative symmetry breaking. Because of this large
scale hierarchy, we can conclude that the friction terms are strongly suppressed with
respect to the false vacuum energy. The result is a transition driven by bubble collisons.
A confirmation of this estimate is found in ref. [244] for the U(1)B-L extended SM, and in
refs. [246, 247] for the SU(2)X extension.

For TEW,SM > Ti > TQCD, on the other hand, there are no new mass scales above
the electroweak scale. Therefore the dominant contribution to the bubble wall friction is
exerted by the SM fields, in particular the top quark and the electroweak gauge bosons. We
can therefore compute a lower bound on Ti by requiring that the vacuum energy overcomes
the LO pressure,

∆Veff =
π2

30g⋆,ϵT
4
i = P1→1 . (6.52)

With Mi ∈ {mW , mZ , mt}, we obtain

Ti,min ≈ 1 GeV . (6.53)

If thermal inflation was to start below Ti,min, the net pressure would be negative, preventing
the true vacuum from expanding. The lower bound on Ti is indicated in fig. 6.7 by the
∆P < 0 exclusion region.

reheating. Let us now briefly discuss the reheating process after bubble percolation.
After supercooled PTs, a finite MD period, where the BSM scalar field oscillates around
the true minimum, may dilute the GW spectrum (see sec. 3.2). In our model-independent
setup, we cannot precisely compute the length of the MD phase due to a lack of knowl-
edge of the coupling strengths. Therefore, we will assume for simplicity that reheating is
instantaneous, such that the entire vacuum energy driving the transition is injected into
the thermal bath. Then,

Trh ≈ Ti , (6.54)

and the redshift factors take their standard form (cf. eqs. (3.12) and (3.13)). However, we
keep in mind that once we map our results to a specific CSI SM extension, a finite MD
period may weaken the GW background.

observational prospects Fig. 6.7 shows the GW peak amplitude computed via
eq. (3.56) as a function of the new physics scale Ti. While h2Ωpeak

GW,0 = O(10−16) for
the lower limit on Ti, we find an increase by eight orders of magnitude when imposing
the maximum amount of supercooling. This is one of the main results of this study. A
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supercooling period prior to the QCD PT induces a substantial amplification of the GW
amplitude, as a consequence of the significantly increased transition timescale.

This behavior notably improves the observational prospects, as shown in fig. 6.8. Here,
the three panels correspond to the different low-energy theories of QCD. We display three
benchmark spectra, respectively, corresponding to different choices of Ti. The black curve
shows the evolution of the GW peak as a function of Ti, with the black dot denoting
the upper limit obtained by requiring successful percolation. In addition, we display the
projected PLI sensitivity curves of the future GW observatories µARES [149], BBO [148],
LISA [35–37], and ET [38, 39]. These are computed following ref. [152], and provide a
simple way to predict whether a certain GW signal is detectable.

Let us first note that all QCD models yield consistent results. This is expected, since
the largest deviation of the transition timescale is of O(1), leading to a relative deviation
of the GW peak amplitude of O(5 − 10) for small Ti ∼ O(GeV). In this regime, the GW
background from the supercooled χPT is barely visible; merely the NJL model predicts
a slight overlap with the sensitivity region of µARES. This confirms the pessimistic ob-
servational prospects of strongly coupled PTs (e.g., [329, 330]). Increasing the length of
the supercooling phase, we observe an increase of both the peak frequency and amplitude,
reaching the sensitivity region of BBO. While the enhanced amplitude is ascribed to the
increased transition timescale, the frequency shift can be understood from

f⋆ ∝ β⋆

H(Ti)
H(Ti) ∝ β⋆

H(Ti)
T 2

i . (6.55)

Taking into account the redshift until today, we find

f0 ∝ β⋆

H(Ti)
Ti . (6.56)

Hence, the peak frequency is determined by the relation of the transition timescale and the
temperature where thermal inflation starts. This is exactly the reason why f0 eventually
decreases again. For Ti ≳ 5 × 106 GeV, the decline of β⋆/H is faster than the increase of
Ti (cf. fig. 6.7), shifting the GW spectrum deep into the ET window. This is demonstrated
by the third benchmark spectrum, where Ti = 5 × 107 GeV, which is slightly below the
maximum value Ti ≃ 108 GeV. Due to the sharp decline of the spectrum ΩGW ∝ f3 on
superhorizon scales, we do not find any observational prospects for LISA.

6 . 5 conclusion

Let us conclude the first part of this thesis by summarizing our main findings, certain
shortcomings, and possible next steps.

75



6.5 conclusion

µ
A

R
E

S

B
B

O E
T

L
IS

A

10−5 10−3 10−1 101 103

f0 [Hz]

10−19

10−16

10−13

10−10

10−7

h
2 Ω

G
W
,0

NJL

T
i =

1G
eV

T
i =

5×
10 4

G
eV

T
i =

5×
10 7

G
eV

h2 Ωpeak
GW

µ
A

R
E

S

B
B

O E
T

L
IS

A

10−5 10−3 10−1 101 103

f0 [Hz]

PNJL

T
i =

1G
eV

T
i =

5×
10 4

G
eV

T
i =

5×
10 7

G
eV

µ
A

R
E

S

B
B

O E
T

L
IS

A

10−5 10−3 10−1 101 103

f0 [Hz]

Improved PNJL

T
i =

1G
eV

T
i =

5×
10 4

G
eV

T
i =

5×
10 7

G
eV

Figure 6.8: Projected GW spectra from the cosmic QCD PT triggering the exit from supercooling
in CSI SM extensions. Different panels correspond to different low-energy models of QCD. We
display three benchmark spectra, respectively, varying the scale of new physics Ti. The black curve
shows the evolution of the GW peak, which ends at the black dot, where the percolation criterion
(cf. eq. (3.51)) is violated. The increased transition timescale shifts the GW peak into the sensitivity
regions of BBO and ET.

Based on the modified thermal history in CSI SM extensions, where EWSB can be
triggered by χSB, we have employed three low-energy descriptions of QCD to analyze
the cosmic QCD transition in a supercooled Universe. By parametrizing the new physics
merely by the temperature where thermal inflation starts, our setup is independent of
particle content of the extended SM. Therefore, our results can by mapped to any concrete
theory, such as the CSI U(1)B-L [46, 243, 244, 276] or SU(2)X [183, 246, 247, 279] model,
by identifying the parameter space where QCD initiates the exit from supercooling, and
relating the characteristic mass scale to Ti.

The main quantity describing the strength of the transition is the inverse timescale
β⋆/H, as slow transitions generate larger anisotropies, hence an enhanced SGWB. We have
found that the thermal inflation period, induced by the delayed conformal-electroweak PT,
strongly affects the observational prospects. For a small amount of supercooling, the GW
amplitude is strongly suppressed, consistent with previous studies of massless QCD-like
theories [329, 330] and confinement transitions in pure Yang-Mills systems [367]. Increasing
the scale of new physics and thus the expansion rate of the Universe during the QCD
transition requires larger bubble nucleation rates, necessarily suppressing the percolation
temperature. Therefore, the overall transition timescale and thus the GW amplitude are
enhanced, while the peak frequency shifts to the UV. As a consequence, we find the best
detection prospects at the future observatories BBO and ET.

While our results are promising and the different QCD models show an excellent agree-
ment between each other, we should note that our study naturally carries some uncertain-
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ties. First, we assume χSB to take place initially in the light quark sector [283], hence
we only incorporate three flavors instead of the full SU(6)L × SU(6)R chiral symmetry.
Moreover, we neglect the effect of the Higgs field on the transition, which acquires a QCD-
scale vev along χSB. This however introduces certain complications. When constructing
the thermal effective potential for the Higgs field, the non-zero Matsubara modes, i.e., all
SM quarks are integrated out (cf. sec. 3.2 and part iv). At the same time, quarks are the
dynamical degrees of freedom during the breaking of the chiral symmetry. Hence it is not
straightforward to construct an effective model incorporating both the electroweak and
QCD sector, without encountering double counting of fermionic degrees of freedom. To
obtain more precise results, a first-principle study of the outlined mechanism would be
desirable. Recent lattice studies [290] indicate that QCD does not exhibit a FOPT, even
for a large number of flavors and in the chiral limit. While the combined QCD + Higgs
system may allow for a first-order transition, a lattice simulation of such a system in the
massless limit is extremely challenging.

Lastly, let us mention the implications of our results on new physics searches. As already
mentioned, our findings apply in large parameter spaces of CSI SM extensions [46, 242–
244, 246, 247, 276, 279, 282]. Furthermore, we provide a mechanism to enhance the SGWB
from strongly-coupled PTs, which typically predict extremely weak signals. Therefore,
imposing similar dynamics in dark QCD-like [329, 330] or pure Yang Mills sectors [367]
may open up new parameter regions testable by GWs. Additionally, our mechanism may
have applications in grand unified theories (GUTs), such as Pati-Salam models [374], which
feature symmetry breaking chains involving non-Abelian gauge groups.
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6 . A wave function renormalization

For completeness, we outline the computation of the wave function renormalization (WFR)
which enters the bounce action (6.42), for the NJL model. To this end, we largely follow
ref. [330], which provides the corresponding calculation for Polyakov loop extended models.

In NJL-type, quark-based low energy effective theories of QCD, the chiral condensate
σ is not a fundamental degree of freedom. Therefore, its kinetic term is generated at the
loop level, necessitating the WFR Z−1

σ . The strategy is to compute radiative corrections to
the two-point function of σ up to one-loop order. To this end, we identify Feynman rules
from the NJL Lagrangian in the MFA (6.7) and construct the relevant Feynman diagrams
affecting the propagator,

Γσσ(q
0, q, σ) ⊃

σ σ

σ σ . (6.57)

Here, solid lines denote σ fields, while the fields running in the loop correspond to quarks.
Then, the two-point function, including the mass term, reads

Γσσ(q
0, q, σ) = − 3

4G
+

3GD

8G3 σ +
GD

4G2 NfNcIV(σ) −
(

1 − GDσ

4G2

)2

NfNcIS(q
0, q, σ) , (6.58)

up to one loop order. In the above expression, Nf = Nc = 3. IV(σ) and IS(q0, q, σ)

are the one-loop integrals in eq. (6.57). Since we consider a thermal system, q0 = iωB
n,

with ωB
n = 2nπT , n ∈ Z, correspond to the bosonic Matsubara frequencies (cf. sec. 3.2).

Proceeding with the computation, the WFR then reads

Z−1
σ = −dΓσσ(q0, q, σ)

dq2

∣∣∣∣∣
q0=0, q=0

, (6.59)

hence it is sufficient to merely consider the last term ∝ IS(q0, q, σ) in eq. (6.58). This is
the only momentum-dependent contribution, given by

IS(iω
B
n, q, σ) =

1
Nc

Trc
∑∫ Λ

{P }

Tr [(/p + M)(/p + /q + M)][
p2 − M2

][
(p + q)2 − M2

] . (6.60)
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Figure 6.9: Modified WFR (6.66) as a function of the chiral condensate, plotted for different
temperatures around Tc.

Here the curly brackets specify the fermionic nature of the sum-integral, Σ
∫

{P } = T
∑

ωF
n

∫
p,

where P = (p0, p), p0 = iωF
n, and ωF

n = (2n + 1)πT denote fermionic Matsubara frequen-
cies. M is the effective quark mass (cf. eq. (6.13)) and Λ denotes the three-dimensional
cutoff introduced to regularize the divergences in eq. (6.12). As further shown in ref. [330],
one can decompose

Z−1
σ = −

(
1 − GDσ

4G2

)2

2NfNc
[
I(0) + 4M2I ′(0)

]
, (6.61)

with

I(iωB
n, q, σ) =

1
Nc

Trc
∑∫ Λ

{P }

1[
p2 − M2

][
(p + q)2 − M2

] , (6.62)

I(0) = I(iωB
n = 0, q = 0, σ) , I ′(0) = dI

dq2

∣∣∣∣∣
ωn=0, q=0

.

To evaluate the integral I(iωB
n, q, σ), the Matsubara sum is rewritten into a twofold sum

with a Kronecker delta function δ(p0) = T
∫ β

0 dτ exp(ip0τ ); see, e.g., refs. [167, 375, 376].
This gives

T
∑
ωF

n

ei(ωF
n−iµ)τ

(ωF
n − iµ)2 + E2 =

1
2E

[
f(E + µ)e(β−τ )E+βµ − f(E − µ)eτE

]
. (6.63)
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Λ [MeV] GΛ2 GDΛ5

930 3.32 −63.06

NJL PNJL Improved PNJL

b 0.223 0.008 0.028

γ 1.609 1.735 1.739

Tc [MeV] 71.71 121.77 101.10

Table 6.3: Upper panel: NJL parameters employed in the 4D cutoff scheme to reproduce the QCD
hadron spectrum [239, 329]. Note that ref. [1] contains typographical errors in the upper panel of
table III. Lower panel: best-fit parameters of the bounce action computed with the 4D cutoff
scheme, obtained with the parametrization (6.44). In addition, we give the critical temperatures
Tc for the respective low-energy models.

In the NJL model, we set the chemical potential to zero, µ = 0, such that the Fermi-Dirac
distribution reads

f(E) =
1

eβE + 1 , (6.64)

with β = 1/T . Note, however, that in the presence of gluonic degrees of freedom, eq. (6.64)
obtains a ℓ-dependent contribution [330, 347], since the Polyakov loop acts as an effective
chemical potential. The remaining piece is the τ -integral over the delta functions. This
can be evaluated directly, yielding

I(0, q, σ) =
∫ Λ

p

1
2EpEp+q

[
f(Ep) − f(Ep+q)

Ep − Ep+q
+

1 − f(Ep) − f(Ep+q)

Ep + Ep+q

]
. (6.65)

This expression is now inserted into eq. (6.61), which gives the WFR for the NJL model.
Due to the breaking of Lorentz invariance in the 3D cutoff scheme, however, the final result
is negative for a wide range of field values, as pointed out already in ref. [330] for the PNJL
model. Therefore we follow the proposed solution from [330] and employ a modified WFR,

Z−1
σ,m(σ, T ) =

(
1 − GDσ

4G2

)2 NcNf
4π2

(∫ Λ

0
dp

p2

E3
p

[
−2f(Ep) + 2Ep

df(Ep)

dEp
+ 1

]
(6.66)

+M(σ)2
∫ Λ

0
dp

p2

E5
p

[
6f(Ep) − 2Ep

df(Ep)

dEp
− 1

])
.

Fig. 6.9 shows the modified WFR as a function of the chiral condensate and temperature.
For the PNJL models, we employ the WFR from ref. [330].
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Figure 6.10: Inverse timescale β⋆/H computed within the 4D cutoff scheme, as a function of
the new physics scale, Ti. We observe the same qualitative behavior as for the 3D cutoff scheme.
However, the results are much more dependent on the employed low-energy description of QCD.

6 . B cutoff scheme dependence

In the main part, we have employed the 3D cutoff scheme to regularize the divergence ap-
pearing in the one-loop contribution to the effective potential in the NJL model, eq. (6.12).
Here, we repeat our analysis employing the 4D cutoff scheme used in, e.g., refs. [237, 329].
Within this scheme, the T -independent, NLO contribution to V NJL

eff is treated with a cutoff
Λ on the four-dimensional momentum integral. This alters the structure of the one-loop
potential, yielding

V NJL
1,4D(σ̄) = −NcNf

(4π)2 Λ4
[
ln
(
1 + ξ2

)
− ξ4 ln

(
1 + ξ−2

)
+ ξ2

]
, (6.67)

where ξ = M/Λ, with M being the effective quark mass (6.13). While the thermal con-
tributions to the effective potential are naturally three-dimensional, we do not impose a
cutoff on the thermal momentum integrals, i.e., we take Λ → ∞ when evaluating eq. (6.16).
As the cutoff is treated as a model parameter in the low-energy description of QCD, new
model parameters have to be introduced in the 4D scheme. These are found in, e.g.,
refs. [239, 329], and summarized in table 6.3.

We adopt the 4D WFR from ref. [329], which allows us to calculate the bounce ac-
tion. Again, we fit the behavior of S3/T to the parametrization (6.44). The results are
listed in table 6.3. In addition, we indicate the critical temperatures for the different low-
energy descriptions, which are generally slightly lower than the ones found within the 3D
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Figure 6.11: Evolution of the GW peak, as observed today, for the 3D (left) and 4D (right) cutoff
schemes. The triangle and circle correspond to the minimum and maximum Ti for the transition
to finish successfully. In the small-Ti region, both methods show a O(100) discrepancy regarding
the peak amplitude, while showing a good agreement for large amounts of supercooling.

cutoff scheme (cf. fig. 6.3). We proceed by computing the percolation temperature, the
inverse timescale of the transition, and eventually the resulting SGWB, as outlined in the
main body. The inverse transition timescale, β⋆/H, is shown in fig. 6.10 as a function of
the temperature where thermal inflation starts. We observe a similar qualitative behav-
ior as for the the 3D cutoff scheme (cf. fig. 6.7). For small Ti, the χPT proceeds fast,
β⋆/H = O(104 − 105), indicating a small GW amplitude. When increasing the amount
of supercooling, the timescale is significantly enhanced. This is expected, since, as out-
lined in the main part, the enlargened timescale is purely a consequence of the modified
background evolution, i.e., this qualitative trend should not change when changing the
cutoff scheme. Nevertheless, let us stress two main differences to the 3D scheme. First, the
4D regularization predicts overall larger timescales, corresponding to a more prominent
SGWB. Second, we observe a larger deviation between the different low-energy descrip-
tions of QCD. While the maximum difference of the inverse timescale between the NJL and
PNJL is of O(1) in the 3D cutoff scheme (cf. fig. 6.7), here we observe a O(10) uncertainty.
In the large-Ti region, this model dependence becomes much milder, and the results agree
well with the ones from the main body. Since this corresponds to the parameter space
relevant for future observatories, we consider our results robust.

We can further investigate the cutoff scheme dependence by computing the GW spec-
trum. In fig. 6.11, we display the evolution of the GW peak as a function of Ti, redshifted
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6.B cutoff scheme dependence

to today, together with the sensitivity regions of several future experiments. Here, the
triangles denote the minimum Ti required for the transition to finish successfully, while
the dots correspond to the maximum Ti for successful bubble percolation in an inflating
Universe. As anticipated, the 4D cutoff scheme predicts overall stronger signals. This can
be seen by a large overlap of the respective spectra with µARES in the small-Ti region.
However, the enhanced model dependence is manifested in a O(102) deviation of the GW
amplitude. Only in the strong-supercooling regime, both panels show consistent results.
The 3D cutoff scheme, on the other hand, yields reliable results for all values of Ti. This
may be expected, since high-temperature field theories are naturally three-dimensional.
Therefore, installing a 3D cutoff is more consistent, since all momentum integrals are
treated equally. Hence, we conclude that the 3D regularization scheme is overall more
reliable for finite-temperature systems.
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7

Q C D - S O U RC E D TAC H Y O N I C P H A S E T R A N S I T I O N

In the last section, we have analyzed one possibility to exit the thermal inflation period
in CSI SM extensions: a strong first-order QCD χPT triggering EWSB, sourcing the
breaking of the classical scale symmetry. While this study was conducted independently
of the specific BSM particle content, we now specify again to the U(1)B-L extended SM.
In particular, we consider the parameter range gB-L ≲ 0.1 and study scenario II (b) from
sec. 5.3, that is, supercooling continues after the cosmic QCD transition. While previous
studies have focused on a QCD-accelerated FOPT realizing the exit from supercooling [243,
244], we demonstrate that a FOPT occurs merely in a small part of the parameter space.
Instead, we explore a novel symmetry breaking pattern that is independent of the order
of the QCD transition, and has not been considered in the literature so far.

For large gauge boson masses and small gauge couplings, the negative QCD-induced
contribution to the effective potential (cf. eq. (5.24)) grows relative to the positive ther-
mal mass with decreasing temperature, until the potential barrier vanishes at Troll ≪
TQCD (cf. eq. (5.27)). Hence, the inclusion of ∆m2

QCD increases the false vacuum decay
rate, accelerating bubble nucleation. For sufficiently small gauge couplings, however, this
acceleration becomes too fast, such that bubble percolation does not take place until Troll.
Compared to the timescale associated with the expansion rate of the Universe, the barrier
then appears to vanish instantaneously.

In this regime of extreme supercooling, the transition is not driven by bubble nucleation
and the scalar field φ becomes free to roll down the potential towards the true minimum.
This is, however, distinct from a conventional second-order PT, where the background
field value closely follows the evolution of the true minimum and no large inhomogeneities
are generated. In our case, the true minimum has already formed as the barrier vanishes.
Hence, φ crosses a concave region in the effective potential where its mass is imaginary.
This corresponds to a tachyonic instability, where long-wavelength modes become unsta-
ble and grow exponentially. Therefore, we will refer to our mechanism as tachyonic phase
transition. Such dynamics are usually studied in the context of tachyonic preheating [47,
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7.1 inefficiency of bubble percolation

48, 139, 140, 291, 298–313] after cosmic inflation, where the growth of scalar fluctuations
efficiently terminates the exponential expansion of the Universe. In our case, the charac-
teristic momentum scale is determined by the QCD-induced mass which is |∆mQCD| ≳ H

in most of the parameter space. Exponential amplification of fluctuations that close to
the Hubble horizon scale induce large anisotropies in the stress-energy tensor, leading to
the production of GWs [6, 53, 140, 291–297]. This has crucial implications. First, since
our mechanism takes place around the QCD scale, and the new physics mass scale is
mZ’ ∼ O(105 − 107)GeV, the resulting GW background is in the reach of future observa-
tories. This feature is usually absent in cosmic preheating models due to the high energy
scale of inflation. Second, as the GW spectrum is expected to differ from a FOPT-induced
SGWB, our mechanism may provide a way to distinguish CSI models from other SM
extensions.

In sec. 7.1 we first identify the parameter space where a tachyonic PT takes place, i.e.,
where bubble percolation becomes inefficient. In sec. 7.2, we study the amplification of
scalar fluctuations employing numerical simulations of the linearized system. Finally, we
estimate the resulting GW background based on previous lattice studies [140, 291] and
discuss the associated observational prospects in sec. 7.3.

7 . 1 inefficiency of bubble percolation

We start by computing all quantities relevant for the PT dynamics, as introduced in
sec. 3.2, employing the effective potential we constructed in sec. 5. To find the solution to
the O(3) symmetric bounce equation (3.47), we again use CosmoTransitions [185]. For a
given parameter combination (gB-L, mZ’), we scan the temperature range Troll ≤ T ≤ TQCD.
As the temperature approaches Troll and QCD effects start to accelerate the transition,
we decrease the step size to accurately capture the dynamics. We then interpolate the
bounce action and numerically integrate over the nucleation history to find the fraction
of space trapped in the false vacuum at a given temperature I(T ) via eq. (3.50). Once
I(Tp) = 0.34, bubble percolation takes place.

Fig. 7.1 shows the results of three computations, imposing mZ’ = 106 GeV and gB-L ∈
{0.23, 0.25, 0.27} (blue, red, orange). The black dots indicate the percolation temperature.
We first note that S3 = S3/T takes larger value with decreasing gauge coupling. This
implies a larger suppression of the tunneling rate for small gB-L. All curves show a shal-
low behavior for larger T , while steeply declining below T ≲ 10−2TQCD. This is caused
by the negative QCD-induced mass (5.26) which counteracts the thermal barrier, hence
accelerates tunneling. The moment when S3 crosses zero marks the cancellation of the
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Figure 7.1: Evolution of the bounce action S3 = S3/T as a function of temperature, employing
gB-L ∈ {0.23, 0.25, 0.27} (blue, red, orange) and mZ’ = 106 GeV. The black dots indicate successful
percolation. For all benchmarks, the exit from supercooling is realized through a FOPT.

thermal barrier, indicating the onset rolling. In all benchmark points shown, percolation
occurs before Troll. While the transition completes close to TQCD for gB-L = 0.27, the QCD
contribution is required to drive the transition for gB-L ∈ {0.23, 0.25}.

Considering smaller gauge couplings, the situation changes, as shown in fig. 7.2 for
gB-L ∈ {10−3, 5 × 10−3, 10−2}. In this case, the tunneling rate is extremely suppressed, as
S3 ∼ O(106 − 109) for T ∼ TQCD. Only when the temperature approaches Troll, the bounce
action drops rapidly before crossing zero as the barrier vanishes. This implies an extreme
acceleration of the PT. During this decline we always find a moment when Γ(T ) ≳ H4,
such that bubble nucleation is possible in principle. However, when integrating over the
bubble nucleation history, we find I(Troll) ≪ 0.34 for all three benchmarks. This indicates
that time during which bubble nucleation is efficient does not suffice to convert a sizable
fraction of the Universe to the false vacuum. Therefore, we conclude that in this case no
FOPT takes place, but the field rolls towards the true minimum.1

This procedure is repeated for the entire parameter space. We then identify the region
where a FOPT takes place, i.e., I(Troll) ≥ 0.34. This is shown in fig. 7.4 by the upper left

1 Note that a similar setup has recently been studied on the lattice in [377]. The main result is that for
reasonably small inverse timescales β/H ∼ O(102 − 105), bubble percolation is efficient in driving the
transition. In our case, β/H ≳ O(106) in the parameter space close to the no-percolation regime. Therefore,
we expect the assumption of classical rolling to hold.
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Figure 7.2: Bounce action S3 = S3/T as a function of temperature T . We employ gB-L ∈
{10−3, 5 × 10−2, 10−2} (blue, red, orange), i.e., smaller gauge couplings compared to fig. 7.1. For
these benchmarks, bubble nucleation is extremely suppressed before the QCD-induced mass term
accelerates tunneling. As a consequence, the Universe cannot be converted to the true vacuum
before the barrier vanishes as S3 crosses zero. The result is a tachyonic PT driven by rolling of the
scalar field.

exclusion region, while the blue-shaded region features a tachyonic PT. The duration of
the thermal inflation period is characterized by the number of e-folds,

N = log
(

Ti

Troll

)
, (7.1)

where Ti is given by eq. (5.34). The maximum number of e-folds we encounter is N ∼ 25.
Hence, the scales probed by the CMB remain super-horizon and we do not run into conflict
with observations [101].

7 . 2 scalar field amplification

In this section, we analyze the behavior of the scalar field in the case where thermal tunnel-
ing is inefficient. Then, φ starts rolling towards the true minimum as the barrier vanishes
at Troll. While crossing the concave region of the effective potential, long-wavelength modes
are exponentially amplified, preheating the supercooled Universe and producing GWs. As
the scalar reaches the true minimum, decays into Higgs particles become efficient and the
false vacuum energy is efficiently transferred back to the SM.
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7.2 scalar field amplification

equations of motion. To study these dynamics, let us start from the scalar field
action in curved spacetime,

S =
∫

d4x
√

−g

(1
2∂µφ∂µφ − Veff(φ, T )

)
. (7.2)

Here, g = det gµν is the determinant of the FLRW metric, while Veff(φ, T ) corresponds to
the thermal effective potential (5.29). From the action, we compute the Euler-Lagrange
equation of motion,

φ̈ +
1
a2 ∇2φ + 3Hφ̇ +

∂Veff(φ, T )

∂φ
= 0 , (7.3)

where the Hubble parameter acts as a friction term. Given the absence of bubble dynamics,
the scalar field remains homogeneous as the barrier vanishes at Troll. Then, we can split
the field into a homogeneous background φ(t) and x-dependent fluctuations δφ(x, t),

φ(x, t) = φ(t) + δφ(x, t) . (7.4)

We then move to Fourier space [378–380] and decompose the field via its mode functions
uk(t),

δφ(x, t) =
∫ d3k

(2π)3 akuk(t) exp(ikt) + h.c. , (7.5)

with the annihilation (ak) and creation operators (a†
k) satisfying the commutation relation

[ak, a†
k′ ] = (2π)3δ(3)(k − k′) . (7.6)

The mode function uk(t) then describes the occupation number of a mode with momentum
k as a function of time. As long as the fluctuations are small, we may linearize the system.
To this end, we use the decomposition (7.4) together with eq. (7.5) and expand the equation
of motion (7.3) to linear order in in the fluctuations. Explicitly, we have

∂Veff(φ, T )

∂φ
=

∂Veff(φ, T )

∂φ
+

∂2Veff(φ, T )

∂φ2 δφ + ... , (7.7)

where ∂2Veff(φ, T )/∂φ2 = m2
φ. This yields two coupled equations of motion,

φ̈ + 3Hφ̇ +
∂Veff(φ, T )

∂φ
= 0 , (7.8)

ük + 3Hu̇k +

(
k2

a2 + m2
φ

)
uk = 0 . (7.9)

The first equation describes the motion of the background field which is driven towards the
true minimum, while being decelerated by Hubble friction. The second equation captures
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Figure 7.3: Effective potential (upper panel) and effective scalar mass squared (lower panel) at
T = Troll for gB-L = 10−2 and mZ’ = 106 GeV. The orange-shaded region indicates the imaginary
mass-regime where long-wavelength modes are exponentially amplified. Approaching the true min-
imum, the effective mass turns positive again, and exponential growth terminates.

the time evolution of the mode functions. The momentum-dependent fluctuations behave
like damped harmonic oscillators with a time-dependent frequency

ω2 =
k2

a2 + m2
φ . (7.10)

For positive masses m2
φ > 0, the solution shows an oscillating behavior, uk ∝ exp(−iωt).

However, if the effective scalar mass is negative, modes in the range

0 ≤ k

a
≤ mφ , (7.11)

exhibit an imaginary oscillation frequency, ω2 < 0. Then, the solution to the equation of
motion transitions from oscillating to exponentially growing, uk ∝ exp(|ω|t). In fig. 7.3
we display the effective potential (upper panel) together with the scalar mass m2

φ (lower
panel) at Troll for gB-L = 10−2 and mZ’ = 106 GeV. For small field values, the potential is
concave, hence the effective mass is imaginary, as indicated by the orange-shaded region.

For T > Troll, the field is trapped at the origin of field space. Then, the effective mass
can be approximated by (cf. eq. (5.26))

m2
φ,0 =

∂2Veff(φ, TQCD)

∂φ2

∣∣∣∣
φ→0

≃ ∆m2
QCD + g2

B-LT 2 , (7.12)
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Figure 7.4: Ratio of the QCD-induced mass |∆mQCD| and the Hubble parameter H for the
parameter space we consider. The white-shaded region features a FOPT, hence is excluded in our
study. In the gray-shaded region, reheating of the SM after the tachyonic production of scalar
modes cannot proceed via decays to Higgs bosons. In a large fraction of the parameter region,
|∆mQCD| > H, such that tachyonic growth is efficient.

where ∆mQCD = −λpv2
h,QCD/2. With decreasing temperature, the thermal mass quickly

becomes negligible, such that the QCD-induced mass dominates the growth rate, i.e.,
|ω| ≃ ∆mQCD for k/a ≪ |∆mQCD|. Fig. 7.4 shows the ratio ∆mQCD/H in the mZ’ − gB-L

plane. The white-shaded region indicates the parameter space where a FOPT takes place,
while we exclude the gray-shaded regime since the energy transfer back to the SM is hard to
realize (cf. sec. 5.3). Regarding the tachyonic resonance, it is important to have |∆mQCD| >

H, such that the unstable modes can grow efficiently compared to the expansion rate of
the Universe. This is given for a large part of the parameter space. Increasing (decreasing)
mZ’ (gB-L) flattens the effective potential, such that ∆mQCD ≪ H.

initial conditions. Let us now specify our initial conditions for the homogeneous
and inhomogeneous modes that we employ for our numerical study. While the scalar field
is trapped around the origin, the Universe undergoes a substantial amount of supercooling.
Hence, its expectation value is determined by the evolution of quantum fluctuations which
grow during the thermal inflation period. Employing the Bunch-Davies solution [381], the
field variance at Troll in the presence of a thermal bath is expressed as [369, 377, 382, 383]

⟨φ2⟩ = ⟨φ2⟩T + ⟨φ2⟩V . (7.13)
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7.2 scalar field amplification

Here, ⟨φ2⟩T ≈ T 2
roll/12 and ⟨φ2⟩V ≈ H2N/(4π2), with N being the number of e-folds,

denote the thermal and vacuum contributions. For the field to be driven to the true
vacuum, it is important to check if classical rolling indeed dominates the dynamics. If
the field value is sufficiently small, the dynamics continue to be dominated by quantum
fluctuations, inducing random jumps around the potential maximum. To this end, we
compare the rate of change by classical rolling in the slow-roll limit [384]

∆φcl = φ̇∆t = −V ′
eff(φ, T )

3H2 , (7.14)

to the typical size of quantum fluctuations in de Sitter space,

∆φquantum =
H

2π
. (7.15)

Demanding ∆φcl > ∆φquantum, we find the field excursion which defines the classical
regime,

V ′
eff(φcl) = −3H3

2π
. (7.16)

From these considerations, we first include all points in parameter space that satisfy√
⟨φ2⟩ > φcl at Troll. Furthermore, it was shown that if |mφ| ≫ H, thermal inflation

ends rather quickly due to efficiently growing modes destabilizing the false vacuum [369].
Conversely, if |mφ| ≪ H, we cannot ensure that thermal inflation terminates successfully.
This may lead to a sizable number of e-folds after the thermal barrier has disappeared,
potentially conflicting with CMB observations [101]. In extreme cases, quantum fluctua-
tions dominate for all times, leading to eternal inflation [383]. Hence, for parameter points
where |mφ| ≪ H, a more detailed study of the evolution during the de Sitter phase is
required. This is beyond the scope of this work, hence we exclude this parameter space
for now. For the remaining configurations, we choose

φi = max
{

φcl,
√

⟨φ2⟩
}

, (7.17)

as the initial condition for the homogeneous mode. The second derivative of the effective
potential is, however, dominated by the constant QCD-induced mass for small field values.
Therefore, the growth rate is independent of the field excursion during a large part of the
evolution. Then, our main results do not depend crucially on the initial condition.

Let us now turn our attention to the initial conditions of the scalar fluctuations. In
cosmic preheating scenarios, the usual initial condition is given by the Bunch-Davies vac-
uum [381, 385],

uk,BD(η) =
1√
2k

exp(ikη) , (7.18)
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7.2 scalar field amplification

expressed via comoving momenta and conformal time η. This is no longer appropriate in
the presence of a thermal bath. Prior to U(1)B-L symmetry breaking, the scalar modes
represent massless particles. In the following, we assume that the scalar field is in thermal
equilibrium with the SM.2 Integrating over physical momenta, the total energy density of
the scalar fluctuations then reads

ρδφ(T ) =
∫

dk
k3

2π2

[
exp

(
k

T

)
− 1

]−1

=
π2

30T 4 .
(7.19)

Alternatively, we can express the energy density of a massless scalar field by

ρδφ =
1
2δφ̇2 +

1
2a2 (∇δφ)2 . (7.20)

where the first (second) term denotes the kinetic (gradient) energy. Employing the Fourier
decomposition (7.5), we can derive an expression for the mode functions in thermal equi-
librium,

uk(η) =
√

2
(

exp
(

k

Troll

)
− 1

)− 1
2

uk,BD(η) . (7.21)

That is, the scalar modes are modified by a Boltzmann factor.
Finally, let us briefly discuss the evolution of the SM Higgs field, which sits at h = vh,QCD

after QCD χSB. For large field values φ ≲ vφ, the Higgs direction is destabilized, as the
electroweak vacuum is generated (cf. chapter 5). This causes the field to roll towards the
global minimum at (φ, h) = (vφ, vh). During the initial stages of the evolution which we
simulate below, φ ≪ vφ and the Higgs direction in field space remains stable. Hence, h is
not a dynamical degree of freedom during tachyonic growth, and we fix h = vh,QCD.

numerical study. In this section, we numerically study the initial phase of tachy-
onic amplification. To this end, we solve the linearized equations of motion (7.8) and (7.9)
for Nk = 1000 scalar modes. Note that as the energy density of the scalar fluctuations
grows large, the linear approximation breaks down. Therefore, we stop the simulation once

ρδφ = ∆Veff . (7.22)

Here, ∆Veff is the potential energy difference between the false and true vacua, i.e., the total
initial energy density available to be converted into fluctuations. When eq. (7.22) is fulfilled,

2 Again, this assumption does not crucially influence our results, since the scalar fluctuations are amplified
by many orders of magnitude. We have confirmed this numerically by repeating our analysis with Bunch-
Davies initial conditions.
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Figure 7.5: Upper panel: Effective mass parameter −m2
φ during the simulation. Center panel:

Spectral fluctuation energy density at different times of the simulation. The grey curve denotes
the initial thermal spectrum. Lower panel: Final energy spectrum of the amplified fluctuations for
gB-L = 10−2 and mZ’ ∈ {105, 4 × 105, 106} GeV.
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7.2 scalar field amplification

we expect fragmentation to set in, i.e., backreaction effects from the produced fluctuations
onto the zero mode which becomes fully inhomogeneous. The non-linear regime can be
studied using, e.g., lattice simulations [296, 386], which we relegate to future work. We
aim to verify that the characteristic size of the fluctuations is indeed given by the QCD-
induced mass. Since this scale is set during the initial stages of tachyonic growth where
the linear approximation holds, we obtain a reliable estimate of the spectral peak. This is
then used in sec. 7.3 to approximate the peak of the resulting GW signal.

The left-hand side of eq. (7.22) denotes the energy density of the fluctuations [48, 380]

ρδφ =
∫ d3k

(2π)3 ωk

(
nk +

1
2

)
, (7.23)

where nk is the occupation number of a harmonic oscillator,

nk =
ωk

2

(
|u̇k|2

ω2
k

+ |uk|2
)

− 1
2 . (7.24)

Strictly speaking, the above expression merely holds in the adiabatic limit, ω̇k/ω2
k ≪ 1.

This is clearly violated as the field-dependent mass, hence the growth rate, starts to
grow rapidly at large field values. In addition, while the mass is tachyonic the concept
particle number is ill-defined. This is a consequence of quantizing a theory on an unstable
background. However, we stress again that the spectral peak forms during the initial stage
where ω̇k/ω2

k ≪ 1 is fulfilled. Hence, we expect a more sophisticated treatment of the
system to not alter the location of the peak, but only the duration of tachyonic growth.
Furthermore, to avoid negative energy densities, one usually defines [48]

ωk =

∣∣∣∣∣ka
∣∣∣∣∣ , or ωk =

√(
k

a

)2
+ |m2

φ| , (7.25)

in the concave part of the effective potential. This choice has no impact on the character-
istic size of the fluctuations, thus we employ ωk = |k/a| in the following.

In fig. 7.5, we show the results of some benchmark simulations for different model param-
eters. The upper panel shows the evolution of the effective scalar mass −m2

φ as a function
of time for (gB-L, mZ’) = (10−2, 106 GeV). The dash-dotted line indicates −∆m2

QCD. Start-
ing the simulation at Troll, the effective mass is zero, since thermal and QCD-induced
effects balance each other. As the temperature drops and the thermal mass decreases, the
homogeneous mode starts to roll. Subsequently the mass slowly approaches ∆mQCD. At
H(t − troll) ≈ 0.6, the scalar mass, i.e., the growth rate, starts to increase rapidly. This
is because the field reaches the part of the effective potential that is dominated by radia-
tive Z ′ corrections (cf. chapter 5), leading to an acceleration of the field towards the true
minimum.
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7.2 scalar field amplification

The center panel displays the associated spectral energy density of the scalar fluctu-
ations, normalized to the total energy density. Here, the gray curve is the initial spec-
trum (troll = 0) which peaks at k/a = Troll (dotted line). Colored lines denote different
times during the simulation, while vertical lines indicate the Hubble parameter (solid) and
the QCD-induced mass term (dash-dotted). We observe that initially, only modes with
k/a < |∆mQCD| are amplified. This is expected, as the mass in the small-field regime
is given by the QCD contribution. At later times, e.g., for Ht ≈ 0.75, we find that the
instability band extends further to the UV. Again, this matches our expectation, as the
scalar mass at this time becomes significantly more negative (cf. upper panel), increasing
both the width of the tachyonic band and the growth rate. The crucial point, however, is
that the spectrum peaks around the scales that are amplified initially. This remains true
up to the point where we stop the simulation (black), where the energy density in the
fluctuations Ωδφ ≈ 1. The entire evolution takes less than a Hubble time, and the linear
approximation breaks down before the field starts to oscillate about the true minimum. We
should stress that this efficient production of IR modes is a consequence of the conformal
nature of the model and the resulting flat potential. Since the homogeneous mode spends
a substantial time at small field excursions where |mφ| ∼ |∆mQCD| ∼ H, long-wavelength
modes close to the horizon dominate the final spectrum. If we considered a Higgs-like
symmetry breaking with a negative tree-level mass term |µ| = O(100 GeV) ≫ H, the
characteristic size of the associated fluctuations would be much smaller than the horizon.

To demonstrate that the above benchmark does not correspond to a special point in
the parameter space, we show the final scalar spectra for gB-L = 10−2 and mZ’ ∈ {105, 4 ×
105, 106} GeV (red, dark blue, light blue) in the lower panel. The momenta are normalized
to the Hubble parameter. The black vertical line again indicates the Hubble scale, while
the colored vertical lines show the respective QCD-induced mass. In all cases, we observe
that |∆mQCD| determines the cutoff scale. The actual peak lies slightly below, since modes
with k/a ≲ ∆mQCD grow slower than modes with k/a ≪ ∆mQCD (cf. eq. (7.10)). This
effect is stronger for larger mZ’, causing an O(1 − 10) deviation from |∆mQCD|. Nonetheless,
the QCD-sourced mass provides a reasonable estimate of the characteristic scale, since we
are merely interested in an order-of-magnitude estimate of the GW signal.

reheating the sm. After the completion of the tachyonic PT, the scalar field is
completely inhomogeneous and the U(1)B-L symmetry is broken. Hence, the produced
scalar fluctuations emerge as particles with a well-defined mass given by eq. (5.8). In the
absence of a lattice simulation which would allow us to determine the precise equation of
state, we restrict ourselves to the treatment introduced in sec. 5.3. That is, we assume a
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7.3 gravitational wave background

matter-like scaling for the scalar particles. This is a good approximation since their peak
momentum |∆mQCD| ≪ mφ in all of the parameter space, e.g., the fluctuations become
non-relativistic. We then only consider the decay channel via the SM Higgs, assume that
thermalization of the SM is quick and numerically determine the reheating temperature
via eq. (5.41).

7 . 3 gravitational wave background

The exponential growth of scalar fluctuations in a specific momentum band corresponds
to inhomogeneities on a preferred scale in position space. This leads to anisotropies in the
stress-energy tensor and, therefore, a SGWB [6, 53, 140, 291–297]. The associated spectral
energy density, normalized to the total energy density of the Universe, is given by eq. (3.3)
and can be computed numerically by solving the linearized Einstein equations (3.2). This
yields an expression that depends directly on the scalar mode functions; the full computa-
tion is found in [292]. However, it was shown on the lattice that for tachyonic preheating,
the dominant part of GW production occurs during the non-linear evolution [140, 291].
As the system becomes non-linear, bubble-like structures form and collide, building up
large field gradients responsible for GW emission. The characteristic bubble size is given
by the spectral peak of the scalar fluctuations. Since our linear approach therefore cannot
capture the full GW emission, we restrict ourselves to estimates.

analytic estimates. Refs. [140, 291] give a simple scaling relation for the GW
peak extracted from the lattice (see also chapter 3),

ΩGW,⋆ ≈ ξeff(R⋆H)2 , (7.26)

where the subscript “⋆” denotes quantities evaluated at the time of production. Here,
ξeff is a model-dependent efficiency factor. For chaotic inflation, ξeff ∼ 0.15 [140], while
ξeff ∼ 10−2 [211] for supercooled FOPTs. Since we cannot reliably compute ξeff for the
tachyonic phase transition without employing the lattice, we simply take it as a free
parameter which we vary to show its impact on our results. R⋆ = a⋆/k⋆ is the physical
size of the fluctuations, while H⋆ is the Hubble parameter. Larger R⋆ shift the fluctuations
closer to the size of the horizon, inducing larger spatial perturbations, hence an enhanced
GW amplitude.

In the following, we first express the estimate for the GW background in terms of our
model parameters. To this end, we use the relations derived in chapter 5 and sec. 7.2.
To obtain simple analytic expressions, we neglect the running of the model parameters
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7.3 gravitational wave background

for now. For our final results, however, we use the full effective potential including RG
improvement, and determine all relevant quantities numerically. In the last section, we
have verified that the QCD-induced mass sets the peak of the scalar energy spectrum, i.e.,
the GW peak frequency is estimated by

1
R2

⋆

=
k2

⋆

a2
⋆

≈ |∆mQCD|2 ≈ λp

2 v2
h,QCD ≈ 4µ2

h,SMv2
h,QCD

g2
B-L

m2
Z’

, (7.27)

at the time of production. Here we have employed eq. (5.15). Note that we have neglected
the expansion of space between the onset of rolling and GW production. This is a good
approximation since, in almost the entire parameter space, tachyonic growth terminates
in less than a Hubble time. To arrive at today’s GW peak frequency and amplitude we
redshift [147],

f0 = 1.65 × 10−7Hz k⋆

aHrh

Trh
GeV

(
g⋆,rh
100

) 1
6 a⋆

arh
, (7.28)

h2Ω0,GW = 1.67 × 10−5
(

100
g⋆,rh

) 1
3 a⋆

arh
Ω⋆,GW , (7.29)

taking into account the MD period induced by the decay of the scalar field. In the above
expression, we have set g⋆,s = g⋆,ϵ at the time of reheating. Eq. (5.40) gives the scale factor
ratio, while eq. (5.41) is the reheating temperature. Using our analytic expression for the
Hubble parameter (5.37), we have

f0 ≈
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2
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(7.30)

h2Ω0,GW ≈
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)2( GeV
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)2 (
mZ’

106GeV

)6
, if Γφ ≥ H⋆ .

(7.31)

From this expression we note that both a larger gauge coupling gB-L and QCD-induced
Higgs vev vh,QCD shift the GW peak to larger frequencies and suppress the amplitude.
This is due to the fact that ∆m2

QCD ∝ (gB-Lvh,QCD)
2. A large Z ′ mass, on the other hand,

flattens the potential, hence enhances the amplitude as the characteristic scale moves closer
to the horizon. Regarding the peak frequency, the scaling with mZ’ depends on whether
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7.3 gravitational wave background

reheating is instantaneous. If this is the case, mZ’ enhances the peak frequency. This
corresponds to the usual scenario, where a large scale is connected to a larger temperature
Ti (cf. eq. (5.36)), hence a larger peak frequency. If decays into the Higgs are prohibited
initially, the Universe undergoes a MD phase. Due to the extreme suppression of Γφ/H ∝
m−5

Z’ , the additional redshift factor a⋆/arh can become large. Then, the frequency today
is suppressed by the new physics scale.

observational prospects. To assess the observational prospects of the tachyonic
PT in the CSI U(1)B-L model, we compute our estimate of the GW peak numerically,
including the running of all model parameters (cf. eq. (5.33)). That is, we evaluate the
QCD-induced mass at the high-T scale µ = πTroll as tachyonic growth takes places in the
small-field regime. The decay rate is computed at the SM scale, µ = mZ. We compute the
PLI sensitivity curves h2ΩPLI(f) of several future GW observatories following ref. [152].
Then, parameter points for which h2Ω0,GW(f0) ≥ h2ΩPLI(f0) are considered detectable.
A more rigorous analysis would include the computation of signal-to-noise ratios (SNRs),
which, however, necessitates the spectral shape of the signal. Such an analysis is relegated
to the future. Nevertheless, our simplified approach gives us a good overview of the general
detection prospects.

Fig. 7.6 shows our final results. Here, the colored curves indicated the sensitivity regions
of ET [38] (light blue), BBO [148] (blue), DECIGO [387–389] (red), and LISA [35, 37]
(orange). We employ different values of the efficiency factor ξeff ∈ {10−1, 10−3, 10−5}. The
upper left white-shaded region again shows the parameter space where thermal tunneling
is efficient before the onset of rolling, i.e., a FOPT takes place. The lower right white-
shaded region requires a careful analysis of the evolution of quantum fluctuations during
thermal inflation, hence is excluded in this work. In the lower left gray-shaded regime,
reheating of the SM via decays to the Higgs is prohibited.

In general, we find excellent observational prospects as a consequence of the large fluctu-
ation scale close to the Hubble horizon. Hence, for moderately large efficiency factors ξeff

BBO and DECIGO are sensitive in a major fraction of the parameter space. Particularly
strong signals where |∆mQCD| ∼ H are in the range of LISA. It is interesting to note
that usually, space-based observatories such as LISA are sensitive to smaller energy scales
compared to experiments on Earth, such as ET. In fig. 7.6, this order is clearly reversed
due to the long MD period for large mZ’. Furthermore, we do not find strong signals at
high frequencies, since small mZ’ implies |∆mQCD| ≫ Hrh. Thus, ET only covers a small
fraction of the parameter space if ξeff is sufficiently large.
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Figure 7.6: Observational prospects of the QCD-induced tachyonic PT in a supercooled Universe,
computed via our analytic estimate of the GW peak. We employ three different values of the
efficiency factor ξeff ∈ {10−1, 10−3, 10−5}. In the upper left region, a FOPT driven by thermal
tunneling takes place. The lower right region is excluded for now since the classical rolling limit
may not hold as thermal inflation ends. Since we focus on reheating via decays to the SM Higgs,
we further exclude the lower left region where the decay is kinematically forbidden. We find very
promising observational prospects if ξeff is sufficiently large. BBO and DECIGO span almost the
entire parameter space, while LISA is sensitive to strong signals, where |∆mQCD| ∼ H. ET will
only probe a small part of the parameter space.

7 . 4 conclusion

We have studied a novel symmetry breaking pattern in CSI SM extensions: a tachyonic
PT. While most previous works have analyzed the exit from supercooling via a FOPT, we
have shown that in a large parameter space of the CSI U(1)B-L model, tunneling becomes
inefficient. Instead, the symmetry-breaking field starts rolling towards the true minimum
as the cosmic QCD transition breaks scale invariance. While the field crosses a region
in the effective potential where its mass squared is negative, tachyonic preheating sets
in. That is, unstable modes are amplified from the thermal bath, quickly dominating
the energy density of the Universe. Once these modes emerge as scalar particles after
U(1)B-L symmetry breaking, the Universe reheats via decays into the SM Higgs. During
this process, stochastic GWs are emitted. The resulting amplitude depends on the scale of
the fluctuations compared to the Hubble horizon. Employing results from previous lattice
simulations [140, 291], we have estimated the location of the GW peak. Intriguingly, we
find excellent observational prospects at future observatories across the entire available
parameter space.
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Let us note that our results do not only apply to the U(1)B-L model, but may be extended
to other CSI theories, such as the SU(2)X extended SM [183, 246, 247]. While the QCD-
induced exit from supercooling has not been studied in detail in this model, a parameter
space should exist where bubble percolation ceases to drive the transition. Interestingly,
this opens up a large parameter space that will be tested by forthcoming GW experiments.
Moreover, we expect the spectral shape of the outlined mechanism to differ from a FOPT-
induced GW signal. Since preheating-like GW spectra typically lie at ultra-high frequencies
because of the large scale of cosmic inflation, the QCD-induced tachyonic PT may source a
smoking-gun signature at lower frequencies. To assess the ability of future experiments to
distinguish between the different symmetry-breaking mechanism, a more precise knowledge
of the spectral shape, i.e., a lattice simulation [296, 386], is required.

Another exciting aspect we have neglected in our study is the generation of scalar-
induced GWs during the phase of thermal inflation, i.e., before the onset of tachyonic
preheating. Due to the large number of e-folds and the negative mass around the origin,
large super-horizon perturbations are generated. Once such perturbations re-enter the
Hubble horizon after reheating, sizable scalar-induced GWs may be emitted [369], possibly
accompanied by the formation of PBHs [383]. This would not only imply a doubly-peaked
GW spectrum across several detectors, but also a novel DM candidate.

Furthermore, we have solely focused on the φ → hh reheating channel. For a certain
range of Yukawa couplings, however, scalar decays via right-handed neutrinos into the SM
Higgs plus leptons are expected to become efficient [323]. First, this may allow for a faster
reheating process, shortening the MD period and thus enhancing the GW amplitude. Sec-
ond, since the right-handed neutrino decay violates CP, the out-of-equilibrium conditions
after tachyonic preheating may successfully generate the BAU via leptogenesis [44]. All
these intriguing questions are left for future work.
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8

P R E L U D E

In the previous part, we have seen that conformal SM extensions induce a substantial
period of supercooling and source a sizable SGWB in the early Universe. In the following,
we develop a similar mechanism in the context of axion-like particles (ALPs). The axion
was introduced in sec. 2.3 as a hypothetical particle to solve the strong CP problem [49–
52]. The ALP is its generalized counterpart. It is a pseudoscalar field, however, does not
necessarily generate CP conservation in the strong interactions. Instead, ALPs are natural
DM candidates [129–131] due to their suppressed couplings to the SM. Furthermore, they
may explain the initial exponential expansion of the Universe via natural inflation [390–
396] and are motivated from string theory [397–399].

The viable ALP parameter space is characterized by two quantities: the mass mϕ and
decay constant fϕ, which are independent quantities, in contrast to the case of the QCD
axion. Possible values for mϕ and fϕ span orders of magnitude [400]. As all couplings of
the ALP are suppressed by the decay constant, the ALP becomes invisible to laboratory
experiments for large fϕ [129]. Therefore, it is crucial to investigate mechanisms which can
provide observational signatures of ALPs, however, do not rely on a large coupling to SM
fields.

One example for such dynamics is the audible axion mechanism [53], which is an ex-
tension of the misalignment mechanism that takes place in the radiation-dominated era
of the early Universe. Here, the ALP is initially misaligned from a minimum in its po-
tential, about which it starts to oscillate when the Hubble parameter drops below its
mass, Hosc ∼ mϕ [128]. If the ALP is coupled to a dark Abelian gauge field (“dark pho-
ton”), its motion generates a tachyonic instability in the vector equation of motion. This is
similar to the tachyonic instability due to an imaginary mass that we encountered in chap-
ter 7. Analogously, exponentially growing dark photon modes source anisotropic stress,
and hence stochastic GWs. For further studies investigating GWs from ALPs, see [6, 107,
108, 140, 380, 401–429].
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prelude

To estimate the amplitude of the resulting SGWB in the original audible axion model, we
note that the relative energy density at the start of ALP oscillations is Ωϕ,osc ∼ (fϕ/MPl)2.
Employing our rule of thumb (3.8), one then finds

ΩGW ∼
(

fϕ

MPl

)4
, (8.1)

in the minimal model [53, 295]. Furthermore, a large value of the axion-dark photon
coupling α ≳ 20 is required to enable efficient tachyonic growth. This limits GW probes to
merely a small part of the overall parameter space. In the following, we show how further
model building can increase the observational prospects of ALPs.

Specifically, we extend the audible axion mechanism by trapped misalignment [54, 430–
435]. That is, the axion is initially trapped in a false minimum due to additional U(1)PQ

violating operators in the potential. Then, ALP oscillations are delayed to Hosc ≪ mϕ,
instead of Hosc ∼ mϕ in the original setup. Therefore, we call this scenario the supercooled
audible axion. This modification will lead to three main results:

• Due to the decreased Hubble parameter compared to the original scenario, tachyonic
growth becomes much more rapid relative to the expansion rate of the Universe. This
enables GW production for small α ∼ 1.

• The relative energy density of the ALP at the onset of oscillations is enhanced, such
that the scaling of the GW amplitude changes to ΩGW ∼ (fϕ/MPl)2. This opens up
the testable parameter space towards smaller decay constants.

• Tachyonic production of SM photons becomes possible, i.e., the mechanism does not
rely on the existence of a dark gauge boson.

In chapter 9, we first introduce the concept of axion-like particles, the misalignment
mechanism, and discuss how a coupling to a (dark) photon is generated. Then, we review
the minimal audible axion mechanism and explain how the axion can source a period of
supercooling in chapter 10. In the subsequent chapter 11, we apply the modified setup to
ALP-dark photon systems, before investigating GWs from SM photons in 12.
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9

A X I O N - L I K E PA RT I C L E S

The QCD axion ϕ was proposed as a solution to the strong CP problem [51]. This is
achieved by a coupling of the form (ϕ/fϕ)GµνG̃µν , where Gµν and G̃µν denote the gluonic
field strength tensor and its dual. As QCD undergoes confinement, GµνG̃µν receives a vev
and generates an axion potential of the form

VQCD(ϕ) = χ(T )

(
1 − cos

(
ϕ

fϕ

))
. (9.1)

The functional shape reflects the periodicity of the QCD vacuum [436, 437]. For the QCD
axion, the QCD topological susceptibility fixes the relation between the axion mass and
decay constant, χ(T = 0) = m2

ϕf2
ϕ [126], hence determines the height of the maxima. This

quantity is connected to the pion decay constant and mass χ(T = 0) ∼ m2
πf2

π , relating mϕ

and fϕ. In the case of ALPs, mϕ and fϕ are independent, since they are not associated with
the QCD axial anomaly. These generalized pseudoscalar fields are the focus of this part of
this work. As we present our results in the mϕ − f−1

ϕ plane, the QCD axion represents a
special case, forming a line in the two-dimensional parameter space.

Inspired by the QCD axion, we employ the usual, T -independent approximation for the
ALP potential [53]

V (ϕ) = m2
ϕf2

ϕ

(
1 − cos

(
ϕ

fϕ

))
, (9.2)

explicitly breaking the U (1)PQ symmetry. We further assume that the spontaneous break-
ing of U(1)PQ, which generates the ALP as a Nambu-Goldstone boson, occurs during
inflation; this is known as the pre-inflationary scenario [128]. Then, inhomogeneities are
diluted away, and initial misalignment angle θ is homogeneous across the Universe. The
Euler-Lagrange equation of motion in a FLRW Universe reads

ϕ̈ + 3Hϕ̇ +
∂V (ϕ)

∂ϕ
= 0 , (9.3)

where dots denote derivatives with respect to cosmic time. Due to Hubble friction, the ALP
initially sits frozen at ϕi = θfϕ until the Hubble parameter becomes of the order of the ALP
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mass, Hosc ∼ mϕ. From naturalness arguments [438], we typically have θ ∼ O(1) [129].
Subsequently, the ALP oscillates about the minimum, scaling as matter, ρϕ ∝ a−3, making
it a viable DM candidate [128].

Probing ALPs experimentally is challenging due to their f−1
ϕ suppressed couplings. To

this end, ALP searches typically rely on the ALP-photon coupling

Lϕγγ = − ϕ

fϕ

g2

32π2 FµνF̃ µν , (9.4)

where Fµν is the electromagnetic field strength tensor with its dual F̃ µν ; g is the corre-
sponding gauge coupling. Such a coupling can, for example, be generated via a heavy quark
q, which is charged under U(1)PQ and U(1)Y. The axion implementation into the SM via
heavy quarks is known as the Kim-Shifman-Vainshtein-Zakharov axion [439, 440]. After
U (1)PQ symmetry breaking, the quarks obtain a mass mq ∼ O(fϕ), and can be integrated
out. This generates a coupling of the form (9.4) in the low-energy effective theory. Current
constraints on the ALP parameter space inferred from the coupling to photons are found
in [400].

Likewise, the ALP may couple to a dark photon X, i.e., an Abelian gauge field from an
additional U(1)D symmetry,

LϕXX = − ϕ

fϕ

g2
D

32π2 XµνX̃µν , (9.5)

if the heavy quarks carry a U(1)D charge. In the following chapters, we remain agnostic
about the UV completion that generates the respective couplings, and study the phe-
nomenology of the operators (9.4) and (9.5).
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AU D I B L E A X I O N S

We first introduce the original audible axion mechanism, where ALPs generate GW signals
via a coupling to a dark photon field. Then, we describe our modification by a delayed
onset of oscillations. Note that in the following, we will use ALP and axion interchangeably,
i.e., the pseudoscalar is not required to solve the strong CP problem.

1 0 . 1 standard mechanism

In the audible axion mechanism, a pseudoscalar ALP ϕ is coupled to a massless dark
U (1)D gauge field X [53], which has no couplings to the SM, hence is not thermalized.
The action reads

S =
∫

d4x
√

−g

[
1
2∂µϕ∂µϕ − V (ϕ) − 1

4XµνXµν − α

4fϕ
ϕXµνX̃µν

]
, (10.1)

where α is the axion-dark photon coupling, fϕ is the ALP decay constant, g is the determi-
nant of the FLRW metric, and V (ϕ) is the ALP potential (9.2). The dark electromagnetic
field strength tensor is denoted by Xµν , while its dual is X̃µν = ϵµναβXαβ, with ϵµναβ

being the Levi-Civita tensor. The line element is given by

ds2 = a(τ )2(dτ2 − δijdxidxj) , (10.2)

where a(τ ) is the scale factor, and τ denotes conformal time. Computing the Euler-
Lagrange equation of motion for ϕ, we obtain

ϕ′′ + 2aHϕ′ + a2 ∂V

∂ϕ
=

α

fϕ
a2E · B , (10.3)

where primes denote derivative with respect to conformal time. The Hubble parameter
H = a′/a2 enters as a friction term, and the right-hand side corresponds to the backreac-
tion from the dark electromagnetic fields E and B. In the misalignment mechanism, the
ALP initially sits displaced from its minimum by ϕi = θfϕ with the misalignment angle
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10.1 standard mechanism

θ ∼ 1. Oscillations around the minimum start as the Hubble parameter approaches the
axion mass

Hosc,aa ≈ mϕ . (10.4)

This is related to the temperature of the thermal bath

Tosc,aa ≡
( 90

π2gosc,aa
ϵ

) 1
4 √

mϕMPl , (10.5)

where MPl is the Planck mass and gosc,aa
ϵ denotes the relativistic degrees of freedom. Hence,

the initial relative energy density stored in the axion field reads

Ωaa
ϕ,osc =

V (ϕi)

3H2
osc,aaM2

Pl
≈ 1

6

(
θfϕ

MPl

)2
, (10.6)

where ρaa
ϕ,osc = V (ϕi) ≈ θ2m2

ϕf2
ϕ/2. The last expression holds for small misalignment

angles.
The Euler-Lagrange equation of motion for the dark photon is [401–404](

∂2

∂τ2 − ∇2 − α
ϕ′

fϕ
∇×

)
X = 0 . (10.7)

To investigate the gauge field dynamics in the presence of the axion, one quantizes the
field as

X̂i(x, τ ) =
∫ d3k

(2π)3 X̂i(k, τ ) exp (ikx)

=
∑
λ=±

∫ d3k

(2π)3 vλ(k, τ )ϵi
λ(k)âλ(k) exp (ikx) + h.c. ,

(10.8)

where the creation and annihilation operators satisfy [âλ(k), â†
λ′(k′)] = (2π)3δλλ′δ(k − k′)

and the sum runs over the two photon helicities. The circular polarization vectors follow
k · ϵ± = 0, k × ϵ± = ∓ikϵ±, ϵ± · ϵ± = 0, and ϵ± · ϵ∓ = 1. A mode function vλ(k, τ )

then captures the time evolution of a dark photon mode with three-momentum k = |k|.
The decomposition (10.8) allows us to rewrite eq. (10.7) in Fourier space via the mode
functions,

v′′
±(k, τ ) +

(
k2 ∓ k

α

f
ϕ′
)

v±(k, τ ) = 0 , (10.9)

where the momenta k are expressed in comoving coordinates. This is nothing but the
equation of motion of a harmonic oscillator in an expanding spacetime. We see that the
presence of the axion modifies the dispersion relation of the dark photon,

ω2
± = k2 ∓ k

α

f
ϕ′ . (10.10)
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10.2 supercooled audible axions

As the axion starts to oscillate, hence picks up a non-vanishing velocity ϕ′ ̸= 0, we find a
range of comoving momenta

0 < k < α
|ϕ′|
fϕ

, (10.11)

that have an imaginary effective oscillation frequency, ω2 < 0, for one dark photon helicity
at a time. In the instability band (10.11) the solution to eq. (10.9) changes from an
oscillating behavior to an exponentially growing one,

v(k, τ ) ∝ exp(|ω|τ ) . (10.12)

Therefore, the presence of the axion induces a tachyonic instability in the dark photon
equation of motion, sourcing the exponential production of dark photon modes in a distinct
momentum band. This is similar to the tachyonic resonance that we have encountered in
chapter 7, where an imaginary effective mass led to the exponential production of scalar
field fluctuations.

The production of dark photons generates anisotropies in the energy-momentum tensor
of the Universe, acting as a source of GWs [6, 53, 295, 417]. Intriguingly, as the population
of dark photons is dominated by the helicity is amplified first, the resulting SGWB is
highly chiral, providing a smoking-gun signature at future observatories.1 The energy
density available for GW emission is ∝ (fϕ/MPl)2 (cf. eq. (10.6)). Therefore, the GW
peak amplitude scales as [53]

Ω̃GW,0 ∼ (Ωaa
ϕ,osc)

2
(

a⋆H⋆

kpeak

)2

∼
(

fϕ

MPl

)4
, (10.13)

hence is strongly suppressed for small decay constants. Furthermore, to open the tachyonic
band for a sufficient amount of time to have efficient dark photon production, a large
coupling α ≳ 20 is required [53, 417].2

1 0 . 2 supercooled audible axions

Let us now introduce the supercooled audible axion. To this end, we first provide a specific
mechanism which leads to a delayed onset of axion oscillations: trapped misalignment [54,
430–435]. This modification of the minimal misalignment mechanism is motivated, for
example, by the fact that quantum gravity generally does not respect global symme-
tries [443]. That is, the global U(1)PQ may not be exact in the UV, such that the axion

1 Note that the chirality is partially washed out by backreaction effects for certain values of the axion-photon
coupling [417].

2 Such a large coupling can be generated by introducing multiple axion fields in the UV [441, 442].
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10.2 supercooled audible axions

potential receives additional explicit U(1)PQ breaking operators. One explicit example is
a temperature-dependent axion potential of the form [54]

V (ϕ, T ) = m2
ϕf2

ϕ

(
1 − cos ϕ

fϕ

)
+ Λ4−q T q

(
1 − cos

(
n

ϕ

fϕ
+ δ

))
, (10.14)

where Λ is the scale of the explicit U(1)PQ symmetry breaking effects and q controls the
T -dependence. The displacement of the new contribution from the original ALP potential
is determined by δ, while the integer n gives the number of false minima. It is then
straightforward to check that the ALP can initially, at H ∼ mϕ, be trapped by a barrier
between one of the false vacua and the true vacuum. The pseudoscalar becomes free to
roll once at the temperature Tosc, defined by the conditions

∂V (ϕ, T )

∂ϕ
= 0 , ∂2V (ϕ, T )

∂ϕ2 = 0 . (10.15)

The ratio between the oscillation temperature in the original audible axion mechanism
and the one in the case of axion trapping can then be expressed by the supercooling ratio

rsc ≡ Tosc
Tosc,aa

. (10.16)

Via eq. (10.5), we can estimate the oscillation temperature as

Tosc ≈ rsc
√

mϕMPl . (10.17)

Inserting this expression into eqs. (10.15) and solving for rsc, we find the corresponding
new physics scale to achieve a certain supercooling ratio

Λ ∼
(
r−q

sc m2−q/2
ϕ M−q/2

Pl f2
ϕ

) 1
4−q . (10.18)

This quantity is shown in fig. 10.1 as a function of rsc for varying fϕ and q, and fixed
mϕ, n, and δ. We see that we can easily generate large temperature ratios rsc by varying
the scale Λ. Therefore, we take the supercooling ratio as a free parameter in the following
and express all quantities through rsc. Then, our results can easily be mapped to other
mechanisms that delay the onset of axion oscillations.

For a given rsc, the axion energy density relative to the total energy density of the
Universe reads

Ωϕ,osc = r−4
sc Ωaa

ϕ,osc
gosc,aa

ϵ

gosc
ϵ

, (10.19)

i.e., is enhanced compared to the original setup (cf. eq. (10.6)). Here we have used the
T 4 scaling of the radiation energy density, while ρϕ,osc ≈ θ2m2

ϕf2
ϕ/2 is unchanged. For
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10.2 supercooled audible axions

Figure 10.1: UV scale Λ, which enters the trapping potential, as a function of the supercooling
ratio rsc, for fixed mϕ, n, δ, and three values of fϕ. By adjusting Λ, we can achieve a delay of axion
oscillations down to very small temperatures Tosc ≪ Tosc,aa. Figure created by C. Gerlach.

sufficiently small rsc, the axion energy density ρϕ,osc starts to exceed the radiation energy
density. By solving ρϕ,osc = ρrad(Ti), we find

rsc,i =

(
gosc,aa

ϵ

gosc
ϵ

) 1
4
(

θfϕ√
6MPl

) 1
2

≈
(

fϕ

MPl

) 1
2

. (10.20)

If Tosc < Ti, or equivalently, rsc < rsc,i, the ALP dominates the energy density of the Uni-
verse, Ωϕ,osc → 1. In this case, the Universe undergoes a period of axion-induced thermal
inflation, which ends with the onset of oscillations. This is analogous to the dynamics that
typically occurs in strongly supercooled FOPTs (see part ii), where a scalar field drives an
exponential expansion before the PT occurs.

The Hubble parameter at Tosc reads

Hosc = max
{

mϕr2
sc

(
gosc

ϵ

gosc,aa
ϵ

) 1
2

, θmϕfϕ√
6MPl

}
. (10.21)

Here, the first expression applies if the Universe remains radiation-dominated. Then, the
Hubble parameter is simply decreased ∝ r2

sc compared to original setup (cf. eq. (10.4)). If
the ALP dominates the expansion rate, however, we obtain the second term in eq. (10.21)
via the Friedmann equation (2.15). In the following, we first revisit the ALP-dark photon
system in this modified setup. Subsequently, we show that delayed axion oscillations allow
for replacing the dark gauge field with the SM photon.
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S U P E RC O O L E D A X I O N - DA R K P H O T O N S Y S T E M S

We start with our analysis of trapped ALPs that couple to a dark photon, which we assume
to be secluded from the SM. To this end, we first clarify the involved temperature scales
and the resulting cosmic history. In addition, we give some analytic estimates of the key
quantities.

The ALP starts to oscillate at Tosc defined by eq. (10.16), triggering the exponential
production of dark photon quanta via the tachyonic instability. The instability band is
given by eq. (10.11). Thus, the fastest growing dark photon mode is the one with

k̃osc =
α

2fϕ
|ϕ′| = ω̃osc , (11.1)

hence the growth rate coincides with the momentum of the mode. To provide some intuitive
understanding, the evolution of ϕ can be approximated in physical time by [53] ϕ(t) =

ϕi(aosc/a)
3
2 cos(mϕt), as the axion mass mϕ dictates the oscillation frequency. Solving for

the envelope of |ϕ′| at the onset of oscillations [53],

|ϕ′|a=aosc =

∣∣∣∣dϕ

dt

dt

dτ

∣∣∣∣
a=aosc

= θfϕmϕaosc , (11.2)

we have
k̃osc =

α

2 θmϕaosc . (11.3)

The spectral peak of the amplified dark photon modes is hence mainly determined by the
ALP mass.

The energy density of the dark photon reads

ρX =
1
a4

∑
λ=±

∫ d3k

(2π)3

(
|v′

λ(k, τ )|2 + k2|vλ(k, τ )|2
)

. (11.4)

Since this expression depends on the square of the mode functions, we conclude that
the energy density grows with ρ ∝ exp(2|ω|τ ). We define the temperature T⋆ as the
time when the ALP has transferred most of its energy to the dark gauge field such that
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supercooled axion-dark photon systems

ρX(τ⋆) ∼ ρϕ(τ⋆), which also sets the relevant scale for GW emission. The timescale of
dark photon growth can thus be estimated by setting

ρX(τ⋆) ≈ ρX(τosc) exp(2⟨ω̃osc⟩τ⋆) , (11.5)

where ⟨ω̃osc⟩ is the peak growth rate, averaged over one oscillation period. The evaluation
of this expression, which is relegated to appendix 14.A, yields

a⋆

aosc
≈ 1 + π

αθ
r2

sc ln
(

128π2

α4θ2
f2

ϕ

m2
ϕ

)
, (11.6)

in terms of our model parameters. From this we directly see that a large amount of
supercooling, rsc ≪ 1, significantly suppresses the time required for the amplification of
dark vector modes.

To have efficient tachyonic growth, the dark photon growth timescale should be smaller
than the oscillation time.1 This comes from the fact that the unstable dark photon helicity
switches when ϕ′ changes sign. As the conformal oscillation frequency is amϕ, we demand
(2ω)2 = −(amϕ)

2, where ω is given by the dominant helicity in eq. (10.10). The solution
yields

aclose
aosc

= (αθ)
2
3 . (11.7)

This is the approximate scale factor ratio at the time where the tachyonic resonance ceases
to be efficient. The comparison of eqs. (11.6) and (11.7) then gives us the minimal value
of α by setting

a⋆ < aclose . (11.8)

Since a⋆ is suppressed by r2
sc it becomes clear why a delay of axion oscillations allows for

much smaller α. For θ ∼ 1, we find α ∼ 1 to be sufficient in most of the parameter space
(see appendix 14.A for details).

The produced dark photons henceforth free-stream as dark radiation and contribute to
the effective number of relativistic degrees of freedom Neff . The ALP, on the other hand,
scales as matter after photon production becomes inefficient. If its decay rate to dark
photons is small, such that its lifetime is larger than the age of the Universe, it contributes
to the DM density. If the decay rate is sufficiently large, the axion depletes its remaining
energy density via perturbative decays into gauge field quanta, inducing an additional
contribution to Neff .

1 Note that this is a conservative criterion as we discuss in sec. 11.2.
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11.1 cosmological constraints

1 1 . 1 cosmological constraints

Before delving into the numerical study of the axion-dark photon dynamics, we first derive
the constraints on the model to ensure a consistent cosmic history. To this end, we employ
the analytic relations we have established above.

amount of supercooling. Regarding the maximum amount of supercooling that
we may impose, let us note that eq. (10.20) defines a strict upper bound on Tosc. If
rsc < rsc,i, the ALP is the dominant energy component of the Universe at the time of pro-
duction. Due to the absence of couplings to the SM, the Universe would remain dominated
either by ALPs or dark photons after the tachyonic resonance, which is inconsistent with
observations.

A stricter limit is, however, given by the dark photon contribution to the relativistic
degrees of freedom at recombination,

∆Neff =
8
7

(11
4

) 4
3 ρX

ργ

∣∣∣∣∣∣
T=Trec

=
8
7

(11
4

) 4
3 g⋆

ϵ

gγ

(
g0

s

g⋆
s

) 4
3

Ωϕ,⋆ < 0.3 .

(11.9)

Here, the limit results from the 2018 Planck dataset [14] and ργ denotes the energy density
of the SM photon with gγ = 2. Additionally, we have expressed the energy densities at
recombination by their values at dark photon production T⋆. Furthermore, we have used
the fact that a significant fraction of the ALP energy density is converted to dark photons
and set ρX,⋆ = ρϕ,⋆, representing a conservative upper limit.

From the onset of oscillations, the ALP energy density is enhanced compared to the
background due to its matter-like scaling,

Ωϕ,⋆ = Ωϕ,osc
a⋆

aosc
, (11.10)

where a⋆/aosc is given by eq. (11.6). Via eq. (10.19), we can then translate the bound on
Neff into a minimal supercooling ratio,

rmin
sc ≃ 1.25

(
g0

s

g⋆
s

) 1
3
(

g⋆
ϵ gosc,aa

ϵ

gγgosc
ϵ

) 1
4 ( a⋆

aosc

) 1
4
(

θfϕ

MPl

) 1
2

, (11.11)

for which the model is consistent. We set rsc = rmin
sc in the following, as we aim to study

the upper limit on the GW amplitude from axion-photon systems.
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Figure 11.1: Overview of the available parameter space for supercooled ALP-dark photon systems,
employing α = 50 (left) and α = 2αmin (right). The white-shaded region is excluded due to a vio-
lation of the Neff constraint, even without supercooling. The dotted and dash-dotted lines indicate
where the axion is stable until today and BBN, respectively. Constraints from DM overproduction
and Neff violation from late axion decays are displayed by the solid lines for ϵsup ∈ {10−6, 104, 10−2}.
The color coding reflects our estimate of the GW peak amplitude today (11.28).

dark matter and axion decays. For a given amount of supercooling, we still
need to ensure that the model neither overproduces DM nor dark radiation from axions
decaying into dark photons. Since these are two distinct scenarios, we split the parameter
space into heavy axions that decay before BBN and cosmologically stable axions that
constitute DM. To this end, we compare the ALP decay rate to the Hubble parameter at
BBN,

Γϕ→XX =
α2m3

ϕ

64πf2
ϕ

> HBBN =

(
π2

90gBBN
ϵ

T 4
BBN

M2
Pl

) 1
2

, (11.12)

where TBBN ∼ MeV.
The axion energy density after dark photon production is parametrized by

Ωafter
ϕ = ϵsupΩϕ,⋆ , (11.13)

where ϵsup denotes the suppression of the abundance through the tachyonic resonance.
This quantity can only be accurately determined by a lattice simulation (see sec. 11.2
and ref. [417]). Since this is beyond the scope of this work, we simply treat ϵsup as a free
parameter and compute its upper bound.

Regarding the light ALP parameter space, we redshift the relic abundance until today
and compare the result to the observed DM abundance via eqs. (2.19) and (2.28),

h2Ωϕ,0 = ϵsupΩϕ,⋆

(
H⋆

H100

)2 (T0
T⋆

)3 g0
s

g⋆
s

≤ 0.12 , (11.14)
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Relegating the details to appendix 14.B, we find

ϵDM
sup ≲ 2.89 × 10−9

(
g⋆

ϵ

gosc
ϵ

a⋆

aosc

) 3
4
(

eV
mϕ

) 1
2
(

1010 GeV
θfϕ

) 1
2

. (11.15)

This defines the required suppression of the ALP abundance through the resonance to not
overproduce DM. That is, large masses and decay constants necessitate a very efficient
energy transfer through the tachyonic resonance.

In the heavy axion parameter space, the contribution to Neff via late decays to dark
photons reads

∆Ndecay
eff =

8
7

(11
4

) 4
3 g⋆

ϵ

gγ

(
g0

s

g⋆
s

) 4
3

ϵsupΩϕ,⋆
adecay

a⋆
. (11.16)

Here we include the suppression of the axion abundance through the resonance ϵsup, as
well as its subsequent enhancement ∝ adecay/a⋆ from the time of production until the
onset of perturbative decays. The detailed derivation is again left for appendix 14.B. Our
final result, i.e., the upper limit on ϵsup for the heavy axion regime, is

ϵdecay
sup ≲ 6.64 × 10−8 (g⋆

ϵ )
− 1

4 (g⋆
s )

1
3

(
a⋆

aosc

) 3
4 α

θ
1
2

mϕ

GeV

(
1010 GeV

fϕ

) 3
2

. (11.17)

In fig. 11.1, we show an overview of the available parameter space in the mϕ − f−1
ϕ

plane, imposing θ = 1. Here we set α = 50 (2αmin) in the left (right) panel, with αmin ∼ 1
in a substantial fraction of the parameter space (cf. appendix 14.A). The white-shaded
region at the bottom is excluded due to a violation of the Neff constraint in the limit of
no supercooling. The dotted (dash-dotted) line indicates the parameter space where the
axion is stable until today (BBN). Constraints by DM overproduction are shown by the
solid lines in the small-mϕ regime for ϵsup ∈ {10−6, 10−4, 10−2}. Let us note that previous
lattice results indicate ϵsup ≈ 10−2 for α ≳ 20, which, in the original setup, corresponds
to the lower threshold on the ALP-dark photon coupling for the tachyonic resonance to
be effective. In our case, dark photon production occurs for α ≳ 1. The smaller value of α

could then affect the efficiency of the dark photon backreaction, allowing for a suppressed
ϵsup. While relegating a lattice study of the small-coupling regime to the future, we indicate
the effect of small ϵsup on the parameter space.

The limits in the large-mϕ range stem from the contribution to Neff from late axion
decays. In addition, the color coding shows the projected GW amplitudes (see below). We
see that the cosmological limits translate in two distinct regions in the ALP parameter
space. A small suppression of the axion abundance, hence large ϵsup, severely constrains
the viable model parameters.
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11.2 numerical simulations

1 1 . 2 numerical simulations

So far, we have introduced the setup and derived cosmological constraints on the model
parameters. In the following, we solve the axion-dark photon dynamics numerically, which
is the basis for our GW computation in the next section. In addition, the numerical study
provides a verification of our analytic growth time (11.6) and band closure (11.7) estimates.

For our numerical simulation of the axion-dark photon system, we follow the approach
from refs. [6, 53, 423]. That is, we first replace the backreaction term in the axion equation
of motion (10.3) by

E · B → ⟨0|E · B|0⟩ = 1
a4

∑
λ=±

λ

∫ d3k

(2π)3 Re (vλ(k, τ ), v′
λ(k, τ )) . (11.18)

This effectively treats the right-hand side of eq. (10.3) as a mean-field, thus only approx-
imates the dark photon backreaction on the axion dynamics. We will soon comment on
the shortcomings of this approach. The axion is trapped and misaligned, i.e., its initial
conditions read

ϕi = θfϕ , ϕ′
i = 0 . (11.19)

Regarding the dark photon mode functions, we choose Bunch-Davies initial conditions [381]

vλ(k, τ ≪ τosc) =
1√
2k

exp(−ikτ ) , v′
λ(k, τ ≪ τosc) = −i

√
k

2 exp(−ikτ ) . (11.20)

This is a reasonable assumption in the absence of couplings to the SM. Our results, however,
do note crucially depend on the choice of initial conditions.

Equipped with our initial conditions, we are now ready to solve the coupled axion-dark
photon equations of motion numerically. To this end, we evolve eqs. (10.3) and (10.7)
for Nk = O(104) dark photon modes from Tosc to some later time when the axion has
transferred most of its energy to the gauge field. The results for mϕ = 10−11 GeV, fϕ =

1017 GeV, θ = 1.2, and α ∈ {20, 30, 40, 55} are shown in fig. 11.2. These model parameters
correspond to benchmark 2 from ref. [53], hence provide a cross check of our numerics and
illustrate the effect of supercooling. The upper panel represents the original setup without
supercooling, such that Hosc ≈ mϕ. In the lower panel, we impose the maximum amount
of supercooling as dictated by eq. (11.11), hence Hosc < mϕ. The dark blue (dark red)
lines indicate the comoving energy density of the ALP (dark photon) as a function of the
scale factor a/aosc. All quantities are redshifted to today and normalized to the present
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DM abundance.2 The black dashed line is our growth time estimate (11.6), while the red
dotted line displays the estimated time of band closure (11.7).

First, let us note that after the onset axion oscillations, efficient dark photon production
starts until we reach ρX ∼ ρϕ. Then, backreaction from the dark photon becomes impor-
tant, and the energy density of the ALP starts to decrease, i.e., we observe a deviation from
the matter-like scaling. This moment is very well captured by our growth time estimate.
In addition, we observe that tachyonic growth quickly becomes inefficient as a⋆ > aclose, as
seen in the two rightmost upper panels. While dark photon production is barely possible
for α = 30 where a⋆ ∼ aclose, it quickly shuts off for α = 20. This situation changes when
axion oscillations are delayed. As the dynamics take place at a lower temperature, hence
a smaller Hubble parameter Hosc ∝ r2

sc, the dark photon modes can grow more efficiently
compared to the expansion rate of the Universe. This is reflected in the overall timescales
of a⋆/aosc ∼ O(1), while a⋆/aosc ∼ O(10) without supercooling. As a consequence, much
smaller values of α are allowed, as is clearly verified by the numerical results.3 In addition,
the relic dark photons fulfill the upper bound from the Neff constraint, as indicated by the
black dash-dotted line. This confirms our analytic computation of the maximum amount
of supercooling (11.11).

To conclude, let us note that while our linearized simulation gives us reliable insights into
the initial stages of tachyonic growth where GWs are predominantly produced, it does not
capture the late stages accurately. Specifically, already in the case of no supercooling, the
simulation indicates a suppression of the axion abundance by ϵsup ∼ O(10−10) through the
tachyonic resonance and the subsequent phase of parametric resonance [53]. It was shown
on the lattice [417] that this is an overestimation. Higher-order backreaction effects, which
are not included in the linearized approach, decrease the efficiency of energy transfer to
the dark photon, restricting ϵsup ∼ O(10−2). It is, however, unclear how this is modified in
our setup of supercooled oscillations and the resulting small axion-dark photon couplings.
This is the reason why we do not extract ϵsup from the numerical solution of the equations
of motion, but rather treat it as a free parameter and relegate a lattice study to the future.

2 Note that the different redshift behavior of the dark photon and axion induces in the large separation
between the abundances today. At the time of production, we have indeed ρϕ(τ⋆) = ρX (τ⋆).

3 Note that in the case of supercooling, we do not plot the full evolution and only focus on the initial stage
of tachyonic growth to highlight the differences in the growth time.
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Figure 11.2: Benchmark simulations of the supercooled ALP-dark photon system, employing
Nk = O(104) dark photon modes, mϕ = 10−11 GeV, fϕ = 1017 GeV, and θ = 1.2. The upper
panel corresponds to the original setup without supercooling, while we impose delayed oscillations
in the lower panel. Furthermore, we vary α across the columns. The dark blue (dark red) line is
the comoving ALP (dark photon) energy density as a function of the scale factor a/aosc, where we
incorporate the redshift factor until today and normalize to the present DM energy density. The
black solid (dash-dotted) line corresponds to the constraint from DM overproduction (Neff). Our
analytic estimates of the growth time and band close show a great agreement with the numerical
results, as displayed by the black dashed and red dotted lines.
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1 1 . 3 gravitational wave signal

Let us now study the GW signal from supercooled axion-dark photon systems. First,
we numerically compute the spectrum from our simulations, which we then parametrize
and fit; this allows for an investigation of the entire parameter space without running
simulations for every parameter combination. Subsequently, we map the GW prospects at
future observatories to the mϕ −f−1

ϕ plane, demonstrating that trapped axions significantly
extend the testable parameter space.

numerical results and fits. From the time evolution of the simulated mode
functions, one can directly compute the resulting GW spectrum. To this end, one solves
the linearized Einstein equations, which, in a radiation-dominated Universe, read(

∂2

∂τ2 + k2
)

a(τ )hij(k, τ ) =
2a(τ )

M2
Pl

Πij(k, τ ) . (11.21)

Here, hij is a perturbation around flat spacetime, and

Πij(k, τ ) =
Λab

ij

a(τ )2

∫ d3q

(2π)3 (Ea(q, τ )Eb(k − q, τ ) + Ba(q, τ )Bb(k − q, τ )) , (11.22)

is the anisotropic stress-energy of the dark photon, with Λab
ij being the TT projector. This

reveals the direct connection between GWs and the dark electromagnetic fields. From the
solution of eq. (11.21), one can compute the GW energy density

ρGW =
M2

Pl

4 ⟨ḣijhij⟩ , (11.23)

via the dark photon mode functions and their derivatives. As this result has not been
obtained here for the first time, we refrain from including the explicit computation and
refer the reader to ref. [53].

In order to predict the GW spectrum for a large number of model parameters, we employ
the parametrization from refs. [6, 295],4

ΩGW,0(f) = AsΩ̃GW,0

(
f̃/fs

)p

1 +
(
f̃/fs

)p
exp

[
γ
(
f̃/fs − 1

)] , (11.24)

where f̃ = f/f̃0. In the above expression, As, fs, γ, and p are free parameters that are
fitted to our numerical benchmark simulations. Ω̃GW,0 and f̃0 denote the peak amplitude

4 Note that ref. [420] employs a different parametrization, motivated by lattice simulations [417], is proposed,
which indicates a polynomial decline in the UV.
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As fs γ p

268.57 0.46 8.34 1.75

Table 11.1: Best-fit parameters for the GW parametrization (11.24).

and frequency today. These parameters can be estimated at the time of production as [6,
53, 138, 294, 295]

Ω̃GW,⋆ = c2
eff Ω2

ϕ,⋆

(
H⋆a⋆

2k̃⋆

)2
, (11.25)

f̃GW,⋆ = 2 k̃⋆

a⋆
= αθmϕ

(
aosc
a⋆

) 3
2

, (11.26)

where ceff is an efficiency factor that we absorb into As. The first equation is a familiar
expression, as it was used in, e.g., sec. 7.3 and refs. [140, 291] to estimate the GW spectrum
from tachyonic preheating. Also, note that the factor two comes from the fact that the
GW peak frequency is formed by the addition of two photon momenta [53]. For the last
expression, we have evaluated eq. (11.1) at the time of production using our growth time
estimate (11.6). We now employ eqs. (10.21), (11.1), and (11.10) to express the peak
amplitude in terms of our model parameters. This yields5

Ω̃GW,⋆ ≃ 0.99 (g
⋆
s )

4
3

g⋆
ϵ

(
fϕ

MPl

)2 1
α2 . (11.27)

From this expression, we directly note two differences compared to the original setup.
First, the scaling of the amplitude changes from (fϕ/MPl)4 to (fϕ/MPl)2, that is, the

signal is enhanced for small decay constants. This is a result of the enhancement of the
relative axion energy density Ωϕ,⋆ ∝ r−4

sc . At the same time, however, the Hubble param-
eter at production decreases H⋆ ∝ r2

sc. Therefore, the relevant fluctuation scale moves
deeper into the horizon, weakening the signal. This leaves an overall r−4

sc ∼ (MPl/fϕ)
2

enhancement of the GW spectrum.
Second, the amplitude apparently becomes independent of the misalignment angle θ.

Since we fix the onset of oscillations by the requirement that the Neff constraint is re-
spected, we implicitly fix the relative axion energy density at the start of the simula-
tion. A smaller θ then solely leads to a longer period of trapping. Note, however, that
smaller misalignment angles require a larger coupling α for tachyonic growth to be effi-
cient (cf. eqs. (11.6) and (11.7)). This again reduces the amplitude. For more details, see
appendices 14.A and 14.C.

5 Note that this expression already includes the best-fit value for the amplitude, As = 268.57.

120



11.3 gravitational wave signal

10−2 10−1 100 101 102

k/(mφ aosc)

10−13

10−11

10−9

10−7

h
2
Ω

G
W
,?

No supercooling

mφ = 10−11 GeV, fφ = 1017 GeV, α = 55, θ = 1.2

Best fit

Analytic estimate

Simulation

10−4 10−3 10−2 10−1 100

k/(mφ aosc)

10−17

10−14

10−11

10−8

h
2
Ω

G
W
,?

Supercooling

mφ = 10−28 GeV, fφ = 1014 GeV, α = 1.5, θ = 1

10−3 10−2 10−1 100 101

k/(mφ aosc)

10−20

10−18

10−16

10−14

h
2
Ω

G
W
,?

Supercooling

mφ = 105 GeV, fφ = 1012 GeV, α = 10, θ = 0.6

10−3 10−2 10−1 100 101

k/(mφ aosc)

10−14

10−12

10−10

10−8

10−6

h
2
Ω

G
W
,?

Supercooling

mφ = 10−21 GeV, fφ = 1015 GeV, α = 5, θ = 1

Figure 11.3: GW signal at the time of production for different model parameters, normalizing the
momenta to the axion mass. The black dots are our numerical results, while the red star corresponds
to our analytic estimate of the peak. The blue lines show the GW parametrization (11.24) with
the best-fit parameters from table 11.1, which show a very good agreement with the numerical
computation.
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With eqs. (11.26) and (11.27), we are now ready to fit the GW spectrum to the numerical
results. To this end, we repeat the simulations from the last section for varying model
parameters. Then, we numerically compute the GW spectrum by the approach outlined in
the beginning of this section and the appendix of ref. [53]. The result is shown by the black
dots in fig. 11.3, where we normalize the physical GW momenta to the axion mass. Our
analytic estimates of the peak frequency and amplitude are indicated by the red stars. We
then select the spectrum obtained in the original setup without supercooling in the upper
left panel as our benchmark and fit the parameterization of the signal (11.24) to the peak.
The corresponding best-fit values are found in table 11.1. As demonstrated by the blue
lines in the remaining panels, the fit gives excellent agreement with the numerical results—
also in the supercooled scenario—despite varying the model parameters over a wide range.
This confirms that we have incorporated the correct scaling of all the parameters in our
analytic peak estimates.

observable parameter space. To assess the detection prospects of our model,
we first need to redshift the spectrum to today. Since no modification of the cosmic history
is allowed in the case of the dark photon (see sec. 11.1), we recover the standard redshift
factors in a radiation-dominated Universe, eqs. (3.12) and (3.13). The peak frequency
and amplitude today can be expressed by our model parameters by inserting eqs. (11.26)
and (11.27),

h2Ω̃GW,0 = 7.69 × 10−5
(

fϕ

MPl

)2 1
α2 , (11.28)

f̃0 = 28.53 Hz
(

aosc
a⋆

) 3
4

αθ
1
2

(
mϕ

eV

) 1
2
(

1010 GeV
fϕ

) 1
2

. (11.29)

We have set g⋆
ϵ = gosc

ϵ,aa = g⋆
s for simplicity. Note that for our numerical results, we take

into account the exact dependence on the effective degrees of freedom. In addition to the
enhancement of the peak amplitude, we observe that the frequency receives a dependence
on f

− 1
2

ϕ , a feature that was absent in the original setup [53]. This is because a lower
decay constant induces a longer period of supercooling, i.e., a smaller value of the Hubble
parameter at the time of production. As a consequence, the modes redshift for a shorter
amount of time until today, and the frequency is enhanced for small fϕ. However, the
peak frequency is still mainly controlled by the ALP mass mϕ, which we vary over several
orders of magnitude in the following.

Eqs. (11.28) and (11.29) are now used together with our parametrization of the sig-
nal (11.24) to compute SNRs at SKA [150], µARES [149], LISA [35–37], BBO [148], and
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Figure 11.4: Observational prospects for supercooled audible axions coupled to dark photons.
The colored curves correspond to the sensitivity regions of SKA [150], µARES [149], LISA [35–37],
BBO [148], and ET [39] for α = 50 (left) and α = 2αmin (right). The dashed curves are computed
in the original setup, while the solid curves employ the maximum amount of supercooling. The
detection prospects are significantly enhanced in the case of delayed oscillations. The solid gray
and black lines indicate constraints from DM overproduction, while the thin gray lines denote the
regions of constant peak frequency. The axion lifetime is displayed by the dotted and dash-dotted
gray lines. Furthermore, we show the exclusion regions from black hole superradiance [400, 444–
449] (dark gray). The axinovae bound [450] (light gray, dashed) presumes large overdensities that
trigger the formation and subsequent collapse of axion stars. Whether sufficiently large overdensities
are generated via the backreaction from the dark photon modes onto the ALP in our case remains
an open question that requires lattice studies. Nevertheless, we include this bound for completeness.
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ET [39]. To this end, we follow ref. [152]; see the appendix therein for the respective formu-
lae and detection thresholds.6 The SNRs are then translated into sensitivity regions in the
axion parameter space, i.e., the mϕ − f−1

ϕ plane. This is shown in fig. 11.4 for α = 50 (left)
and α = 2αmin (right). The dashed lines in the left panel correspond to the original setup
without supercooling, i.e., rsc = 1, while the solid curves are obtained with rsc = rmin

sc . We
find that delayed axion oscillations substantially boost the detection prospects across the
entire frequency range. This is due to the milder f2

ϕ dependence of the peak amplitude. As
a concrete example, while BBO is sensitive to decay constants of fϕ ∼ O(1016 GeV) for
α = 50, delayed axion oscillations extend this window by two orders of magnitude down
to fϕ ∼ O(1014 GeV). As the frequency scales ∝ f

− 1
2

ϕ , the sensitivity regions are tilted.
In the right panel, we impose twice the minimal axion-dark photon coupling, with

αmin ∼ O(1); see appendix 14.A. Clearly, this further enhances the amplitude, since
the wavelengths of the relevant modes are shifted closer to the horizon, alleviating the
suppression Ω̃GW,⋆ ∝ (H⋆a⋆/k̃⋆)2. In this case, the testable parameter space extends to
fϕ ∼ O(1012 GeV) for futuristic observatories such as BBO. We find LISA to be sensitive
to decay constants fϕ ∼ 1014 GeV, which is three orders of magnitude below the detection
threshold fϕ ∼ 1017 GeV in the original setup. Therefore, the right panel represents the
approximate upper limit on GW detection prospects from axion-dark photon systems;
without additional modifications such as kinetic misalignment [6, 424, 426]. Note that in
this case the tilt of the sensitivity regions decreases since smaller decay constants allow
for smaller couplings (cf. appendix 14.A and eq. (11.29)).

Let us conclude this section by mentioning that the presented mechanism still suffers
from an overproduction of DM in most of the parameter space. Previous lattice stud-
ies [417] indicate ϵsup ∼ 10−2, which would only leave a small part of the overall parameter
space that will be tested at SKA, as indicated by the gray solid line. We relegate a lattice
study and hence an accurate determination of ϵsup in our modified setup to the future.
The reduced coupling may, however, suppress the dark photon backreaction and enable
a larger suppression of the axion abundance, opening up the consistent parameter region
towards larger masses. Let us also note that a variation of the minimal scenario, such as
a time-varying axion mass [451–456], alleviates these problems.

6 The projected sensitivity of µARES is found in [149], where a detection treshold of SNR = 10 was imposed.
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AU D I B L E A X I O N S A N D T H E S TA N DA R D M O D E L P H O T O N

In this chapter, we will answer a simple yet central question: Does the audible axion
mechanism work in the absence of a dark photon? In other words, can GWs probe ALPs
via their coupling to the SM photon? This would eliminate the requirement of additional
new physics, since such an interaction is generic for most implementations of the axion
into the SM.

The replacement of the dark gauge field with the SM, however, induces two main obsta-
cles:

• The SM photon is coupled to the thermal bath. Therefore, its initial state is not
described by the Bunch-Davies vacuum, but by a thermal equilibrium distribution.
The dispersion relation is modified by finite-temperature effects [155] and, as a con-
sequence, the growth rate of tachyonic modes is suppressed [422] by the Debye mass
mD ∼ eT , where e is the electromagnetic charge.

• The emergence of strong electromagnetic fields inevitably leads to the spontaneous
generation of electron-positron pairs; this is known as the Schwinger effect [457].
The fermions are accelerated along the field lines, drawing energy from the photon
field, and hence impeding efficient photon and GW production through the tachyonic
resonance [395, 458, 459].

In the following, we will demonstrate how delayed axion oscillations enable tachyonic
production of the SM photon. We identify two distinct parameter regions for very light
and very heavy axions, respectively, where the Schwinger effect is suppressed and the
production of sizable GWs from axion-SM photon systems is feasible.
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1 2 . 1 tachyonic growth at finite temperature

In this section, we first introduce the photon dispersion relation at finite temperature. Sub-
sequently, we compute the amount of supercooling required to allow for efficient tachyonic
photon production.

photon dispersion relation. The central object of our study will be the finite-
T dispersion relation of the SM photon which, in a QED plasma, reads [155, 460, 461]

ω2 − k2 ∓ k
α

f
ϕ′ =

a2m2
D

2

[
ω

2k
ln
(

ω + k

ω − k

)
− ω3

2k3 ln
(

ω + k

ω − k

)
+

ω2

k2

]
. (12.1)

Here mD = eT /
√

3 denotes the Debye mass of the photon, with e ≃ 0.3 being the elec-
tromagnetic charge at the eV scale.1 As in the last section, we consistently use comoving
momenta in the above expression. To simplify eq. (12.1), we expand in small comoving
oscillation frequencies, ω ≪ k, which yields

ω2 − k2 ∓ k
α

f
ϕ′ ≈ −iω

a2m2
Dπ

4k
+

a2m2
Dω2

k2 . (12.2)

To identify the tachyonic modes, we neglect the negative solution and take ω to be imag-
inary, i.e., ω → iω. In addition, we only consider the absolute value of these imaginary
modes |ω|, which corresponds to the growth rate of the tachyonic modes. Furthermore,
let us, for now, neglect the quadratic terms in the above expression, which is valid for
ω/a ≪ k/a ≪ T [422]. This gives

ω ≈ 4k

a2m2
Dπ

(
k2 − k

α

fϕ
|ϕ′|
)

. (12.3)

We determine the width of the tachyonic band by setting ω = 0,

0 < k <
α

fϕ
|ϕ′| = kclose . (12.4)

Intriguingly, this is equivalent to the zero-temperature result (10.11). By demanding
∂ω/∂k = 0, we find the mode which experiences the fastest growth,

k̃T,osc ≈ 2
3

α

fϕ
|ϕ′| = 4

3 k̃osc , (12.5)

1 Note that we neglect the running of the gauge coupling in this study. First of all, we will see that in
most of the parameter space a large amount of supercooling is required. Hence, the temperature at photon
production will be extremely low, such that choosing the IR value for e is justified. Second, uncertainties
from the running gauge coupling are subdominant compared to other aspects, such as Schwinger pair
production of fermions; see below.
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where the subscript indicates the presence of the thermal bath and k̃osc is given by
eq. (11.1). The associated growth rate reads

ω̃T,osc = |ω(k̃T,osc)| ≈ 16
27π

(
α|ϕ′|
fϕ

)3

a2m2
D

≈ 16
9π

(αθmϕ)
3

(eT )2 aosc ∼ k̃osc

(
mϕ

T

)2
, (12.6)

where we have expressed |ϕ′| in terms of the model parameters via eq. (11.2).
Let us take a moment to note some interesting observations. In the presence of an ALP,

the SM photon always exhibits a range of modes which are unstable toward exponential
growth. This is different from the conjectured behavior in ref. [295] where the Debye mass
of the photon was assumed to remove imaginary momenta. While the width of this tachy-
onic band is the same as in the dark photon case, its peak momentum is slightly shifted
to the UV. Most importantly, however, the effective growth rate is strongly suppressed
at high temperatures T ≫ k̃osc/aosc ∼ mϕ due to the dependence of the dispersion rela-
tion on the Debye mass. This is the crucial difference to the zero-T computation, where
ω̃osc = k̃osc, while ω̃T,osc ≪ k̃T,osc at high temperatures. From this it becomes clear how
trapped misalignment can provide a solution to this issue. If oscillations are delayed, Tosc is
decreased and the suppression of ω̃T,osc is alleviated, enhancing the efficiency of the tachy-
onic resonance. Let us stress again that eq. (12.6) is only valid as long as ω/a ≪ k/a ≪ T .
For small temperatures, the tachyonic growth rate approaches its zero-T value, which can
be seen from eq. (12.2). This is exemplified in fig. 12.1, where we show the instability band
at zero and finite temperature, with and without supercooling.

amount of supercooling. Let us now compute the amount of supercooling re-
quired for the photon modes to grow efficiently. For a first estimate, we follow our analysis
of the dark photon case and require the peak growth rate to exceed ω̃T,osc > aoscmϕ/2.
With eq. (12.6), this yields

T 2
osc = r2

scT
2
osc,aa ≲

32
9π

(αθ)3

e2 m2
ϕ . (12.7)

Since Tosc,aa ∼
√

mϕMPl, we have rsc ∼ (mϕ/MPl)
1
2 , i.e., smaller masses require more

supercooling. Note that the ALP starts to dominate the energy density of the Universe if
rsc < rsc,i ∼ (fϕ/MPl)

1
2 (cf. eq. (10.20)). In terms of the model parameters, this condition

translates to
mϕ ≲ 1.09 (gosc

ϵ )− 1
2

(
e

α
3
2 θ

)2
fϕ . (12.8)

That is, unless the axion mass is extremely large, the ALP is required to drive a period
of thermal inflation before the onset of oscillations in order to source efficient tachyonic
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growth of the SM photon. In the absence of dark radiation, an intermediate axion-driven
phase of inflation does not pose a problem, as long as the Universe can efficiently reheat
via the exponential production of photons through the tachyonic resonance or perturbative
axion decays (see sec. 12.3). The number of e-folds then reads

N = ln
(

Ti

Tosc

)
≈ ln

(gosc,i
ϵ )− 1

4
e

α
3
2 θ

(
fϕ

mϕ

) 1
2
 , (12.9)

where Ti is computed by setting ρϕ,osc = V (ϕi) = ρrad(Ti). We find Nmax ≈ 40, i.e., the
scales relevant for the CMB remain outside of the Hubble horizon and are thus unaffected
by the axion-photon dynamics [101].

The criterion (12.7) defines the exact moment when tachyonic growth of the peak mode
becomes efficient. As the axion velocity scales as ϕ̇ ∝ a− 3

2 , while the temperature decreases
as T ∝ a−1, the physical peak growth rate (12.6) quickly drops below mϕ/2 after the onset
of oscillations. To this end, we install a more conservative criterion to ensure that most
of the tachyonic band can efficiently grow. That is, we use the second-order dispersion
relation (12.2), compute the growth rate at k = 0.985 kclose, and demand

|ω(0.985 kclose)| =
mϕ

2 . (12.10)

Here, the value 0.985 is chosen since then the peak growth rate exceeds mϕ/2 by one order
of magnitude. With this criterion, we compute rsc, and thus Tosc, numerically. However,
note that the difference between criteria (12.7) and (12.10) has negligible impact on our
results.

emission timescale. To estimate the time of GW emission, we again follow the
procedure outlined in appendix 14.A. The computation largely proceeds in the same way
as for the dark photon case. The crucial difference is that, as demonstrated in the last
section, the SM photon case allows for an axion-driven period of thermal inflation before
the onset of oscillations. Then, the Universe can either be radiation- or matter-dominated
at the time of GW emission. Furthermore, the photon initial conditions are not given by
the Bunch-Davies vacuum, but by a thermal equilibrium distribution. Accounting for these
details, we find (see appendix 14.A for details)

a⋆

aosc
=


1 + aoscmϕ

⟨ω̃T⟩
r2

sc ln
(

θ2m2
ϕf2

ϕ

2ργ(τosc)

)
, RD ,[

1 + aoscθmϕfϕ

2
√

6MPl⟨ω̃T⟩
ln
(

θ2m2
ϕf2

ϕ

2ργ(τosc)

)]2

, MD ,
(12.11)
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12.1 tachyonic growth at finite temperature

Figure 12.1: Physical growth rate |ω|/a of the tachyonic modes as a function of the physical
momentum k/a. Here the dark blue (orange) curve corresponds to the original (SM photon) setup
without supercooling, while the light blue curve shows the SM photon growth rates for a finite
amount of supercooling. In the supercooled case, the SM photon band approaches the zero-T case,
enabling efficient tachyonic growth as |ω| ∼ mϕ. Figure created by C. Gerlach.
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where ⟨ω̃T⟩ = 4/(3π)ω̃T is the average finite-T peak growth rate. As a consequence of the
large amount of supercooling, we typically have ⟨ω̃T⟩ ≫ Hosc, such that the exponential
growth of photon modes terminates within less than one Hubble time.

To determine the minimal α, we again demand aclose > a⋆. Here the time of tachyonic
band closure is estimated by the same criterion (11.7) as in the dark photon case. This
is a good approximation since both the zero-T and finite-T instability band share the
cutoff momentum kclose. In addition, in most of the parameter space we need to impose
a large supercooling ratio rsc, such that the finite-T dispersion relation approaches its
zero-T counterpart (cf. eq. (12.2)). As in the dark photon case, we find αmin ∼ 1 in most
of the parameter space. Hence, resonant SM photon production still requires an enhanced
axion-photon coupling relative to αem ∼ 1/137.

1 2 . 2 schwinger pair production

We are now ready to tackle the second issue we have introduced in the beginning of
this chapter: Schwinger pair production of light SM fermions [395, 457–459, 462–464].
That is, electron-positron pairs are created from a strong background electric field and
subsequently accelerated along the field lines. This process extracts energy from the photon
field, reducing the energy available for GW emission. Therefore, we need to identify the
parameter space where the Schwinger effect is suppressed.

To this end, we first introduce the efficiency factor

ξ =
ω̃T,osc

aoscHosc
, (12.12)

where ω̃T,osc is given by eq. (12.6) and Hosc is the Hubble parameter at the onset of
oscillations (10.21). Due to the large amount of supercooling in most of the parameter
space (see above), we typically encounter a hierarchy ω̃T,osc > mϕ ≫ Hosc, such that
ξ ≫ 1.

Since an accurate numerical study of the axion-SM photon system including fermionic
degrees of freedom is technically extremely involved and beyond the scope of this work,
we follow ref. [395] and derive upper bounds on the maximum energy density that can be
transferred to the photon without decaying into electron-positron pairs. To this end, we
employ an energy balance equation,

ρ̇γ = −4Hργ + 2ξHEB − eQEJind . (12.13)

The photon energy density is given by ργ = 1
2 (E

2 + B2), where E = |E| and B = |B|.
The first term on the right-hand side then describes the dilution of the energy density due
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Figure 12.2: Closed contours in the B − E plane that solve eq. (12.17) for two different sets of
benchmark parameters {mϕ, fϕ, α} and θ = 1. The blue lines indicate all possible solutions, while
the orange star corresponds to the maximum photon energy density that we use for our estimates
of the upper limit on the GW amplitude.

to Hubble friction, the second term corresponds to photon production from the tachyonic
instability, and the third term described the decays into fermion pairs, with Q being the
charge factor. The induced fermion current from a strong background electromagnetic field
reads [395]

eQJind =
(e|Q|)3

6π2
EB

H
coth

(
πB

E

)
exp

(
− πm2

e

e|Q|E

)
, (12.14)

where we have only taken into account the electron with me ≈ 511 keV [319] as the
lightest, hence dominant degree of freedom. From the above expression, we directly note
that the Schwinger effect is exponentially suppressed by the electron mass. This defines
the Schwinger limit,

Es =
πm2

e

e|Q|
, (12.15)

which yields a temperature T ≲ 2.2 MeV/(gϵ)
1
4 below which the production of fermions

is inefficient. However, this bound is weaker than the ones we determine numerically (see
below).

We will vary the axion mass over many orders of magnitude. As we have seen in the
previous section, larger masses require less supercooling, such that the temperature may
remain comparable to the scale of tachyonic growth. In this case, we expect the thermal
screening of the fermions to impede their acceleration along the electric field lines. In other
words, the friction from the thermal bath will affect the energy transfer of the gauge field
to the fermions. While an accurate analysis of the Schwinger effect in the presence of a
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thermal plasma requires a re-derivation of eq. (12.14), starting from the full fermionic
finite-T dispersion relation, we approximate the situation by replacing m2

e → m2
e + m2

e,th
with m2

e,th = (eT )2/8 being the thermal mass of the electron. This will provide some
insights into potentially interesting parameter spaces at very high temperatures. A more
precise computation is relegated to the future. To summarize, we then have

me =


511 keV +

eTosc√
8

if Tosc < Tew ,

eTosc√
8

if Tosc > Tew ,
(12.16)

depending on whether the EWPT has already occurred, with Tew ≈ 160 GeV [82].
Assuming that the ALP, photon, and fermions quickly reach dynamical equilibrium, one

can set ρ̇γ = 0 in eq. (12.13), which gives [395]

E2 + B2 − ξEB +
eQ

2
E

H
Jind = 0 . (12.17)

This is justified in our case since tachyonic growth, if efficient, happens in much less than
one Hubble time due to the large efficiency factors ξ ≫ 1. Further following [395], we
note that for Jind ̸= 0, solutions to eq. (12.17) form a closed contour in the B − E plane.
The strategy hence is as follows. For a given set of model parameters {mϕ, fϕ, α, θ}, we
first compute Tosc numerically as outlined in the previous section. This fixes the finite-T
growth rate ω̃T,osc and the Hubble parameter Hosc, thus the efficiency parameter ξ. Then,
we numerically compute the solutions of eq. (12.17), and maximize the photon energy
density

Ωγ,max =
1

ρtot

1
2
(
E2 + B2

)
max

, (12.18)

over the contour. This is shown in fig. 12.2 for different model parameters. The blue curve
are the solutions to the constraint equation, while the orange stars indicate the upper
bound on the energy density of the photon, which is employed below to estimate the
maximum GW amplitude.

Fig. 12.3 shows the the upper limit on the relative photon energy density Ωγ,max in
the presence of Schwinger pair production. Here, we set α = 2αmin, θ = 1, and fϕ ∈
{1010, 1012, 1014, 1016} GeV. The axion mass mϕ is varied over several orders of magnitude
and translated to the would-be reheating temperature after tachyonic production,

Trh =

(
90

π2gϵ,rh

) 1
4 √

HoscMPl ∝ m
1
2
ϕ , (12.19)

where Hosc is the Hubble parameter at the onset of oscillations (10.21). First, let us note
that Trh > TBBN ∼ MeV provides the first lower bound on the model parameters (light
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gray-shaded region). In the small-mϕ regime, a period of thermal inflation always occurs,
implying that the Universe would be vacuum-dominated during BBN if Trh < TBBN. Second,
we observe that Schwinger pair production becomes negligible for Trh ≳ TBBN, such that
Ωγ,max = 1. Since the energy density √

ρtot ∼ T 2 ∼ m2
e ∼ E2, the exponential suppression

of the Schwinger effect by the vacuum electron mass enables efficient photon production.
Increasing the axion mass, hence Trh, we find that Schwinger pair production becomes
increasingly efficient due to the large hierarchy T ≫ me, prohibiting an efficient energy
transfer to the photon. For sufficiently large Trh, however, the thermal mass of the electron
becomes relevant, again blocking fermion production. Considering even larger reheating
temperatures, the relative contribution of the photon to the total energy density declines
again. That is because of the little amount of supercooling that is required to open the
tachyonic band in this regime. As a consequence, rsc becomes larger and Ωϕ,osc, hence
Ωγ,max, decreases (cf. eq. (10.19)). To summarize, we identify two relevant regimes at very
small and very large axion masses which allow for the emission of sizable GWs.

Lastly, let us stress the impact of fϕ on the efficiency of Schwinger pair production. The
Hubble parameter at the onset of oscillation (10.21) scales as Hosc ∝ fϕ. Hence, small fϕ

lead to large efficiency parameters ξ ≫ 1, such that photon growth completes in much
less than one Hubble time. Therefore, energy transfer from the axion to the photon is
increasingly efficient for small decay constants, opening up the parameter range in terms
of mϕ where fermion production is negligible. Conversely, the large-fϕ region is severely
constrained by the Schwinger mechanism.

1 2 . 3 cosmological constraints

As for the dark photon scenario, let us briefly discuss cosmological constraints on the
model. In the case of the SM, constraints from Neff are irrelevant as no dark radiation
is involved.2 Instead, it is necessary to achieve a consistent cosmological history by: i)
avoiding DM overproduction, and ii) ensuring efficient reheating such that the Universe
is radiation-dominated during BBN. This depends on the decay rate of the ALP (11.12)
and the efficiency of Schwinger pair production.

Let us start by discussing light, i.e., cosmologically stable ALPs. First, we remind our-
selves that in this mass regime we always encounter a period of axion-driven thermal
inflation before the onset of oscillations (cf. eq. (12.8)), where the Universe transitions to
MD. Therefore, it is crucial that the Schwinger effect is sufficiently suppressed such that

2 GWs act as dark radiation, however, the amplitudes we encounter are well below the upper bound from
Neff .
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Figure 12.3: Maximum energy density of the SM photon field after the tachyonic resonance in
the presence of Schwinger production of fermion pairs. Here, the reheating temperature encodes
the relation to the ALP mass mϕ. The left region is excluded due to inconsistencies with BBN.
We identify two interesting parameter regions where the Schwinger effect is suppressed: For light
(heavy) axion masses, the vacuum (thermal) electron mass prohibits pair production, allowing for
Ωγ,max = 1.

Ωγ,max = 1. Otherwise, MD would continue throughout BBN in the absence of efficient de-
cay channels to the SM. Hence, the parameter space where Γϕ→γγ < HBBN and Ωγ,max < 1
is excluded.

In the regime where Γϕ→γγ < H0 and Ωγ,max = 1, the the only relevant constraint is
given by the present DM abundance. To this end, we again parametrize the suppression
of the ALP abundance through the tachyonic resonance via eq. (11.13). We redshift the
axion energy density to today and compare to ΩDM,0 (see appendix 14.B for details) . This
gives the required suppression,

ϵSM,DM
sup ≲ 1.66 × 10−10 grh

s (gϵ,rh)
− 3

4

(
a⋆

aosc

) 3
4
(

eV
mϕ

) 1
2
(

1010 GeV
θfϕ

) 1
2

. (12.20)

As in the dark photon case, large decay constants and masses necessitate small ϵsup, i.e.,
a strong suppression through the resonance.

Let us now focus on the parameter space where Γϕ→γγ > HBBN. In this mass range, the
model is always cosmologically consistent, independent of the efficiency of the Schwinger
effect. Even if the production of fermions completely blocks the energy transfer to the
photon, the ALP can always decay perturbatively into photons before BBN. However, the
combination of the axion mass, the efficiency of Schwinger pair production, and the sup-
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pression of the ALP abundance ϵsup can lead to various thermal histories. This only affects
the GW signal via modified redshift factors, which have to be determined numerically. To
this end, we refer to appendix 14.B for details.

1 2 . 4 gravitational wave signal

We now have all the ingredients to compute the GW signal in the cosmologically viable
regions of the parameter space. To this end, we rely on our numerical simulations from
sec. 11.2 to obtain semi-analytic estimates of the GW peak frequency and amplitude. For
a given set of model parameters, we first calculate the maximum energy density available
for GW emission under the influence of Schwinger pair production,

Ωafter
γ = χspΩϕ,⋆ , (12.21)

where χsp ∈ (0, 1) is determined as outlined in sec. 12.2. Then, we employ eq. (11.25)
and (11.26), including our best-fit parameters As and fs (see table 11.1), to estimate the
position of the peak at the time of production,

Ω̃GW,⋆ = As χ2
spΩ2

ϕ,⋆

(
H⋆a⋆

2k̃⋆

)2
, (12.22)

f̃GW,⋆ = 2fs
k̃⋆

a⋆
= fsαθmϕ

(
aosc
a⋆

) 3
2

. (12.23)

Here, the expression for the finite-T peak momentum is given by eq. (12.5) and the Hubble
parameter at Tosc is computed via eq. (10.21). Both quantities are evolved to the time of
production through eq. (12.11). We plug in the model parameters, redshift to today (see
appendix 14.B), and distinguish whether we have RD or MD at the time of production.
This yields

f̃0 = 8.69 × 10−8 Hz
(

100
gϵ,rh

) 1
12

αθ
mϕ

eV

(
aosc
a⋆

) 3
2
(GeV

Hrh

) 1
2

min
{

1, a⋆

arh

}
, (12.24)

h2Ω̃MD
GW,0 = 4.20 × 10−4

(100
g⋆

ϵ

) 1
3

χ2
sp

(
fϕ

αMPl

)2
min

{
1, amd

arh

}
, (12.25)

h2Ω̃RD
GW,0 = 7.01 × 10−5

(100
g⋆

ϵ

) 1
3

χ2
sp

(
θ

α

)2 ( fϕ

rscMPl

)4 ( a⋆

aosc

)
min

{
1, amd

arh

}
. (12.26)

Here the scale factor ratio a⋆/arh is associated with a finite duration of the reheating
period, i.e., if the axion does not deplete its entire energy density during or right after the
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Figure 12.4: Projected locations of the spectral GW peak from axion-SM photon systems in a
supercooled Universe. In addition, we indicate the PLI sensitivity curves of the future observatories
SKA, µARES, LISA, BBO, and ET. Two relevant parameter regions are identified, where the
vacuum and thermal electron mass, respectively, block Schwinger pair production. In the low-f0
region, corresponding to light axions, the best detection propects are found at µARES and BBO,
while the required suppression of the axion abundance to constitute DM is ϵsup = O(10−6 − 10−10).
The high-f0 (heavy-axion) regime extends up to f0 ∼ 1010 Hz and h2Ω̃GW,0 ∼ O(10−6), evading
cosmological constraints since the ALP decays before BBN.

tachyonic resonance. This affects the redshift factor of the frequency. As the amplitude
redshift factor only receives a modification if the background evolution differs from radia-
tion, a⋆/arh reduces to amd/arh in eqs. (12.25) and (12.26). The Hubble parameter after
reheating, Hrh, is either equal to H⋆ or Γϕ→γγ ; this depends on the cosmic history (see
appendix 14.B). Perhaps not surprisingly, we again find a (fϕ/MPl)2 scaling of the peak
amplitude. Therefore, GWs are enhanced compared to the original setup without super-
cooling. In addition, we typically have Ωϕ,⋆ ≃ 1 (eq. (12.25)). Hence, axion-SM photon
systems generally predict stronger signals compared to the dark photon case, provided the
MD period is sufficiently short and χsp ≃ 1.

The main results for θ = 1 and α = 2αmin are shown in fig. 12.4, where we vary
mϕ and fϕ across the viable parameter space and plot the projected peaks, representing
the (approximate) upper limit on GW signals from axion-SM photon systems. We clearly
see how the two relevant regions at small and large mϕ that we identified in sec. 12.2
translate to the f0 − h2Ω̃GW,0 plane. The low-f0 region, where the lower limit is given by
the condition Trh > TBBN, is associated with cosmologically stable axions. Therefore, we
plot the required suppression of the abundance through the tachyonic resonance ϵsup. As
predicted by eq. (12.20), smaller masses and decay constants allow for larger ϵsup ≲ 10−6,
hence alleviate the DM constraint. Note, however, that a lattice simulation of the axion-SM
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photon system remains to be done to accurately determine the possible value of ϵsup. To the
right, the small-mϕ parameter space is bounded by efficient Schwinger production Ωγ,⋆ < 1,
such that the Universe would be axion-dominated during BBN. This mainly affects large
decay constants, i.e., the low-frequency parameter space allows for fϕ ≲ 5 × 1016 GeV. The
best detection prospects are found at µARES and BBO. Note that although Trh ≳ TBBN

and HBBN ∼ O (10−10 Hz), the peak frequencies are shifted to the µHz regime. That
is due to the fact that in the supercooled Universe, the unstable modes are deep in the
horizon such that k̃⋆/(arhHrh) ≫ 1. This also suppresses the GW amplitude.

The large-mϕ region is bounded by mϕ,max = 6 × 1013 GeV = Hmax
inf ≥ Hosc,aa, which

we impose such that the original mechanism complies with Planck measurements [101]. Let
us remind ourselves that in this regime, ALPs decay before BBN, hence the cosmologi-
cal consistency is ensured and constraints on ϵsup do not apply. Instead, the efficiency of
the tachyonic instability only affects the redshift factors of the GW spectrum (see ap-
pendix 14.B). Therefore, we scan over a large range of values in the mϕ − fϕ plane,
imposing the most extreme values ϵsup ∈ {0, 1}. The gray-shaded region displays the
envelope of this parameter scan. In addition, we plot the GW peak for two benchmark
values fϕ ∈ {1012, 1016} GeV (dark red, dark blue), varying mϕ. Here, we observe that
while Schwinger pair production is efficient and the relic axion abundance is fixed, the
dotted (ϵsup = 0) and dashed (ϵsup = 1) curves agree. As the acceleration of fermion-
antifermion pairs is impeded at high temperatures by the thermal electron mass, a more
efficient suppression of the axion abundance, ϵsup = 0, leads to stronger signals due to the
shortened MD period. In that case, we find frequencies up to f̃0 = O(1010 GeV) and am-
plitudes up to h2Ω̃GW,0 = O(10−6). This ultra-high frequency regime provides a promising
avenue for new physics searches [151] in the absence of astrophysical foregrounds.
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C O N C L U S I O N

In the second part of this work, we have studied the early Universe phenomenology of
ALPs coupled to dark and SM photons, respectively. Specifically, we have extended the
audible axion mechanism by a period of supercooling, which arises if the pseudoscalar is
trapped in a local minimum induced by explicit U(1)PQ-breaking operators. We have seen
that this extension can alleviate various shortcomings of the original setup; the minimal
mechanism requires large decay constants fϕ ≳ 1016 GeV and axion-dark photon couplings
α ≳ 20 to generate GWs in the reach of future observatories.

In chapter 11, we have shown that in the case of axion-dark photon systems, a delay of
ALP oscillations alleviates the suppression of the GW amplitude for small decay constants.
As a consequence, fϕ ∼ 1012 GeV is sufficient to produce observable signals. In addition,
the relative efficiency of tachyonic growth compared to the expansion rate of the Universe
is enhanced. Then, dark photon production becomes possible for α ≳ 1, extending the
parameter space that is testable via future GW observations.

In chapter 12, we have shown that supercooled axion oscillations enable tachyonic pro-
duction of SM gauge fields. To this end, we have studied the phenomenology of the axion-
SM photon coupling, taking into account the effect of the thermal bath on the photon
dispersion relation. A delayed onset of axion oscillations, i.e., supercooling the plasma,
suppresses the Debye mass of the photon and enables efficient tachyonic growth. The vi-
able parameter space is then further constrained by the production of light fermion pairs
via the Schwinger effect. Interestingly, this leaves two distinct parameter regimes that
are cosmologically consistent. We find GW signals observable by µARES and BBO for
fϕ ≲ 5 × 1016 GeV and small ALP masses. Heavy ALPs that decay before BBN can source
sizable GWs at ultra-high frequencies, f0 ∼ O(108 − 1010)Hz. This frequency regime,
however, remains challenging to access through experiment.

Let us now mention some aspects that warrant further investigation. First, both the dark
photon and SM photon cases suffer from an overproduction of ALP DM in a large part of
the parameter space. To this end, we have introduced the parameter ϵsup quantifying the
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conclusion

suppression of the ALP abundance through the tachyonic resonance. We have treated ϵsup

as a free parameter and computed the value required to have a consistent cosmological
history. In the future, the suppression of the ALP abundance should be studied on the
lattice. Previous works [417] find ϵsup ≈ 10−2 employing α ≈ 20. In our case, we can
significantly decrease the axion-photon coupling while retaining the efficiency of tachyonic
particle production. It will be interesting to see how this affects the backreaction of the
produced gauge modes onto the ALP. However, a small ϵsup can also be achieved by further
model building, such as a time-varying ALP mass.

Second, we have estimated the effect of the thermal bath on Schwinger pair production
of light fermions in sec. (12.2) via the fermionic thermal mass. Although this provides
a reasonable estimate of the high-frequency regime that enables tachyonic SM photon
production, an accurate description of the finite-temperature Schwinger effect remains to
be developed. This will allow for a precise determination of the parameter space that
features sizable GWs.

Lastly, the tachyonic production of SM photons allows for observables complementary
to GWs. Specifically, helical magnetic fields sourced by the ALP motion may constitute
intergalactic magnetic fields [465–470]. This provides an intriguing connection between the
production of ALP DM, future GW experiments, and current astrophysical observations.
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A P P E N D I X

In the appendix of part iii, we provide more details on the computations outlined in the
main text. This comprises our calculation of the (dark) photon growth time, the resulting
minimal value of the axion-photon coupling α, and the derivation of the cosmological
constraints. Furthermore, we vary the initial ALP misalignment angle θ and study its
impact on our main results.

1 4 . A growth time estimate and minimal α

In this section, we compute the growth time of the unstable (dark) vector modes, which
allows us to set bounds on α in order to have efficient photon production. To estimate the
growth time, let us note that the energy density of the gauge field evolves as

ρX,γ(τ ) ≈ ρX,γ(τosc) exp(2ω̃τ ) , (14.1)

Here, the factor two enters since the energy density is proportional to the square of the
mode functions (see eq. (11.4)). We will shorty specify the characteristic growth rate ω̃.
First, we need to account for the fact that tachyonic growth of the dominant photon
helicity only occurs while the ALP moves in its initial direction. That is, the relevant
helicity is only amplified half of the time, and the elapsed conformal time reads

δτ

τosc
=

τ⋆ − τosc
τosc

=
aoscHosc

ω̃
ln
(

ρX,γ(τ⋆)

ρX,γ(τosc)

)
, (14.2)

where τ⋆ denotes the moment when ρX(τ⋆) = ρϕ(τ⋆). Furthermore, the fastest growing
mode is amplified, on average, by the mean of the peak growth rate over one oscillation cy-
cle, ⟨ω̃⟩, i.e., we replace ω̃ → ⟨ω̃⟩ in the above expression. Also, note that eq. (14.2) neglects
the redshift of all quantities between the onset of oscillations and GW emission. Tachy-
onic amplification ceases to be efficient when the (dark) photon energy density becomes
comparable to the axion energy density. Hence we set

ρX,γ(τ⋆) =
θ2

2 m2
ϕf2

ϕ , (14.3)
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to obtain a conservative estimate of the growth time. To summarize, the conformal time
from ALP oscillations to GW emission reads

δτ

τosc
=

τ⋆ − τosc
τosc

=
aoscHosc

⟨ω̃⟩
ln
(

θ2m2
ϕf2

ϕ

2ρX,γ(τosc)

)
. (14.4)

For a given background evolution, this can be translated to a scale factor ration by solving

H =
a′

a2 . (14.5)

This is done for the dark and SM photon case, respectively, in the following.

dark photon case. As already stated in the main text, we assume the dark pho-
ton case to be completely decoupled from the SM. Therefore, the Bunch-Davies vacuum
vλ(k, τ ≪ τosc) = exp(−ikτ )/

√
2k is a natural choice as initial condition [381]. By inte-

grating over the mode functions, we find the total initial energy density in the instability
band

ρX(τosc) ≈ 1
16π2

(
k̃

aosc

)4

, (14.6)

where k̃ = ω̃ = αθmϕaosc/2 is the comoving peak momentum of the dark photon energy
spectrum. Furthermore, we compute the average growth rate of the most tachyonic mode
as

⟨ω̃⟩ = ω̃⟨| sin(mϕt)|⟩ = 2
π

ω̃ , (14.7)

where we have used that the oscillation frequency is given by mϕ. Since a MD period is
forbidden in the case of the dark photon, we only need to solve eq. (14.5) for a radiation-
dominated Universe. We have a ∝ τ , hence

a⋆

aosc
= 1 + π

αθ
r2

sc ln
(

128π2

α4θ2
f2

ϕ

m2
ϕ

)
. (14.8)

From this, we clearly see that a finite period of supercooling, rsc < 1, directly decreases
the dark photon growth time, rendering tachyonic growth more efficient relative to the
expansion rate of the Universe.

Regarding the closure of the tachyonic band, we require

ω2 = −
(

amϕ

2

)2
, (14.9)
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Figure 14.1: Minimum value of the axion-dark photon coupling α in the mϕ − fϕ plane. Smaller
values of the decay constant fϕ ≲ 1016 GeV allow for αmin ∼ 1 to have efficient dark photon
production, while the original setup required α ≳ 20 [53]. Note that the odd behavior of the contour
lines below mϕ ∼ 10−16 GeV is caused by the rapid change of the relativistic degrees of freedom
during the QCD epoch, which enters the maximum amount of supercooling rmin

sc (see eq. (11.11)).

where ω is given by eq. (10.10). That amounts to all modes which are tachyonic and have
physical growth times less than mϕ/2. Then, the growth rate of the energy density is
larger than the oscillation frequency.1 Employing the estimate (11.2), we find

aclose
aosc

= (αθ)
2
3 . (14.10)

This describes the scale factor at the moment where dark photon production ceases to be
efficient. We then demand a⋆ < aclose to find the minimal value of α = αmin for a set of
model parameters {mϕ, fϕ, θ}. The results are shown in fig. 14.1 for θ = 1. We find that for
fϕ ≲ 1016 GeV, α ∼ 1 is sufficient to have tachyonic dark photon amplification due to the
increased growth rate ω̃/Hosc ∝ r−2

sc , while large decay constants require α ∼ O(10 − 100).
As a consequence, the resulting GW spectrum is enhanced (cf. eq. (11.28)). To estimate the
maximum GW amplitude, however, we choose a more conservative value α = 2αmin (see,
e.g., fig. 11.4) since for α = αmin, we have a⋆ = aclose and the tachyonic instability stops
being efficient right after the onset of oscillations. Let us mention that the possibility of
lowering α in the case of trapped misalignment has already been found in ref. [435].

1 Note that this corresponds to a conservative criterion, which is confirmed by our numerical simulations. In
principle, tachyonic growth may remain efficient for |ω| ≲ amϕ/2, if the unstable modes spend more than
one oscillation time in the tachyonic band.
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sm photon case. We will now repeat the calculation of the growth time for the
SM photon case. Here, Bunch-Davies initial conditions do not apply, since the photon is
thermalized. Hence, its initial state is described by a Bose-Einstein distribution, and the
total energy density reads

ργ(τosc) =
gγ

2π2a4
osc

∫ kclose

0
dkk3

(
exp

(
k

aoscT

)
− 1

)−1
, (14.11)

where we integrate over the tachyonic band with kclose = αθmϕaosc (see. sec. 12.1), and
gγ = 2. For a set of model parameters, we evaluate this expression numerically. As the peak
growth rate at finite temperature scales as ωT ∝ k̃3 ∝ |ϕ′|3 ∝ sin3(mϕt), and ⟨sin3(mϕt)⟩ =
4/(3π), we have

⟨ω̃T⟩ = 4
3π

ω̃T . (14.12)

Here ω̃T is given by eq. (12.6). As an axion-driven period of thermal inflation is allowed
before the onset of oscillations, the Universe is either radiation- or matter-dominated at
the onset of tachyonic growth. Distinguishing those cases, we have

a⋆

aosc
=


1 + aoscmϕ

⟨ω̃T⟩
r2

sc ln
(

θ2m2
ϕf2

ϕ

2ργ(τosc)

)
, RD ,[

1 + aoscθmϕfϕ

2
√

6MPl⟨ω̃T⟩
ln
(

θ2m2
ϕf2

ϕ

2ργ(τosc)

)]2

, MD ,
(14.13)

where the first (second) expression applies for light (very heavy) ALPs (cf. sec. 12.1).
Compared to the dark photon case, we typically have much more supercooling for the SM
photon, hence the growth times are much smaller such that a⋆/aosc ∼ 1 in most of the
parameter space. To approximate the moment of band closure, we assume relation (14.10).
This holds since i) the SM photon instability band hase the same cutoff momentum as in
the dark photon case, and ii) a large amount of supercooling is required, such that the
difference between the finite-T and zero-T dispersion relations is negligible in most of the
parameter space. Then, αmin ∼ 1 in a large part of the parameter space.

1 4 . B details on the cosmological constraints

In the following, we derive the cosmological constraints on the audible axion model in the
case of delayed oscillations. To this end, we again treat the dark photon and SM photon
case separately.

dark photon case. Let us first consider the parameter space where the ALP
is cosmologically stable, that is, its decay rate into dark photons (11.12) is below the
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present expansion rate of the Universe H0. Here, the ALP contributes to the present DM
abundance, hence we need to ensure that

h2Ωϕ,0 = ϵsupΩϕ,⋆

(
H⋆

H100

)2 (T0
T⋆

)3 g0
s

g⋆
s

≤ 0.12 , (14.14)

where H100 = 100 km(Mpc s)−1 and T0 = 2.73 K is the present temperature of the CMB.
Via eqs. (10.21), (11.6), (11.10), and (11.11), we obtain

h2Ωϕ,0 ≃ 4.95 × 10−5ϵsup

(
θfϕ

1010 GeV

)2 (mϕ

eV

) 1
2

r−3
sc (gosc,aa

ϵ )
3
4 (g⋆

s )
−1 , (14.15)

in terms of our model parameters. This is translated on the required suppression of the
axion abundance through the tachyonic resonance,

ϵDM
sup ≲ 2.89 × 10−9

(
g⋆

ϵ

gosc
ϵ

a⋆

aosc

) 3
4
(

eV
mϕ

) 1
2
(

1010 GeV
θfϕ

) 1
2

. (14.16)

Hence, larger masses and decay constants require a larger suppression of the abundance,
i.e., smaller ϵsup. This bound is shown in the light-mϕ region of, e.g., figs 11.1 and 11.4.

Moving on to the heavy ALP parameter region, we note that DM constraints are evaded
since the pseudoscalar decays before BBN. The decay products are dark photons which
behave as dark radiation, hence they contribute to the effective relativistic degrees of
freedom (cf. eq. (11.16)) via

∆Ndecay
eff =

8
7

(11
4

) 4
3 g⋆

ϵ

gγ

(
g0

s

g⋆
s

) 4
3

ϵsupΩϕ,⋆
adecay

a⋆
, (14.17)

Here, the scale factor ratio which parametrizes the duration of the period between GW
production and axion decay reads

a⋆

adecay
= min

{
1,
(Γϕ→XX

H⋆

) 1
2
}

, (14.18)

under the assumption that the ALPs decay right at Γϕ→XX = H. We find

Γϕ→XX

H⋆
≃ 4.42 × 10−15 (g

⋆
s )

2
3

(g⋆
ϵ )

1
2

(
a⋆

aosc

) 3
2 α2

θ

(
mϕ

GeV

)2
(

1010 GeV
fϕ

)3

, (14.19)

which means that only extremely heavy ALPs fulfill Γϕ→XX = H⋆, i.e., decay right after
GW emission. Since we do not consider such large masses in the dark photon case, we
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specify to the second scenario on the right-hand side of eq. (14.18). Then the contribution
to Neff amounts to

∆Ndecay
eff ≃ 4.52 × 106ϵsup(g

⋆
ϵ )

1
4 (g⋆

s )
− 1

3

(
aosc
a⋆

) 3
4 θ

1
2

α

GeV
mϕ

(
fϕ

1010 GeV

) 3
2

. (14.20)

Imposing ∆Ndecay
eff < 0.3 [14], we have

ϵdecay
sup ≲ 6.64 × 10−8(g⋆

ϵ )
− 1

4 (g⋆
s )

1
3

(
a⋆

aosc

) 3
4 α

θ
1
2

mϕ

GeV

(
1010 GeV

fϕ

) 3
2

. (14.21)

Contrary to the DM bound (14.16), larger masses now allow for larger values of ϵsup. This
is because heavy ALPs decay earlier. We show the limit on the efficiency of the tachyonic
instabilty in the large-mϕ region of fig. 11.1.

sm photon case. In the case of the SM photon, all Neff constraints computed above
are evaded since no dark radiation—aside from GWs—is produced. Therefore, the only
hard constraint is imposed by the relic DM abundance in the small-mϕ parameter space.
Heavy ALPs that decay before BBN necessarily lead to a consistent cosmological evolution.
However, depending on the efficiency of Schwinger pair production, the axion suppression
during the tachyonic resonance, and the axion decay rate, a MD period may emerge. This
modification of the cosmic history affects the relic GW abundance and the location of its
spectral peak.

For light axions where Γϕ→γγ < HBBN, we have found in the main text that an axion-
driven period of thermal inflation is unavoidable for efficient tachyonic growth (cf. eq. (12.8)).
Then, it is crucial that the Schwinger effect is suppressed, such that Ωγ,max = 1. If this
was not the case, the ALP would continue to carry a substantial fraction of the total en-
ergy density of the Universe after GW emission. As perturbative decays are forbidden, we
would encounter a MD period during BBN. This is inconsistent with observations, hence
we exclude the parameter space where Γϕ→γγ < HBBN and Ωγ,max < 1.

If fermion production is inefficient, the axion abundance can efficiently be suppressed by
the production of photons, such that the Universe transitions to RD after GW emission. If
the SM photons thermalize quickly after production, the associated reheating temperature
is

Trh =

(
90

π2gϵ,rh

) 1
4 √

HrhMPl , (14.22)

where

Hrh = Hosc

(
aosc
a⋆

) 3
2
=

(
ρϕ,osc
3M2

Pl

) 1
2
(

aosc
a⋆

) 3
2

. (14.23)
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In terms of the model parameters, this translates to

Trh ≃ 3.51 GeV(gϵ,rh)
− 1

4

(
aosc
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) 3
4

θ
1
2

(
mϕ

eV

) 1
2
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fϕ
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) 1
2

, (14.24)

where aosc/a⋆ is the growth time estimate (14.13). Here, both mϕ and fϕ lower the re-
heating temperature as ρϕ,osc ∼ m2

ϕf2
ϕ. The requirement that Trh > TBBN gives the first

constraint, which is, shown in figs. 12.3 and 11.4. By redshifting the relic axion abundance
to today, we find

h2Ωϕ,0 = 7.24 × 108ϵsup(g
rh
s )−1(gϵ,rh)

3
4

(
aosc
a⋆

) 3
4

θ
1
2

(
mϕ

eV

) 1
2
(

fϕ

1010 GeV

) 1
2

, (14.25)

which translates to the required suppression of the abundance for the axion to constitute
all of DM

ϵSM,DM
sup ≲ 1.66 × 10−10grh

s (gϵ,rh)
− 3

4

(
a⋆

aosc

) 3
4
(

eV
mϕ

) 1
2
(

1010 GeV
θfϕ

) 1
2

. (14.26)

This is essentially the same condition as for the dark photon scenario (14.16) with a O(1)
suppressed prefactor. That comes from the fact that the ALP carries a larger fraction of the
total energy density as the coupling to the SM photon necessitates more supercooling. This
requires a more efficient energy transfer. If the above bound is fulfilled, the GW frequency
and amplitude are redshifted in the standard way defined by eqs. (3.12) and (3.13).

Finally, let us compute the length of the MD period and its associated redshift factors
for heavy axions, i.e., Γϕ→γγ > HBBN. The Hubble parameter at GW emission reads

H⋆ =

[ 1
3M2

Pl
(ρϕ,⋆ + ρrad,⋆)

] 1
2

, (14.27)

where

ρϕ,⋆ = ρϕ,osc

(
aosc
a⋆

)3
,

ρrad,⋆ = ρrad(Tosc)

(
aosc
a⋆

)4
.

(14.28)

Here we have accounted for the fact that the ALP may carry only a subdominant part of
the total energy density for large masses (see eq. (12.8)). Tosc is obtained as described in
sec. 12.1, i.e., by requiring that a sufficient number of photon modes can grow efficiently.
If Γϕ→γγ > H⋆, ALPs start to decay right after the onset of oscillations and a MD period
is avoided. For Γϕ→γγ < H⋆, the Universe may experience an ALP-driven period of MD;
this depends on the efficiency of the Schwinger effect. If the production of fermions blocks
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the tachyonic resonance, we have Ωafter
γ ≪ 1, and the axion abundance is fixed. In the case

where the Schwinger effect can be neglected, we have Ωafter
γ = 1 and the axion abundance

is affected by the efficiency of the tachyonic instability, parametrized by ϵsup. Then,

ρafter
ϕ =

ρϕ,⋆ − ρafter
γ , ρafter

γ < ρϕ,⋆ ,

ϵsup ρϕ,⋆ , ρafter
γ = ρϕ,⋆ .

(14.29)

This defines the radiation energy density after photon production

ρafter
rad = 3H2

⋆ M2
Pl − ρafter

ϕ . (14.30)

As the resonance ceases to be efficient, the ALPs scale as matter, i.e., are enhanced ∝ a

compared to the radiation energy density. Therefore, MD starts once

a⋆

amd
= min

{
1,

ρafter
ϕ

ρafter
rad

}
, (14.31)

and ends when the Hubble parameter is of order of the ALP decay rate

Hrh = Γϕ→γγ , (14.32)

where

Hrh =

 1
3M2

Pl

(
ρafter

ϕ

(
a⋆

arh

)3
+ ρafter

rad

(
a⋆

arh

)4
) 1

2

. (14.33)

A MD period hence is avoided if amd ≥ arh. In this case, the GW redshift factors again
reduce to their standard form (cf. eqs. (3.12) and (3.13)). An intermediate MD period
emerges if amd < arh. The length of this epoch is then obtained by solving

Hdecay =

 1
3M2

Pl

(
ρmd

ϕ

(
amd
arh

)3
+ ρmd

rad

(
amd
arh

)4
) 1

2

= Γϕ→γγ , (14.34)

for amd/arh. In the above expression, the energy densities at the onset of MD fulfill

ρmd
ϕ = ρafter

ϕ

(
a⋆

amd

)3
= ρafter

rad

(
a⋆

amd

)4
= ρmd

rad , (14.35)

where a⋆/amd if defined by eq. (14.31). By computing the modification of the cosmic
history numerically, that is, solving for the redshift factors, we obtain the appropriate
scaling of the GW peak amplitude and frequency:

h2Ω̃GW,0 = 1.67 × 10−5
(100

grh
ϵ

) 1
3

Ω̃GW,⋆
amd
arh

, (14.36)

f̃0 = 1.65 × 10−7 Hz 2k̃⋆

a⋆Hrh

Trh
GeV

(
gϵ,rh
100

) 1
6 a⋆

arh
. (14.37)
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Figure 14.2: Testable parameter space in the mϕ − f−1
ϕ plane for supercooled axion-dark photon

systems, employing α = 2αmin and θ = 10−2. The colored curves indicate the detection prospects
of several future experiments, while the gray and black solid lines show the bound from the present
DM abundance. While the parameter space where the axion can constitute DM opens up, the GW
amplitude is decreased for small values of the misalignment angle.

Note that GWs scale as radiation, i.e., the peak amplitude is only affected by an additional
MD period. The peak frequency, on the other hand, obtains its standard redshift from Trh,
however, is affected by both intermediate RD and MD periods. This is why a⋆/arh enters
in eq. (14.37).

1 4 . C varying the misalignment angle θ

In the last section of part iii, we repeat our analysis from chapter 11 for a different value
of the misalignment angle θ = 10−2 and α = 2αmin. The resulting sensitivity curves of
several future observatories are shown in fig. 14.2. We observe that the parameter space
where the axion can constitute the entirety of DM for moderate values of ϵsup opens up.
That is a consequence of eq. (14.15), where we have found that the relic abundance is
enhanced by θ2. A smaller misalignment angle, however, necessitates a larger coupling α

for efficient GW production (cf. eq. (11.7)). Increasing α shifts the characteristic momenta
to the UV, i.e., deeper inside the Hubble horizon. This in turn suppresses the GW am-
plitude (see eq. (11.28)). Therefore, the size of the parameter space where the axion can
both constitute DM and produce sizable GW signals is effectively independent of θ.
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P R E L U D E

In the previous parts, we have studied in detail the GW phenomenology of several SM
extensions. In the last main part of this work, we turn our attention to a more formal
aspect of such GW computations, focusing on FOPTs. Analyses of FOPTs involve several
computational steps: the construction of the effective potential, the calculation of the bub-
ble nucleation rate, and hydrodynamical simulations of the colliding bubbles in a thermal
bath. Each of these steps is a potential source for theoretical uncertainties accumulating
in the final GW spectrum.

In the following, we focus on the calculation of the finite-temperature effective potential
and its impact on GW predictions. This is a particularly delicate part of the computational
pipeline due to the breakdown of perturbativity at high temperature [55]. In principle, non-
perturbative calculations are therefore necessary [162, 471–474], however, often unfeasible
for large parameter scans. To this end, we have introduced one-loop Daisy resummation
in sec. 3.2, where propagators are supplemented by thermal masses, extending the validity
of perturbative treatments. While most of the PT literature relies on one-loop resumma-
tion (e.g. [165, 228, 475–482]) it is well known that this approach carries large uncertainties,
dominantly sourced by the RG-scale dependence of the effective potential [56], inducing
up to O(104) uncertainties of the predicted GW amplitude; see fig. 15.1. This is cured
by implementing a more systematic approach to thermal resummation: high-temperature
DR [166, 483, 484]. For PTs involving a thermal scale hierarchy [164], non-zero Matsub-
ara modes are integrated out, resulting in a three-dimensional (3D) EFT for the scalar
zero mode driving the transition. Maintaining a consistent power counting, higher-order
contributions are systematically incorporated, which significantly alleviates the RG scale
dependence [171, 320]. Let us also note that dimensionally reduced effective potentials
show a remarkable agreement with non-perturbative lattice analyses [164, 485].

As previous studies have focused mainly on the thermodynamic properties of a given
model [56, 171, 320, 486, 487], we will go further and study the impact of thermal resum-
mation on the overall parameter space and the GW inverse problem [191, 487–492]. This
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Figure 15.1: Benchmark GW prediction from the EWPT in the xSM, computed with the EFT
approach employing one-loop matching (see sec. 17.3). A variation of the RG scale µ̄ shifts the
GW amplitude by almost four orders of magnitude.

concerns the determination of the microscopic parameters of a QFT from a given GW
signal. In light of the upcoming LISA observatory [35], sensitive to the electroweak scale,
it is crucial to study the effect of theoretical uncertainties on the reconstruction of model
parameters.

Since a first-order EWPT requires new dynamical degrees of freedom in the IR [224,
493], we extend the SM by a light, real, gauge-singlet scalar field (xSM) [171, 320, 478,
493–497]. We construct the 3D EFT of the xSM at increasing levels of diligence using
the Mathematica software DRAlgo [179]. By performing large-scale scans we then investi-
gate how the large uncertainty of single parameter points, shown in fig. 15.1, affects the
overall observable parameter space.1 Finally, we compare our predictions to the projected
sensitivity region of LISA. For a benchmark signal, we reconstruct the model parame-
ters via a Fisher matrix analysis [500], employing different approximations of the effective
potential. Intriguingly, we find that incomplete thermal resummation induces errors on
the reconstructed parameters of O(1%), which, despite being numerically small, dominate
over experimental uncertainties, even for barely detectable signals.

In sec. 16, we first outline the formalism of DR, before introducing the xSM at zero and
finite temperature in sec. 17. Then, we study the associated theoretical errors on both the
thermodynamics and GW signals in sec. 18.

1 Note that after the publication of [2], further scans of the xSM have been conducted [498, 499].
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T H E R M A L E F F E C T I V E F I E L D T H E O RY

In the following, we aim to discuss the concept of dimensionally reduced thermal EFT.
Given a full theory, an EFT is generally constructed by

1. identifying light and heavy degrees of freedom,

2. constructing an effective IR Lagrangian that respects all underlying symmetries, and

3. matching the effective parameters to the full theory.

The result is an effective theory in the IR, valid up to some cutoff scale where heavy
physics becomes important. To this end, we first outline the scale hierarchy emerging at
finite temperature, before exemplarily constructing the 3D EFT in a simple scalar field
theory. We demonstrate the equivalence to Daisy resummation (cf. sec. 3.2) at one-loop
order and show how to extend the EFT to higher loop orders.

1 6 . 1 thermal scale hierarchy

To identify the light and heavy degrees of freedom at finite temperature, let us discuss
the finite-temperature scale hierarchy. Let us assume a scalar field with mass m, charged
under some gauge symmetry with corresponding coupling g. The corresponding effective
expansion parameter then reads [109]

ϵb ∼ g2T

πm
. (16.1)

As already discussed in sec. 3.2, non-zero Matsubara modes have ω ∼ πT , hence are IR
safe. They defined the highest energy scale; the hard scale. For hard modes, the expansion
parameter reduces to ϵb ∼ (g/π)2, which is perturbative.

Conversely, eq. (16.1) immediately defines scale where finite-temperature QFT becomes
inherently non-perturbative. For masses below the ultrasoft scale m ∼ g2T /π, associated
with the thermal mass of color-magnetic fields [55], we have ϵb ∼ O(1) and perturbation
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theory breaks down. This is known as the Linde problem. Hence, PTs occurring at the ul-
trasoft scale can only be studied by non-perturbative techniques such as lattice simulations.
This is the case for the EWPT in the SM [19].

Fortunately, strong FOPTs typically occur at a scale between hard and ultrasoft. This
comes from the fact that the dynamics of the zero-mode is screened by UV fluctuations.
That is, hard modes induce thermal masses for the Matsubara zero-mode. Such thermal
masses, that we have already encountered in secs. 3.2 and 5.2, live at the soft scale ∼ gT ,
defined by the thermal Debye masses of longitudinal gauge field modes [155, 501]. The
procedure of integrating out heavy fields with masses m ∼ πT is known as DR [166, 502].
Regarding the expansion parameter (16.1), we find ϵb ∼ g/π, i.e., perturbation theory is
applicable at the soft scale.

As already noted in sec. 3.2, at the time of a PT we encounter partial cancellations
between the vacuum and thermal masses of the scalar field [164],

µ2
3 ≈ µ2 + cg2T 2 ≪ g2T 2 . (16.2)

Here, the subscript “3” indicates masses at finite temperature, and the second term is the
thermal mass with c being a O(1) prefactor. Those cancellations may render the scalar field
lighter than soft, but heavier than ultrasoft. As a consequence soft fields, e.g., longitudinal
gauge bosons, can be integrated out.1 This induces a O(g3T 2/π) contribution, such that
the scalar zero-mode lives at the supersoft scale ∼ g

3
2 T /

√
π [164]. The associated expansion

parameter reads ϵb ∼ (g/π)
1
2 . The supersoft EFT has been introduced in ref. [182], and

is mainly relevant for radiative symmetry breaking PTs [164].
To summarize, the relevant energy scales2 are given by

πT︸︷︷︸
=hard scale

≫
(

g

π

)
πT︸ ︷︷ ︸

=soft scale

≫
(

g

π

) 3
2

πT︸ ︷︷ ︸
=supersoft scale

≫
(

g

π

)2
πT︸ ︷︷ ︸

=ultrasoft scale

. (16.3)

While the ultrasoft scale is non-perturbative, the remaining scales admit a perturbative
expansion. In the next step, we discuss the technical details on how to employ said scale
hierarchy to construct an EFT for a transitioning soft scalar field.

1 The supersoft theory is constructed in the broken phase, where also spatial gauge boson modes are inte-
grated out due to their large field-dependent masses [164].

2 Note that there are further scales that emerge at finite temperature, such as the semi-soft scale ∼ √
πgT ,

which are however not relevant in our context.
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1 6 . 2 dimensional reduction

Since the scale of UV temperature fluctuations is much smaller than the size of a nucleating
macroscopic bubble, cosmological FOPTs are inherently driven by IR dynamics. To this
end, hard modes can be integrated out, resulting in an effective, static, bosonic 3D theory at
the soft scale, capturing the long-distance physics. Originally developed in the 1990s [166,
502], DR has gained popularity in light of future GW observatories potentially sensitive
to a FOPT. The main advantage of DR compared to the more conventional 4D one-
loop approach (cf. secs. 3.2 and 5.2), where hard modes are resummed, is the possibility
of consistently including higher loop orders. This allows for a precision computation of
the effective potential, alleviating theoretical uncertainties such as gauge and RG scale
dependence [56]. For recent studies of FOPTs using DR, see, e.g., refs. [163, 164, 171, 179,
181–183, 247, 320, 473, 474, 485, 486, 493, 497–499, 503–510]. Let us also highlight the
Mathematica package DRAlgo [511], which provides matching relations and the effective
potential up to two-loop order for generic BSM theories. While we will employ DRAlgo
for our analysis of the xSM in chapter 18, we aim to give the reader an informative
introduction in this section.

To this end, let us focus on a simple benchmark model: λΦ4-theory in the Z2-symmetric
limit [167, 502, 512]. In Euclidean signature, the Lagrangian reads

L =
1
2 (∂τ Φ)2 +

1
2 (∇Φ)2︸ ︷︷ ︸

=Lfree

+
m2

2 Φ2 +
λ

4!
Φ4︸ ︷︷ ︸

=Lint

, (16.4)

where τ is imaginary time (cf. sec. 3.2) and the scalar self-interaction parametrized by λ.
Furthermore, we treat the mass term ∼ m as a small perturbation, hence include it in the
interaction Lagrangian. This is justified in the high-T limit where the characteristic scale
of the free Lagrangian πT ≫ m [512]. In the absence of gauge fields, we only encounter
two scales in the theory: soft and hard degrees of freedom, corresponding to the scalar
Matsubara zero and non-zero modes, respectively. Integrating out the hard modes, the
static dimensionally reduced 3D effective theory takes the form

L3 =
1
2 (∇ϕ̄)2︸ ︷︷ ︸
=L3,free

+
m2

3
2 ϕ̄2 +

λ3
4!

ϕ̄4︸ ︷︷ ︸
=L3,int

, (16.5)

where we have introduced the subscript “3” to indicate effective parameters. Note that the
3D field ϕ̄ = Φ/

√
T carries mass dimension 1/2; λ3 has mass dimension 1. In principle,

eq. (16.5) contains higher-dimensional operators, which we neglect for this demonstration.
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Figure 16.1: Diagrams contributing to the two-point correlation function of the scalar field up to
two-loop order.

The goal in this section is to determine the EFT parameters m3 and λ3 by matching the
respective correlation functions between the full and effective theory. The correlators are
denoted by Γ(k), where all one-particle irreducible diagrams with k external legs contribute.

Let us first focus on the two-point correlation function; the corresponding diagrams are
shown in fig. 16.1. Here the crosses denote insertions of counterterms δm and δλ that
are required to cancel the UV divergences. In the full theory, the two-point correlation
function up to two-loop order is [512]

Γ(2)(−p, p) = p2 + m2 + δm2 +
λ

2
∑∫

Q

1
Q2 − λ2

4
∑∫

QR

1
Q4R2 − λ2

6
∑∫

QR

1
Q2R2(Q + R)2

+
δλ

2
∑∫

Q

1
Q2 − λ

2 (m
2 + δm2)

∑∫
Q

1
Q4 ,

(16.6)

where we have abbreviated Matsubara sum integrals by
∑∫

P

≡ T
∞∑

n=−∞

∫
P

. (16.7)

UV divergencies are regulated using the modified minimal subtraction (MS) scheme. The
counterterms and the integrals are known [512], yielding

Γ(2)(−p, p) = p2 + m2 +
λT 2

24 +
1

(4π)2

[
λ2T 2

12

( 1
2ϵ

+
1
4Lb(Λ) − γ + 12 log(A)

)
− 1

2λm2Lb(Λ)
]

,
(16.8)

where
Lb(Λ) ≡ 2 log

(
eγΛ
4πT

)
, (16.9)

and A is the Glaisher–Kinkelin constant. The EFT matching scale is denoted by Λ.
The effective theory only contains the Matsubara zero mode with ωn = 0, i.e., the loop

integrals in fig. 16.1 do not include a mass scale. Such integrals vanish in dimensional
regularization, therefore [512]

Γ(2)
3 (−p, p) = p2 + m2

3 + δm2
3 . (16.10)
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16.2 dimensional reduction

Figure 16.2: Diagrams that contribute to the four-point correlation function up to O(λ2).

Here the counterterm δm2
3 is chosen to cancel the 1/ϵ divergence of Γ(2)(−p, p). The same

procedure is done for the four-point correlation function, which yields thermal corrections
to the scalar self-coupling. The relevant one-loop diagrams, contributing at O(λ2), are
shown in fig. 16.2. The computation yields [512]

Γ(4)(p, q, r, −p − q − r) = λ − 1
(4π)2

3
2λ2Lb(Λ) , (16.11)

Γ(3)(p, q, r, −p − q − r) = λ3 + δλ3 . (16.12)

By matching the 3D and 4D computations, we obtain the EFT parameters at O(λ2),

m2
3 = m̄2 +

λ̄T 2

24 +
λ2

3
6(4π)2

[
log

( Λ
3T

)
− c

]
, (16.13)

λ3 = T λ̄ , (16.14)

where the constant c ≡ log
(
3eγ/2A6/(4π)

)
. In addition, the barred quantities correspond

to κ̄ ≡ κ − (1/2)βκLb(µ̄) with κ ∈ {m2, λ}, where the β-functions are found in ref. [512].
Here the 4D couplings are run to an arbitrary RG scale µ̄, while the 3D couplings are
defined at the matching scale Λ.

Let us now highlight some important observations. First, at O(λ), the scalar mass
is merely supplemented by the thermal mass λT 2/24. That is, integrating out non-zero
Matsubara modes and matching the full and effective theory is, at LO, equivalent to the re-
summation of Daisy diagrams we have seen in sec. 3.2. The EFT approach however allows
for matching the correlation functions at higher orders, automatically incorporating the re-
summations required to extend the perturbative regime. At O(λ2), this induces additional
thermal mass corrections, as well as corrections to the quartic coupling constant. Second,
the barred quantities in eqs. (16.13) and (16.14) are RG-invariant. The only remaining
RG scale dependence is carried by the log(Λ/(3T )) term in the effective mass [512],

dm2
3(Λ)

d log(Λ) =
λ2

3
6(4π)2 . (16.15)

This corresponds to the β-function of the 3D theory. Therefore one may replace Λ → µ̄3,
where µ̄3 is the RG scale that will enter at two-loop order in the effective theory.
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16.2 dimensional reduction

Figure 16.3: Digrams that contribute to the computation of the effective potential in λΦ4-theory
up to two-loop order. Note that the sunset diagram only emerges for finite background field values,
where a cubic term is generated through the breaking of the Z2 symmetry.

The construction of Veff is equivalent to the procedure outlined in sec. 3.2. One computes
all loop diagrams within the EFT up to the desired order with zero external momentum.
Fig. 16.3 shows the relevant diagrams up to two-loop order for λΦ4-theory. The crucial dif-
ference is that the temperature dependence is now fully carried by the effective parameters;
no further resummations are required. The computation yields [512]

V 3D
eff =

m2
3

2 ϕ̄2 +
λ3
4!

ϕ̄4︸ ︷︷ ︸
=V 3D

0

− 1
12π

M3
3︸ ︷︷ ︸

=V 3D
1

+
1

(4π)2

(
λ3
8 M2

3 +
(λ3ϕ̄)2

12

(
log

(
M3
µ̄3

)
− 1

2

))
︸ ︷︷ ︸

=V 3D
2

, (16.16)

at two-loop order, where ϕ̄ is the classical 3D background field and

M2
3 = m2

3 +
λ3
2 ϕ̄2 . (16.17)

It is straightforward to verify that truncating the two-loop effective mass (16.13) at O(λ)

and only taking into account one-loop corrections to V 3D
eff reproduces the one-loop, Daisy

resummed result from sec. 3.2. The crucial feature of the two-loop computation, however, is
the cancellation of the µ̄3 dependence of the thermal mass (16.13) by the explicit logarithm
in V 3D

0 . Specifically, this is checked by computing [162, 247, 506, 512]

βm2
3

∂(V 3D
0 + V 3D

1 )

∂m2
3

+
∂V 3D

2
∂ log µ̄3

= 0 , (16.18)

where βm2
3
= λm2/(4π)2. That is, the remaining RG scale dependence is of higher order

than O(λ2). A variation of both µ̄ and µ̄3 is hence employed as a measure of theoretical
uncertainties due to higher-order effects (see chapter 18.3). Having introduced the basic
principles of DR by means of a simple toy model, we are now ready to move on to xSM,
i.e., the full SM plus a real gauge singlet scalar field.
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In the following, we first introduce the xSM at zero temperature, including its field content
and free parameters. Afterwards, we proceed to study the theory at finite temperature. To
this end, we first construct the thermal effective potential in the conventional 4D approach
employing Daisy resummation. Here, we use two different renormalization schemes. Then,
we compute the dimensionally reduced effective potential up to two-loop order, based on
the procedure introduced above.

1 7 . 1 field content

The xSM [171, 320, 478, 493–497] is arguably the simplest SM extension, merely contain-
ing one real gauge-singlet scalar field S in addition to the SM particle content. In four
dimensions and Euclidean signature, the underlying Lagrangian reads [171]

LxSM = LYM + Lf + yt(q̄tiσ2ϕ∗qt + h.c.) + |DµΦ|2 + 1
2 (∂µS)2 + V0(Φ, S) . (17.1)

Here, LYM denotes the contribution from the SM gauge fields, while Lf represents the
kinetic fermion part. We only include the top quark Yukawa parametrized by yt, since all
other Yukawa couplings are numerically small. The SM Higgs doublet Φ =

(
G+, 1√

2 (v +

h+ iG0)
)T

couples to the SU(2)L and U(1)Y gauge fields Aa
µ, Bµ, i.e., its covariant deriva-

tive is Dµ = (∂µ − 1
2 igσaAa

µ − 1
2 ig′Bµ)Φ. Here, g and g′ denote the respective gauge

couplings, while σa with a ∈ {1, 2, 3} are the Pauli matrices. G± and G0 are the Goldstone
modes, which become the longitudinal degrees of freedom of the Z/W ± gauge bosons
after EWSB. In addition, we split the field into a background field v and a dynamical
component h.

We study the theory in the Z2-symmetric limit, corresponding to a symmetry under
S → −S. That is, S only appears in even powers in the scalar potential

V0(Φ, S) = µ2
hΦ†Φ + λ(Φ†Φ)2 +

1
2µ2

sS2 +
λs

4 S4 +
λhs

2 S2Φ†Φ . (17.2)
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17.1 field content

We employ the convention where the Higgs mass parameter µ2
h < 0, while the singlet

mass term µ2
s > 0. The portal coupling is denoted by λhs, while the singlet (Higgs) self-

coupling is λs (λ). We then decompose the singlet as S = x+ s, where x is a homogeneous
background field while s represents the dynamical field. In terms of the background fields,
the tree-level potential reads

V0(v, x) =
1
2µ2

hv2 +
1
4λv4 +

1
2µ2

sx2 +
1
4λsx4 +

1
4λhsv2x2 , (17.3)

From this expression, we find the physical mass eigenstates by taking the second derivative
with respect to the scalar fields,

m2
h = µ2

h + 3λv2 +
1
2λhsx2 , (17.4)

m2
s = µ2

s + 3λsx2 +
1
2λhsv2 , (17.5)

m2
G = m2

h − 2λv2 . (17.6)

Since we employ the Z2-symmetric limit, no mass mixing emerges between the scalar fields.
Further, the weak gauge bosons acquire a mass after EWSB. By diagonalizing the mass
matrix, we obtain

m2
W =

1
4g2v2 , (17.7)

m2
Z =

1
4
(
g2 + g′2

)
v2 . (17.8)

The top quark mass reads
m2

t =
yt

2 v2 . (17.9)

The model hence has three free parameters: the scalar self-coupling λs, the portal coupling
λhs, and the physical mass of the singlet ms. When fixing these input parameters, we have
to ensure that the Higgs field obtains its measured mass mh ≃ 125.1 GeV [318]. To this end,
we employ two different approaches depending on the resummation scheme we use (see
below).

In the Z2-symmetric xSM, the symmetry breaking pattern is

(0, 0) step1−→ (0, x)
step2−→ (v0, 0) . (17.10)

Hence, in the first step the scalar singlet acquires a vev, breaking the Z2 symmetry. In the
second step, the field transitions to the Higgs phase where v0 ≈ 246 GeV is the SM Higgs
vev, restoring the Z2 symmetry. In the following we focus on the second step, which, in
some parts of the parameter space, is realized as a strong FOPT sourcing GWs.
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17.2 effective potential in four dimensions

1 7 . 2 effective potential in four dimensions

To eventually analyze the GW signals in the xSM, we need to construct the effective
potential Veff at finite temperature. To this end, we proceed in increasing levels of com-
putational diligence. In this section, we calculate Veff at one-loop order in 4D, using two
different renormalization schemes. Afterwards, we build Veff within the 3D EFT up to
two-loop order. In the following, we first discuss the 4D MS scheme, employing dimen-
sional regularization to control UV divergencies. Next, we introduce the 4D potential in
the on-shell renormalization scheme, treating divergent integrals with a hard momentum
cutoff. Note that all approaches use Landau gauge (ξ = 0).

MS scheme. Let us start with the effective potential computed within the MS scheme.
This construction proceeds analogously to the one conducted in sec. 5.2, introduced in
sec. 3.2. For completeness, the zero-temperature CW contributions read [477]

V MS
cw (v, x) =

∑
i

ηini
m4

i (v, x)

64π2

[
log

(
m2

i (v, x)

µ̄2

)
− ci

]
, (17.11)

where ηi = +1 (−1) for bosons (fermions), ni are the degrees of freedom of a species i, and
ci = 3/2 (5/6) for scalars and fermions (gauge bosons). The sum runs over all particles
that receive field-dependent masses m2

i (v, x).
Here we set the RG scale µ̄ = v0, where all couplings are evaluated.1 We now introduce

the renormalization conditions

∂vV0

∣∣∣∣
v=v0

= 0 , (17.12)

∂2
vV0

∣∣∣∣
v=v0

= m2
h = (125.10 GeV)2 , (17.13)

which ensure that the Higgs field acquires its SM vev and mass at tree-level for a set
of input parameters {ms, λs, λhs}. The one-loop corrections (17.11) alter these relations.
Therefore, we introduce additional counterterms to preserve the renormalization conditions
at the loop-level (see appendix 20.B). To avoid confusion, let us note that in the original
MS scheme, counterterms merely remove divergences. Nevertheless, we follow the literature
where the presented scheme is usually dubbed MS [165].

1 In the discussion around eq. (5.31), we have already seen that a thermal RG scale is the more reasonable
choice when working in the high-T limit. This will shortly be implemented when constructing Veff via DR.
Nevertheless, we aim to compare the results from the 3D EFT to earlier findings from more conventional
approaches using µ̄ = v0. Therefore we follow this previous literature in our 4D analysis.
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17.2 effective potential in four dimensions

Thermal corrections are implemented via

VT =
T 4

2π2

∑
i

niJB/F

(
m2

i

T 2

)
, (17.14)

where the thermal functions are given in eq. (3.33) and the sum again runs over all fields
that couple to the scalars. Since we work at one-loop order, the breakdown of perturbativity
in the IR is treated by Daisy resummation (cf. sec. 3.2). To this end, we employ the
truncated full dressing approach [167, 169], which amounts to the replacement

m2
i (v, x) → m2

i,3(v, x, T ) = m2
i (v) + Πi(T ) (17.15)

in the one-loop part of the effective potential. Here, the subscript “3” indicates masses at
finite temperature and Πi(T ) denotes the thermal mass of a species i. In the xSM, the
thermal masses read [513]

Πh(T ) = T 2
(3g2

16 +
g′2

16 +
λ

2 +
y2

t

4 +
λhs

24

)
, (17.16)

Πs(T ) = T 2
(1

4λs +
1
6λhs

)
, (17.17)

ΠW = ΠZ = m2
D(T ) =

g2T 2

3

(5
2 +

Nc + 1
4 Nf

)
, (17.18)

where mD denotes the Debye mass of the longitudinal gauge boson modes, with the number
of colors and fermion generations Nc = Nf = 3. Then, the full effective potential at one-
loop order is

Veff(v, x, T ) = V0(v, x) + V MS
cw (v, x, T ) + VT(v, x, T ) , (17.19)

where the respective terms are given by eqs. (17.3), (17.11), (17.14). The T -dependence in
V MS

cw stems from the thermally corrected masses.

on-shell scheme As a second 4D approach, we introduce the on-shell scheme [479,
514]. Different from the MS scheme, where dimensional regularization is used, the on-shell
scheme regularizes UV-divergent integrals via a hard momentum cutoff Λ,

Jcw(m
2, Λ) = 1

2

∫ Λ

0

d4P

(2π4)
ln
(
P 2 + m2

)
. (17.20)

Here, P and m denote the four-momentum and mass of the respective fields. Evaluating
the integrals yields [159]

V os
cw(v, x) =

1
32π2

∑
i

ηini

[
m2

i (v, x)Λ2 +
m4

i (v, x)

2

(
log

(
m2

i (v, x)

Λ2

)
− 1

2

)]
. (17.21)
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17.3 effective potential in three dimensions

By introducing counterterms in the tree-level potential and imposing the same renormal-
ization conditions as above, eqs. (17.12) and (17.13), one finds

V os
cw =

1
64π2

∑
i

ηini

[
m4

i (v, x)

(
log

(
m2

i (v, x)

m2
i (v0)

)
− 3

2

)
+ 2m2

i (v, x)m2
i (v0)

]
. (17.22)

For details on the counterterms, we refer to ref. [159]. This expression is structurally
different from the one-loop vacuum contribution (17.11) we obtained above. In the MS
scheme, the RG scale enters as a parameter which controls the scale at which couplings
are evaluated. In the on-shell scheme, the cutoff scale Λ is fixed by the physical mass of
the respective field in the electroweak vacuum, m2

i (v0). Therefore, this approach does not
include the running of the model parameters, which will later be used to analyze theoretical
uncertainties form missing higher loop corrections. This is an immediate shortcoming of
the on-shell scheme.

Regarding the temperature-dependent corrections, we proceed as outline above. That is,
we include the thermal integrals and implement Daisy resummation by thermally correct-
ing the field-dependent masses in the one-loop contributions. Then, the thermal effective
potential reads

Veff(v, x, T ) = V0(v, x) + V os
cw(v, x, T ) + VT(v, x, T ) . (17.23)

1 7 . 3 effective potential in three dimensions

Let us now proceed by deriving the thermal effective potential in the EFT approach,
largely following ref. [171]. First, we outline how to fix the input parameters of the theory
via one-loop corrected vacuum renormalization, before integrating out the hard scale. As
an additional simplification, we further integrate out soft fields. Finally, we discuss numer-
ical interpolations that we implement to treat non-analytical terms arising at two-loop
order. We again employ Landau gauge (ξ = 0), minimizing gauge dependence [171]. As a
consequence, ghosts do not couple to scalar and kinetic mixing between scalar and vector
degrees of freedom vanishes [515].

input parameters. Before constructing the thermal EFT, we need to specify the
input parameters of the 4D theory. To this end, we will use MS renormalization to reg-
ulate UV-divergent integrals. Therefore, we first need to establish a connection between
physically measured observables, such as the pole masses of the electroweak fields, to the
renormalized MS quantities. In the 4D MS approach outlined above, we have defined the
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17.3 effective potential in three dimensions

tree-level Higgs mass as the physically observable one. Then, we have introduced addi-
tional counterterms which preserve the Higgs mass and vev at the loop-level for a given
set of input parameters {ms, λs, λhs}. This is a simplified matching procedure, since, e.g.,
the momentum dependence of the pole masses is not included. A more rigorous scheme is
used in refs. [171], where physical observables are related to MS quantities via a one-loop
corrected vacuum renormalization. This is outlined in the following.

We start from the measured values of the electroweak pole masses [318],2

(mt, mW, mZ, mh) = (172.76, 80.379, 91.1876, 125.1)GeV . (17.24)

The physical singlet mass ms is a free input parameter and the couplings λs and λhs are
directly given in the MS scheme. We minimize the tree-level potential (17.3) along the
x = 0 direction to find the Higgs vev, which can be expressed as

v0 =

√
4m2

W

g2 , (17.25)

where g is the SU(2)L gauge coupling. Via eqs. (17.4) and (17.5), we obtain the tree-level
Higgs and singlet mass parameters, µ2

h and µ2
s. The Higgs self-coupling reads

λ =
m2

h

2 . (17.26)

Regarding the SM couplings, the tree-level relations are [171]

g2 =
8m2

WGµ√
2

, (g′)2 =
g2(−m2

W + m2
Z)

m2
W

, y2
t =

g2m2
t

2m2
W

, g2
s = 1.48409 , (17.27)

where Gµ = 1.1663787 × 10−5 GeV−2 is the Fermi constant [318] and gs is the strong gauge
coupling.

We now use the one-loop self-energies, computed within the MS scheme, to relate the
physical observables (17.24) to the renormalized masses. Explicitly, bosonic masses, e.g.,
take the form

µ2(µ̄) = m2 + Re Π(m2) , (17.28)

with Π(m2) being the self-energy. Likewise, tree-level couplings receive one-loop correc-
tions. These relations are found in ref. [171]. This provides the renormalized model param-
eters at the electroweak scale µ̄ = mZ. Via the β-functions in appendix 20.A, the model
parameters are then evolved to the EFT matching scale µ̄ = cT , where c is some constant
that we will shortly introduce.

2 Note that ref. [71] has provided updated values of the electroweak observables, however, this effect is
negligible in our analysis.
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17.3 effective potential in three dimensions

dimensional reduction. Having fixed the input parameters, we are now ready to
construct the EFT for the xSM, following refs. [171, 497, 511]. The first step is to integrate
out the hard scale, as outlined in sec. 16.2. To this end, we impose the power counting

µh, µs ∼ gT , λ, λs, λhs ∼ g2 , yt, g′, gs ∼ g . (17.29)

The soft 3D action associated to the 4D Lagrangian (17.1) reads [171]

S3D =
∫

d3x

[
L3D

YM + |DiΦ|2 + 1
2 (∂iS)

2 + V 3D
0 (Φ, S) +

1
2 (DiA

a
0)

2 +
1
2m2

DAa
0Aa

0

+
1
2 (DiB0)

2 +
1
2 (m

′
D)

2B2
0 +

1
2 (DiB0)

2 +
1
2m′2

D B2
0 +

1
2 (DiC

α
0 )

2

+
1
2 (m

′′
D)

2Ca
0 Cα

0 + h3Φ†ΦAa
0Aa

0 + h′
3Φ†ΦB2

0 + h′′
3Φ†Aa

0σaΦB0

+ ω3Φ†ΦCα
0 Cα

0 + y3S2Aa
0Aa

0 + y′
3S2B2

0

+ (interactions among A0, B0, C0)

]
.

(17.30)

This expression is static and bosonic, as all non-zero Matsubara modes (including fermions)
live in the UV. A0, B0, and C0 denote the longitudinal SU(2)L, U(1)Y, and SU(3)c gauge
field components which acquire soft Debye masses mD (see eq. (17.18)), m′

D, and m′′
D. Here,

mD is given by eq. (17.18), while m′
D and m′′

D can be found in appendix A of ref. [503].
Interactions between the scalar fields and the longitudinal gauge bosons are parametrized
by h3, h′

3, h′′
3, ω3, y3, and y′

3. Finally, L3D
YM contains the ultrasoft spatial gauge modes. Note

that we neglect higher-dimensional operators suppressed by powers of πT .3 Interactions
among A0, B0, and C0 are O(g4) [516], therefore start contributing at orders we do not
consider. Further note that in the 3D theory, all couplings are dimensionful while fields
carry mass dimension 1/2. The 3D fields are then related to their 4D counterparts via4

Φ4D =
√

TΦ , S4D =
√

TS . (17.31)

The scalar potential in eq. (17.30) is

V 3D
0 (v, x) = µ2

h,3Φ†Φ + λ3(Φ†Φ)2 +
1
2µ2

s,3S2 +
λs,3
4 S4 +

λhs,3
2 S2Φ†Φ . (17.32)

This expression takes the same functional form as in 4D (17.2), with all parameters replaced
by their finite-temperature version. In the next step, these effective parameters have to be

3 Recently, ref. [510] has shown that higher-dimensional operators can have a sizable impact on the resulting
GW predictions.

4 Note that we do include an explicit subscript “3” to indicate finite-temperature couplings. This subscript
is dropped for the fields for simplicity.
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17.3 effective potential in three dimensions

determined by matching to the full theory. In practice, the matching relations are obtained
via DRAlgo. Since, in addition, the soft EFT for the xSM is known [497], we refrain from
showing the full computation. However, let us briefly discuss the steps involved.

The scalar fields in eq. (17.32) correspond to the Matsubara zero modes. That is, all hard
loops containing non-zero Matsubara modes must be integrated out. To this end, the scalar
fields are again decomposed into a constant background and a dynamical part. As long as
the background field is smaller than πT , the matching relations are not affected [171], i.e.,
we choose to expand around the origin. Following the procedure introduced in sec. 16.2, the
effective parameters are obtained by matching the 1PI correlation functions between the
effective and full theory. This is done at one- and two-loop orders. Referring to refs. [171,
497] and DRAlgo [511], the soft matching relations up to O(g4), i.e., NLO, read

µ2
h,3 =

(
µ2

h

)
SM

+
λhsT 2

24 − Lb

2(4π)2 λhsµ2
s +

λhsT 2

(4π)2

Lb

24

(3
4 (3g2 + g′2)

− 6λ − 5λhs − 3λs

)
− y2

t

8 Lf

− 1
(4π)2

λ2
hs,3
2

(
c + ln

(3T

µ̄3

))
,

(17.33)

µ2
s,3 = µ2

s + T 2
(

λhs

6 +
λs

4

)
− Lb

(4π)2

(
2λhsµ2

h + 3λsµ2
s

)
+

T 2

(4π)2

2 + 3Lb

24

(3g2 + g′2)λhs − Lb

((
λ +

7
12λhs +

λs

2

)
λhs +

9
4λ2

s

)
− λhs

4 y2
t

(3Lb − Lf )

+ 1
(4π)2

(
(3g2

3 + g′
3

2
)λhs,3 − 2λ2

hs,3 − 6λ2
s,3

)
(

c + ln
(3T

µ̄3

))
,

(17.34)

λ3 = Tλ +
T

(4π)2

(2 − 3Lb

16
(
3g4 + 2g2g′2 + g′4

))
+ 3y2

t Lf

(
y2

t − 2λ
)

+ Lb

(
3
2
(
3g2 + g′2

)
λ − 12λ2 − λ2

hs

4

)
,

(17.35)

λs,3 = Tλs − T

(4π)2 Lb

(
λ2

hs + 9λ2
s

)
, (17.36)

λhs,3 = Tλhs +
T

(4π)2

(
Lb

(3
4
(
3g2 + g′2

)
− 6λ − 2λhs − 3λs

)
λhs − 3Lf y2

t λhs

)
, (17.37)
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where c = −0.348723 [171]. Here, the SM part of µ2
h,3 is given in ref. [503], while the

expressions for g3 and g′
3 are found in ref. [497]. One can easily check that truncating the

above expressions reproduces the thermal masses (17.16) and (17.17) obtained via Daisy
resummation. Furthermore, we observe that one-loop matching of the scalar couplings
induce corrections at NLO, O(g4). At LO, the 4D couplings are simply rescaled by the
temperature. The RG scale µ̄ is encoded in the EFT parameters via

Lb = 2 ln µ̄

T
− 2(ln 4π − γ) , (17.38)

Lf = Lb + 4 ln 2 , (17.39)

where γ is the Euler-Mascheroni constant. From this, we see that a natural choice for
the RG scale is dictated by the hard Matsubara modes πT , controlling the magnitude of
the logarithms.5 By RG-evolving the parameters in the matching relations, one can show
that the dependence on µ̄ vanishes at O(g4) (cf. sec. 16.2). This is the great advantage
compared to one-loop Daisy resummation, which carries a large theoretical uncertainty
from its explicit dependence on the RG scale. The remaining RG scale dependence is
governed by the 3D RG scale µ̄3. This quantity enters by solving the RG evolution within
the 3D theory to replace terms T 2λ2

hs ∼ ln(3T /µ̄) with ∼ λ2
hs,3 ln(3T /µ̄3) [171]. Varying

both RG scales µ̄ und µ̄3 will allow us to systematically study theoretical errors from
missing higher-order corrections (see chapter 18).

The matching relations at O(g4) for the couplings between the singlet and longitudinal
gauge bosons in eq. (17.30) are [171]

y3 =
T

(4π)2
1
2g2λhs , (17.40)

y′
3 =

T

(4π)2
1
2g′2λhs . (17.41)

This corresponds to one-loop matching. The remaining parameters h3, h′
3, h′′

3, and ω3 are
not affected by the BSM physics and can be found in appendix A of ref. [503].

integrating out the soft scale. As discussed in sec. 16.1, a transitioning
scalar field can become lighter than the soft scale, due to cancellations of the negative
vacuum mass and the positive thermal mass. Then, it is possible to simplify the EFT by
integrating out the soft scale, i.e., the longitudinal gauge degrees of freedom.6 The resulting

5 This was already noted in sec. 5.2, where we have shown that logarithms of the vacuum and thermal
one-loop contributions combine to ln(µ̄/T ).

6 The impact of dynamical soft degrees of freedom on our final results turns out to be negligible (cf. sec. 18.3).
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softer EFT is structurally identical to an ultrasoft EFT.7 The perturbative treatment,
however, remains viable if the scalar field is heavier than ultrasoft, i.e., if the PT is strong
enough. The action at the softer scale is

S̄3D =
∫

d3x

[
LYM + |DiΦ|2 + 1

2 (∂S)2 + V 3D
0 (Φ, S)

]
, (17.42)

where we follow ref. [171] and supplement softer quantities with a bar. Hence, the remaining
dynamical degrees of freedom are the two scalar fields and the spatial gauge fields. Through
matching the correlation functions of the ultrasoft and the soft scale, one finds the ultrasoft
EFT parameters. These are again obtained by DRAlgo [56, 171],

µ̄2
h,3 = µ2

h,3 − 1
4π

(3h3mD + h′
3m′

D + 8ω3m′′
D) +

1
(4π)2

3g2
3h3 + 3h2

3

− h′2 − 3
2h′′

3
2
+

(
−3

4g4
3 + 12g2

3h3

)
ln µ̄3

2mD
− 6h2

3 ln µ̄3
2mD

− 2h′
3

2 ln µ̄3
2mD

− 3h′′
3

2 ln µ̄3
mD + m′

D

 ,

(17.43)

µ̄2
s,3 = µ2

s,3 − 1
2π

(3mDy3 + m′
Dy′

3) , (17.44)

λ̄3 = λ3 − 1
2(4π)

(
3h2

3
mD

+
h′

3
2

m′
D
+

h′′
3

2

mD + m′
D

)
, (17.45)

λ̄s,3 = = λs,3 − 1
2π

(
3y2

3
mD

+
(y′

3)
2

m′
D

)
, (17.46)

λ̄hs,3 = λhs,3 − 1
2π

(3y3h3
mD

+
y′

3h′
3

m′
D

)
, (17.47)

ḡ3 = g2
3

(
1 − g2

3
6(4π)mD

)
(17.48)

ḡ′
3 = g′

3
2 . (17.49)

With the above relations, we are now ready to compute the effective potential. To this
end, the techniques introduced in secs. 3.2 and 16.2 are used. That is, we compute all

7 This is distinct from a supersoft EFT which is usually constructed in the broken phase. Then, transverse
gauge bosons become massive and can be integrated out, leaving the transitioning scalar fields as the only
dynamical degrees of freedom [164].
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EFT matching One-loop V 3D
eff Two-loop V 3D

eff

LO (3D@LO, Veff@LO) −

NLO (3D@NLO, Veff@LO) (3D@NLO, Veff@NLO)

Table 17.1: Different loop orders in the EFT matching and effective potential that are used in
chapter 18.

1PI diagrams at vanishing external momenta within the EFT. Resummation of non-zero
Matsubara modes is already accounted for by the hard → soft matching. The tree-level
potential, expressed through the 3D background fields v and x is then simply

V 3D
0 =

µ̄2
3

2 v2 +
µ̄2

s,3
2 x2 +

λ̄3
4 v4 +

λ̄s,3
4 x4 +

λ̄hs,3
4 x2v2 . (17.50)

The one-loop potential is given by the well-known thermal integrals

V 3D
1 = 2(d − 1)J3 (m̄W ) + (d − 1)J3 (m̄Z) + J3 (m̄h) + J3 (m̄s) + 3J3 (m̄G) , (17.51)

where d = 3 − 2ϵ, with ϵ begin the expansion parameter used in dimensional regularization,
and

J3(m) =
1
2

∫ d3p

(2π)3 ln
(
p2 + m2

)
= − m3

12π
. (17.52)

Here we have used the high-T expansion. The masses m̄W , m̄Z , m̄h, m̄s, m̄G are given
by eqs. (17.4) – (17.8), where vacuum quantities are replaced by barred ones. The full
effective potential then reads

V 3D
eff = V 3D

0 + V 3D
1 + V 3D

2 , (17.53)

where the two-loop contributions V 3D
2 are again obtained by DRAlgo. Since these expres-

sions are extremely lengthy and have been known before, we do not explicitly list them
here. Instead, we refer to the appendix of ref. [171] and our Python implementation
DRansitions [3]. This package contains all matching relations up to NLO. In addition,
we include all two-loop topologies contributing to Veff in a general fashion, such that it
is straightforward to adapt the code to other models if the matching relations are known.
Furthermore, the code can directly be used as an input to CosmoTransitions [185], stream-
lining the computation of the PT parameters.

In the following, we will use the the 3D EFT at different levels of computational diligence;
see table 17.1 for an overview. The simplest version, (3D@LO, Veff@LO), employs tree-level
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couplings, one-loop thermal masses, and the effective potential up to one-loop order. One
can explicitly show that this is equivalent to the effective potential computed in the 4D MS
scheme (17.19), up to the different choice of the RG scale µ̄. The second version, (3D@NLO,
Veff@LO), utilizes NLO EFT matching in the one-loop effective potential, while (3D@NLO,
Veff@NLO) employs NLO matching and Veff at two-loop order.

numerical approach. To study the phase structure of the xSM, we choose the
direct approach outlined in ref. [164], i.e., we directly minimize the effective potential
numerically. This induces certain shortcomings. First, Veff is gauge-dependent [517]. Em-
ploying Landau gauge, this turns out to be a minor issue compared to RG scale dependence.
Second, the effective potential is complex [518]. This is treated by omitting the imaginary
part of the effective potential if Im V 3D

eff < Re V 3D
eff at the minima [165], i.e., we replace

V 3D
eff → Re V 3D

eff . Then, however, the scalar fields induce divergencies at the two-loop level
in the effective potential [56, 164, 501], related to effective squared masses transitioning
from negative to positive. This is exemplified by the orange curve in fig. 17.1, where we plot
the (3D@NLO, Veff@NLO) case in the x-direction for {ms, λs, λhs} = {110 GeV, 1, 0.8} at
T = 120 GeV. Clearly, we observe a non-analytic behavior around x4D ∼ 40 GeV. To ex-
plain this let us consider, e.g., the contribution from the scalar sunset diagram to the
two-loop effective potential [171, 505],

DSSS(m1, m2, m3) ∝ ln
(

µ̄

m1 + m2 + m3

)
. (17.54)

While the effective scalar masses are negative, µ̄h,3, µ̄s,3 < 0, eq. (17.54) gives purely
imaginary contributions. As the scalar masses cross zero, the logarithm diverges, inducing
spikes and kinks in the potential such as the ones in fig. 17.1.8 This is problematic in
two ways. First, the numerical minimization algorithm easily gets trapped in the IR spike,
impeding the scan of the phase structure. Second, we aim to solve the bounce equation in
the next section. This involves derivatives of the effective potential, which are ill-defined
as the masses cross zero. Therefore, we implement a practical solution, and set

ln
(

µ̄

m1 + m2 + m3

)
= 0 for m1 + m2 + m3 < µ̄ . (17.55)

Furthermore, we use numerical interpolations to smoothen the resulting potential in order
to be able to take derivatives. The result is shown by the blue dash-dotted curve in fig. 17.1.

Let us, however, mention that these pathologies, i.e., gauge dependence and IR divergen-
cies, are cured in a “strict EFT expansion” [164]; see refs. [163, 485] for recent applications.

8 This issue was recently noted in ref. [498], as well.
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Figure 17.1: Two-loop effective potential for {ms, λs, λhs} = {110 GeV, 1, 0.8}, µ̄ = 4πe−γT , and
µ̄3 = T in the singlet-direction of field space. We have shifted the potential such that the potential
energy vanishes in the true minimum. The orange curve shows the original potential, while the
blue curve is the interpolated version, smoothening the kinks caused by scalar masses becoming
real.

Instead of directly minimizing the NLO effective potential, the theory is consistently ex-
panded order-by-order in ℏ around the true minimum. To this end, additional background
field-dependent resummations are required. Since this is not straightforward in multi-field
PTs, we stick to the direct approach, relegating a more rigorous analysis to the future.
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18

C O M PA R I N G R E S U M M AT I O N S C H E M E S

With the different computations of the effective potential at hand, we are now ready to
study their impact on phenomenological predictions. To this end, we start by briefly sum-
marizing our approach to compute the PT dynamics. Subsequently, we study the impact of
higher-order resummation on equilibrium thermodynamics, i.e., we investigate the phase
structure and crictical temperature. Then, we compute the GW spectra and analyze their
robustness under a variation of the RG scale µ̄. Finally, we impose a benchmark spectrum
and reconstruct the model parameters for different underlying implementations of Veff .

1 8 . 1 phase transition dynamics

To analyze the PT, we follow the steps outlined in sec. 3.2. That is, we solve the bounce
equation (3.47) via CosmoTransitions [185], where the effective potential from the EFT
approach is rescaled via

V 4D
eff = TV 3D

eff . (18.1)

The bounce action S3 defines the bubble nucleation rate, which we approximate by eq. (3.46).
This neglects out-of-equilibrium physics [180], which can be captured in a nucleation
EFT [182, 183, 506, 508]. Since we neglect such higher orders for all implementations
of the effective potential, we consider this a systematic error in our study.

We proceed by computing the relevant temperature scales (see sec. 3.2) and evaluate
the transition strength α and the inverse timescale β/H via eq. (3.54). The bubble wall
velocity requires particular care [194–203, 207, 519–523], necessitating out-of-equilibrium
calculations. Since this is beyond the scope of this work and we only consider strong
transitions with α ≳ 0.1 which often correspond to detonations, we set vw = 1 in the
following. This should, however, be reconsidered in the future to obtain a more precise
picture [209].

Due to the polynomial nature of the tree-level potential, PTs in the xSM do not exhibit
large amounts of supercooling [186]. Therefore, we do not compute the GW contribution
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18.2 phase structure and critical temperature

from bubble collisions [211, 223, 370, 524, 525]. Instead, we focus on GWs generate by
sound waves in the thermal bath [217–219, 221, 222, 526]. The parametrization of the
GW signal [192, 215, 216] is given by eq. (3.59). Furthermore, we neglect GWs from
turbulences [212–214].

1 8 . 2 phase structure and critical temperature

We commence our study of the xSM by discussing the phase structure predicted by the 3D
EFT. Then, we compute the critical temperature and examine its RG scale dependence.

By minimizing the effective potential as a function of temperature, we investigate the evo-
lution of the background scalar fields v and x; see fig. 18.1, where we employ {ms, λs, λhs} =

{110 GeV, 1, 0.8}. Here, we have imposed a matching scale of µ̄ = 4πe−γT . This is a conve-
nient choice, since it exactly cancels the logarithm in eqs. (17.38) and (17.39). Regarding
the 3D RG scale, we set µ̄3 = T . In addition, we rescale the 3D background fields via
eq. (17.31). Different colors denote different levels of computational diligence, while dot-
ted (solid) lines indicate the scalar singlet (Higgs). We observe that at high temperatures
the system transitions to the singlet phase (0, 0) → (0, x) in a smooth manner due to the
absence of a thermal barrier.1 At the critical temperature O(125 − 150)GeV, depending
on the loop order, the field jumps to the Higgs phase (0, x) → (v, 0), indicating a FOPT.
Further decreasing the temperature, the Higgs vev approaches its zero-T value v0.

However, this result does not provide any information about the robustness of our
computation of V 3D

eff . To this end, we repeat the phase scan for different choices

µ̄ ∈
(

π

2 T , 4πe−γT

)
, µ̄3 ∈

{1
2T , 2T

}
, (18.2)

and extract Tc. Since the 3D@NLO EFT is independent of µ̄ at O(g4), its variation yields
information on the impact of higher-order effects. The same is true for the 3D RG scale
µ̄3, which enters the super-renormalizable EFT at the two-loop level. Fig. 18.2 shows the
results, where we employ the same input parameters as above. We plot Tc, where the
electroweak vacuum becomes the energetically favored one, as a function of µ̄. Color cod-
ing indicates the level of computational diligence, while the dotted lines correspond to
a variation of the 3D RG scale µ̄3. Clearly, the (3D@LO, Veff@LO) approach carries the
largest dependence on the RG scale. Varying µ̄ by a factor of ∼ 4, the critical tempera-
ture changes from Tc = 120 GeV to Tc = 140 GeV; this corresponds to an uncertainty of

1 Note that this first step in the symmetry breaking pattern may be realized by a FOPT at the ultrasoft scale,
which however requires the lattice. Since ultrasoft PTs are typically extremely weak, we simply assume a
second-order transition in the first step, and focus on the second step as the source of GWs.
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Figure 18.1: Evolution of the 4D scalar background fields as a function of temperature for a
set of benchmark parameters. The solid lines correspond to the Higgs field, while the dotted lines
indicate the scalar singlet. Different levels of computational diligence are displayed by different
colors.

O(20 %). The two approaches employing NLO EFT, on the other hand, show a substan-
tially reduced dependence on µ̄. Here, the same variation of the matching scale induces
an error of O(3 %) on Tc. However, note that the (3D@NLO, Veff@LO) approach exhibits
a residual dependence on µ̄3 due to missing higher-order corrections in the effective po-
tential. This dependence is alleviated at the two-loop order for the Matsubara zero mode,
which is why the (3D@NLO, Veff@NLO) approach yields the most robust results.

These findings demonstrate the shortcomings of LO resummation: a large residual de-
pendence on the matching scale. This is exactly the reason for the large discrepancy of
the resulting GW signal that we discussed around fig. 15.1. While the uncertainty on Tc

may be of O(20 %), this error propagates through the entire computational pipeline. That
is, the computation of the percolation temperature, the tunneling rate, and finally the
parameters that enter the GW spectrum. This induces order-of-magnitude uncertainties
on predictions from single parameter points.

1 8 . 3 robustness of gravitational wave predictions

We have successfully demonstrated the RG scale dependence of the one-loop effective
potential, which induces large uncertainties in the final GW predictions. However, what
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Figure 18.2: Critical temperature as a function of the EFT matching scale µ̄ for different ap-
proaches to the effective potential. Dotted lines indicate a variation of the 3D RG scale.

we are ultimately interested in is the effect of such uncertainties on the parameter space
of the xSM. In the absence of experimental constraints, it is crucial to have theoretical
control over the entire range of parameters. This analysis hence shows whether higher-order
corrections simply shift the detectable parameter space or change the global properties of
the model.

To this end, we conduct large-scale parameter scans of the xSM, employing five different
approaches to the effective potential (see sec. 17). We restrict ourselves to the parameter
range λhs ∈ [0.1, 1.2], mh

2 < ms < 130 GeV,2 and λs ∈ {0.1, 1.0}. This is based on the
reasoning that for large masses ms ≫ mh, the scale hierarchy does not necessarily hold
as the scalar singlet is not dynamical in the IR.3 In addition, we focus on small couplings
λs, λhs ≲ 1 to remain perturbative.

parameter space dependence. In fig. 18.3, we show some results of our parame-
ter scan in the ms − λhs plane, employing λs = 1. Here, the color coding indicates different

2 Note that a substantial fraction of this parameter space is excluded by an overproduction of scalar DM [527].
In addition, the PT could be altered by the emergence of domain walls [528–531]. These constraints can
be alleviated by new particles in the dark sector [532, 533], destabilizing the scalar field, while a small
Z2-breaking term annihilates the domain walls [534]. Such modifications would leave our main results
unchanged.

3 It has been shown in [493] that a light scalar is required to render the EWPT strongly first-order.
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Figure 18.3: Parameter space predicting strong GW signals ΩGWh2 ≥ 10−11 (solid) and ΩGWh2 ≥
10−12 (dashed) from the EWPT in the xSM for different constructions of the effective potential.
The input parameters are the physical mass of the scalar singlet ms, and the portal coupling λhs

at the input scale µ̄ = mZ. The 4D MS scheme employs µ̄ = v0, while we fix µ̄ = 4πe−γT in the
3D EFT. Figure created by M. Lewicki.

175



18.3 robustness of gravitational wave predictions

computational schemes regarding the effective potential, that is, the 4D on-shell (blue) and
MS (yellow) schemes, and the 3D EFT in increasing levels of diligence (green, red, pur-
ple). We only include strong transitions with ΩGWh2 ≥ 10−11 (solid) and ΩGWh2 ≥ 10−12

(dashed). Note that in the regions above the respective curves, percolation is not success-
ful, e.g., this parameter space is excluded. The portal couplings λhs is shown at the input
scale µ̄ = mZ. As explained in chapter 17, the RG scale in the 4D MS scheme is fixed
to µ̄ = v0, while we impose µ̄ = 4πe−γT for the 3D EFT approaches. Regarding the
(3D@NLO, Veff@LO) and (3D@NLO, Veff@NLO) approaches, we fix µ̄3 = T .

As expected, the most robust results are obtained with the two (3D@NLO) methods,
employing matching relations up to two-loop order. This can be seen from the large over-
lap between the red and purple areas. The parameter space featuring strong GW signals
changes little when including two-loop effects into V 3D

eff . Next, note that the 4D MS and
(3D@LO, Veff@LO) approaches are essentially identical, up to the different RG scale. There-
fore, the green and yellow curves largely coincide as expected. The largest deviation from
the (3D@NLO, Veff@NLO) result is found with the 4D on-shell scheme, which is arguably
the simplest method to compute Veff . Notably, the largest difference in the (ms, λhs) model
parameter space is of O(5 %), despite the large uncertainties on GW predictions for single
parameter points. The overall parameter space that predicts strong GW signals is, how-
ever, extremely narrow. Therefore, percent-level shifts of the model parameters do become
important, as they can change the nature of the transition in parts of the parameter space.

varying λs . For our main results in fig. 18.3, we have employed λs = 1. To demon-
strate that a variation of the scalar self-coupling does not change our conclusions, we
repeat the parameter scan for λs = 0.1. The results are shown in the left panel of fig. 18.4,
while the right panel corresponds to λs = 1. Note that for simplicity, we only include the
4D on-shell scheme and the (3D@NLO, Veff@LO) method. Decreasing λs shifts the overall
parameter space towards smaller portal couplings λhs. Furthermore, the area predicting
stronger signals becomes much narrower. Nonetheless, we find a percent-level deviation
between the schemes, which corresponds to a similar uncertainty as for λs = 1. Therefore,
we can safely conclude that our main results hold for different values of the scalar quartic
couplings λs.

rg scale dependence. Figs. 18.3 and 18.4 do not provide any information about
the robustness of the parameter space under a variation of the RG scale, i.e., the poten-
tial effects of missing higher-order corrections. To this end, let us stress that the on-shell
scheme does not allow for such an analysis in the first place, as the RG scale is implicitly
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Figure 18.4: Comparison of the parameter space predicting strong GW signals fixing λs =

0.1 (left) and λs = 1 (right). We only focus on the 4D on-shell and (3D@NLO, Veff@LO) methods.
In the 3D EFT approach, we fix µ̄ = 4πe−γT . Figure created by M. Lewicki.

fixed at the pole masses of the respective particle species (see chapter 17). Furthermore,
the choice of installing µ̄ = v0 in the 4D MS scheme effectively fixes the scale as well, since
the logarithms that emerge in the CW and thermal part of the effective potential are not
treated consistently (see eq. (5.31)). We numerically find that the residual RG scale depen-
dence induces a O(0.1 %) shift of the parameter space when varying µ̄ ∈ {1/2, 2} × v0.
Note, however, that the missing RG scale dependence of the 4D theories does not imply
an enhanced theoretical robustness, but merely an incomplete RG improvement.

To assess the RG scale dependence of the parameter space, we therefore focus on the
3D EFT, which effectively contains the 4D MS, Daisy-resummed version of the effective
potential via the (3D@LO, Veff@LO) method. We then vary µ̄ ∈ {1/2, 4e−γ} × πT and
repeat the parameter scan; see fig. 18.5. Here the left panel corresponds to (3D@LO,
Veff@LO), while the right panel shows the results for (3D@NLO, Veff@LO). We only include
GW amplitudes ΩGWh2 ≥ 10−12, where the color coding indicates the choice of RG scale.
Note that we fix the 3D RG scale µ̄3 = T , as its variation has a minor effect on the
resulting parameter space. In the overlapping areas, we indicate by the heat map the ratio
of predicted amplitudes

∆ΩGW ≡
ΩGW(µ̄ = 1

2πT )

ΩGW(µ̄ = 4e−γπT )
. (18.3)

Let us first note that the RG scale variation induces a shift of the parameter space by
O(1%). Regarding the ratio of peak amplitudes, we find large deviations up to ∆ΩGW ∼
O(103 − 104). That explains the large uncertainty in the final GW spectrum from single
parameter points (see fig. 15.1), but at the same time the small uncertainty of the entire
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Figure 18.5: RG scale dependence of the xSM parameter space featuring ΩGWh2 ≥ 10−12, em-
ploying the LO (left) and NLO (right) EFT matching relations, Veff@LO, and λs = 1. We vary the
RG scale between µ̄ ∈ {(π/2)T , 4πe−γT}. The color coding in the overlapping area indicates the
ratio of peak amplitudes ∆ΩGW (cf. eq. (18.3)). Figure created by M. Lewicki.

parameter space. Interestingly, the deviations of the peak amplitudes increases logarithmi-
cally with ms. That is due to the fact that the scalar mass enters the LO effective potential
as prefactor of the logarithmic term controlling the running.

We further observe that employing two-loop matching relations yields much more robust
results. That can be seen from both the larger overlapping parameter space, and the
significantly smaller maximum deviations ∆ΩGW ∼ O(10). This is expected, since the
µ̄-dependence is of higher order than O(g4). Note that this is already true for V 3D

eff at
one-loop order. Hence, we conclude that while the (3D@LO, Veff@LO) approach produces
merely small deviations from the (3D@NLO) methods, two-loop DR is required in order
to obtain parameter spaces that remain consistent under a RG scale variation.

soft-scale effects. As outlined in sec. 17.3, we have constructed the 3D EFT
at the softer scale. As a reminder, this EFT is structurally identical to an ultrasoft EFT,
that is, longitudinal gauge boson modes are integrated out, while transverse gauge modes
are kept dynamical. In the softer EFT, however, the transitioning scalar is always heavier
than ultrasoft such that perturbativity is ensured.

To investigate the dependence on the thermal scale, we repeat the (3D@NLO, Veff@LO)
scan with a soft EFT. That is, we only conduct the first step in the EFT construction
of sec. 17.3, such that longitudinal gauge modes X0 ∈ {A0, B0, C0} do not appear in the
matching relations, but remain dynamical. Note, however, that these fields do note acquire
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a vev, such that ⟨X0⟩ = 0 holds during the PT [535]. The potential (17.51) then receives
additional contributions,

V 3D
1 += 3J3(m̄A0) + J3(m̄B0) + 8J3(m̄C0) , (18.4)

where {m̄A0 , m̄B0 , m̄C0} denote the two-loop masses of the longitudinal gauge modes,
which receive thermal and field-dependent contributions. One can check by expanding
in h3v2/mD, where h3 is scalar-temporal gauge field coupling (see sec. 17.3), that that the
softer matching relations only contain the first few terms of the additional J3 contribu-
tions [166]. The terms higher-order in h3v2/mD, can however become important for strong
transitions involving large field values.

Regarding the parameter space of the xSM, however, we find a minuscule effect of soft
corrections, as shown in fig. 18.6. Here, the areas include all parameter points with ampli-
tudes ΩGWh2 ≥ 10−13, and the color coding indicates the scale of the EFT construction.
Clearly, the deviation between the results is far less prominent than the effect of higher-
order thermal resummation (cf. fig. 18.3). This, however, is only true in the parameter
space where the high-temperature expansion holds. This should be checked explicitly in
the future by studying the effect of higher-dimensional operators [510].

1 8 . 4 model parameter reconstruction

We have analyzed the robustness of the overall parameter space of the xSM featuring
strong FOPTs in the last section. Another key aspect of high-precision PT computations
concerns the inverse problem [191, 487–492]: reconstructing the underlying microphysics
from the detection of a SGWB at a future observatory such as LISA [482, 526, 536–538].
To this end, let us consider the benchmark spectrum shown in fig. 18.7, where we choose
a peak frequency and amplitude

fp = 2.4 × 10−3 Hz , h2ΩGW = 5.2 × 10−13 . (18.5)

This benchmark is chosen since the corresponding SNR ≈ 10; such a signal is considered
to slightly overcome the detection threshold. By analyzing a weak signal, we ensure that
our findings are universal, as larger amplitudes would further reduce the experimental
uncertainties, increasing the importance of an accurate theoretical treatment.

To investigate the impact of higher-order thermal resummation on the signal reconstruc-
tion, we conduct Fisher matrix analyses [500]. The Fisher information matrix can be used
to discern errors on model parameters from a given observable, provided the errors are
Gaussian and the Likelihood function, i.e., the GW signal and the LISA sensitivity curve,
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regime corresponds to the softer (3D@NLO, Veff@LO) results from fig. 18.3, while the red region
is obtained by keeping soft fields dynamical. Only points with ΩGWh2 ≥ 10−13 are included. Both
approaches employ µ̄ = 4πe−γT . Figure created by M. Lewicki.
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mation on the reconstruction of model parameters. The peak frequency and amplitude are chosen
such that the associated SNR = 10, corresponding to a signal just above the detection threshold.
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solid and dashed lines correspond to the 1σ and 2σ confidence levels obtained by the Fisher matrix
analyses. While the two-loop (3D@NLO) approaches produce consistent results, the one-loop pre-
dictions show no overlap. This indicates that thermal resummation is the dominant error source
regarding parameter reconstruction from FOPTs.

is known. In our case, the parameters that characterize the GW spectrum are the peak
amplitude and frequency θi ∈ {Ωsw, fsw}, such that the Fisher matrix reads

Γij = T
∫ df

Ωtot(f)2
∂Ωtot(f)

∂θi

∂Ωtot(f)

∂θj
. (18.6)

The mission operation time T = 4 yrs and the total abundance

Ωtot(f) = ΩGW(f) + Ωinstr(f) , (18.7)

is composed of the GW signal (3.59) and the instrumental noise [536]. We thus neglect
noise contributions from binary white dwarfs [36, 539] and binary black holes probed by
LIGO-Virgo-KAGRA [540]. This is justified since an inclusion of additional noise sources
would merely increase the required amplitude to reach SNR = 10. In other words, our
results would remain unchanged, we simply would have to impose a stronger benchmark
signal that allows for claiming a detection.

The inverse of the Fisher matrix provides an approximation of the covariance ma-
trix [541],

(Γij)
−1 ≈ Cov(θi, θj) = σ2

ij . (18.8)
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Therefore, by inverting the Fisher matrix, we can read off the (co-)variances in the f −
Ωpeak

GW plane. The covariance matrix is then translated into the ms − λhs parameter space
to obtain the associated confidence regions. Let us, however, stress that the Fisher analysis
is only an approximation, and a more precise study would require Markov Chain Monte
Carlo techniques. Generally, both methods yield similar results if the reconstruction errors
are smaller than roughly 10 % [482]. It turns out that this is exactly the regime produced
by our benchmark. Hence our approach is valid, however, it would certainly be interesting
to see how a Bayesian analysis would affect our results.

The reconstructed model parameters of the benchmark signal are shown in fig. 18.8.
We compute the underlying model parameters given the five different implementations
of the effective potential. The solid (dashed) lines denote the 1σ (2σ) confidence levels at
LISA. First, let us note that the predictions from the (3D@NLO) approaches, i.e., the ones
employing NLO matching relations, are consistent. That is, they overlap within their error
margins. This changes when considering the LO approaches. While the (3D@LO) result
shows a slight overlap with the 4D MS scheme, which is expected as the potentials agree
up to the choice of RG scale, they do not share any parameter space with the two-loop
results. The same is true for the 4D on-shell scheme, which predicts model parameters
inconsistent with the other methods.

Note that while the overall deviation in terms of λhs is merely at the percent level,
the crucial point is that the reconstructed parameter spaces are completely distinct. This
indicates that theoretical uncertainties from an incomplete computation of the effective
potential exceed experimental errors. Let us again stress that this already holds true for
a barely detectable signal. If we imposed a stronger benchmark signal, the associated
instrumental uncertainties would decrease, rendering thermodynamic computations the
main error source. This further highlights the importance of theoretical state-of-the-art
methods to improve the understanding of possible future GW signals.

182



19
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In the last main part of this thesis, we have studied the impact of higher-order thermo-
dynamic contributions on the GW phenomenology of BSM theories. To this end, we have
conducted large-scale parameter scans of the xSM employing different implementations of
the effective potential. This includes the conventional, one-loop thermal effective potential
in four dimensions employing both MS and on-shell renormalization. In addition, we have
constructed the 3D EFT up to two-loop order using high-temperature DR, facilitating a
consistent calculation of the effective potential at O(g4). In total, we have thus compared
five different thermodynamic approaches. In the parameter regime where the EWPT is
rendered strongly first-order, we have computed the relevant PT parameters and estimated
the projected GW signals.

Our analysis confirms previous work [56]; we find that employing the one-loop effective
potential can induce order-of-magnitude changes of the GW peak amplitude (cf. fig. 15.1).
Interestingly, the observable parameter space is more robust. The maximum deviation
between the one- and two-loop results is of O(5 %) in, e.g., the portal coupling. However,
such small shifts are important as the overall parameter space relevant for GW observations
is very narrow. In addition, only the approaches using two-loop thermal masses yield
consistent results in the form of a large overlap in parameter space.

Furthermore, we have shown that employing two-loop matching significantly reduces
the RG scale dependence of the detectable parameter space. The one-loop approach shows
only a small region of parameter space that is consistent under a RG scale variation,
with deviations of the GW amplitude up to O(104). Employing two-loop matching, the
consistent parameter regime grows, and the largest deviations of the amplitude are O(10).

Lastly, we have investigated the effect of computational diligence on the GW inverse
problem concerning the reconstruction of model parameters from a given GW signal. To
this end, we have employed Fisher matrix analyses. We find that uncertainties from missing
higher-order corrections translate to deviations in the reconstructed portal coupling at
the percent level. Nonetheless, these deviations dominate over experimental uncertainties,
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even for signals just above the detection threshold. Again, this analysis shows that only
the reconstructed model parameters obtained via NLO matching are consistent within
their confidence levels. Therefore, we have shown that equilibrium thermodynamics is one
of the dominant sources of uncertainty in FOPT computations.

Let us note that in all approaches we have neglected higher-order corrections to the
bubble nucleation rate [179–182]. In the future, it will be interesting to see how the inclu-
sion of such effects modifies our results. In addition, we have neglected higher-dimensional
operators, which can have a sizable impact on the PT dynamics [510].

Furthermore, the effective potential in the xSM has a tree-level barrier due to the Z2

symmetry breaking in the first step of the PT. Hence, our analysis should be extended
to models where the thermal barrier is radiatively induced, for instance, CSI models that
we have studied in part ii. Such models are typically more sensitive to thermal resumma-
tion [183, 247]. As the resulting GW signals are much stronger, the experimental uncer-
tainties are reduced, and computational diligence becomes even more important.

To summarize, our work provides an important step forward regarding the computation
of FOPT dynamics and the reconstruction of the resulting GW signal. Nevertheless, fur-
ther theoretical progress is still required to advance the theoretical framework for robust
comparison with future GW observations.
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A P P E N D I X

In the appendix of part iv, we list the RGEs of the xSM, which we employ to implement
RG improvement into the effective potential. Furthermore we provide more details on the
counterterms used in the 4D MS scheme to fix the input parameters.

2 0 . A renormalization group evolution

The β-functions describe the running of the couplings in the xSM and can be obtained via
DRAlgo, but are also found in [542]. First, we fix the input parameters at the scale µ̄ = mZ .
For the thermal EFT, we employ the procedure outlined in sec. 17.3, that is, we relate the
physical observables to the MS parameters via one-loop vacuum renormalization. In the
4D MS approach, we choose a simplified procedure described in appendix 20.B. The RGEs
are then used to evolve a given parameter from the input scale to the matching scale µ̄.
For the 3D approaches, we choose µ̄ ∈ {π

2 T , 4πe−γT}, while we fix µ̄ = v0 in the 4D MS
approach,. In our conventions and with t = log µ2, the β-functions read

∂tg
2
1 =

g4
1

(4π)2

(1
6 +

20
9 Nf

)
, (20.1)

∂tg
2
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−43
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)
, (20.2)

∂tg
2
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∂tx = 0 . (20.11)

Here, gi with i = 1, . . . , 3 are the U(1)Y, SU(2)L, SU(3)c gauge couplings, respectively.
The top quark Yukawa is denoted by yt, the Higgs mass parameter is µ2

h < 0, and Nf =

3 (Nc = 3) represent the number of fermion families (colors). Furthermore, γv = ∂tv and
γx = ∂tx are the Higgs and singlet anomalous dimensions.

2 0 . B fixing input parameters via counterterms.

As outlined in sec. 17.2, the input parameters in the 4D MS scheme are fixed by imposing
the minimization conditions (17.12) and (17.13). One-loop corrections to V0 alter the
location of the true minimum, such that v = v0ξv0 , where

ξ(µ̄) = exp
[∫ log (m2

Z)

log (µ̄2)
dt γv(t)

]
, (20.12)

corresponds to the solution of the Higgs RGE. This alters the minimization conditions,

∂V0
∂ϕi

∣∣∣∣v = v0ξ(v0)
µ̄ = v0

= 0 , (20.13)

∂2V0
∂ϕ2

i
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= m2
i , (20.14)

which translate to
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To ensure that these relations hold when V0 → Veff , we introduce additional counterterms
which preserve the vacuum structure [165]. The counterterm potential reads

VCT =
δµ2

h

2 v2 +
δµ2

s

2 x2 +
δλ

4 v4 , (20.18)

with
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Here, VCW is given by eq. (17.11).
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S U M M A RY A N D C O N C L U S I O N

In this thesis, we have explored the early Universe dynamics and phenomenological GW
signatures of various SM extensions. In the following, we summarize our main results.

Part ii focused on CSI models, which are characterized by the lack of a mass term in
the tree-level potential. Therefore, the SM Higgs mass is replaced by a portal coupling to
a new scalar field charged under an additional gauge symmetry. As the Universe cools and
the new gauge symmetry is broken via radiative corrections, EWSB is triggered dynami-
cally. Such models can have a significant impact on the thermal history of the Universe,
inducing a period of thermal inflation which delays the EWPT to temperatures below the
confinement scale of QCD. Then, conformal symmetry breaking through quark condensa-
tion can trigger the exit from supercooling. In chapter 6, we have studied QCD-induced
conformal symmetry breaking via low-energy effective QCD models. To this end, we have
proceeded in a model-agnostic manner, characterizing the CSI SM extension only by the
temperature Ti connected to the onset of thermal inflation. Under the assumption that
the cosmic QCD transition with six massless flavors is first-order, we have computed the
PT dynamics in a supercooled Universe. While the inverse transition timescale is large,
i.e., the GW amplitude is suppressed, for Ti below the electroweak scale, the amplitude is
significantly enhanced if the new physics scale is large. This implies excellent observational
prospects at future observatories such as BBO and ET.

Motivated by recent lattice studies implying a second-order χPT in the chiral limit up
to a large number of quark flavors [290], we have developed a novel GW production mech-
anism in chapter 7. Employing the CSI U(1)B-L extended SM as a benchmark model, we
have demonstrated the existence of a large parameter space in which thermal tunneling
is inefficient to realize the exit from supercooling. Instead, the CSI scalar field rolls down
the effective potential towards the true vacuum as the thermal barrier is canceled by QCD
effects. The field crosses a region where its effective mass is imaginary, which triggers a
tachyonic instability, leading to an exponential production of horizon-sized scalar fluctua-
tions. Using previous lattice results for tachyonic preheating models, we have estimated the
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peak frequency and amplitude of the SGWB associated with the tachyonic instability. This
implies detection prospects at LISA, DECIGO, BBO, and ET. Furthermore, we expect the
spectral shape to be tightly connected to the dynamics of the tachyonic resonance, hence
distinguishable from conventional FOPT-induced signals. To this end, however, lattice
simulations are required which accurately capture non-linear effects.

In part iii, we have studied the dynamics of ALPs in the early Universe. Specifically, we
have developed an extension of the audible axion mechanism, in which ALPs coupled to
dark photons produce chiral GWs through a tachyonic resonance in the dark gauge field.
Inspired by our studies in part ii, we have considered the possibility of supercooling the
onset of ALP oscillations. This can be achieved via higher-dimensional operators that trap
the pseudoscalar initially. The increased efficiency of tachyonic dark photon production
enables GW emission for small ALP-dark photon couplings α ≳ 1, as compared to α ≳ 20
in the original setup. Furthermore, the supercooling period enhances the relative energy
density of the ALP at the onset of oscillations, significantly opening up the parameter
space that produces sizable GW signals for small ALP decay constants. This was shown
in chapter 11. In chapter 12, we have replaced the dark gauge field with the SM photon.
This considerably simplifies the audible axion mechanism since a coupling between the
ALP and the SM photon naturally arises in many ALP implementations. At high tem-
peratures, however, the Debye mass mD of the photon impedes efficient tachyonic growth.
This is alleviated by the delayed onset of ALP oscillations, supercooling the Universe and
suppressing mD. We have identified two distinct, cosmologically consistent regions of pa-
rameter space in which the ALP-SM photon system produces sizable GWs, even in the
presence of Schwinger pair production of light SM fermions. The resulting signals reach
the projected sensitivity regions of µARES and BBO. Furthermore, large ALP masses
induce signatures at ultra-high frequencies. Note, however, that parts of the parameter
space require a large suppression of the ALP abundance to avoid DM overproduction. In
this regard, a lattice simulation of the modified setup may provide crucial insights.

Lastly, we have analyzed the robustness of theoretical predictions of GW signals from
FOPTs. Specifically, we have focused on the impact of thermodynamic precision when con-
structing the thermal effective potential on the overall model parameter space of the xSM,
i.e., the SM extended by a gauge-singlet scalar field. To this end, we have computed the
effective potential at increasing levels of diligence, including both conventional one-loop
techniques using Daisy resummation, and state-of-the-art DR thermal EFT up to two-loop
order. We have performed large-scale scans of the parameter space that predicts a strong
first-order EWPT. While a variation of the RG scale can induce order-of-magnitude un-
certainties in the GW amplitude when using the one-loop effective potential, NLO EFT
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matching significantly alleviates these theoretical uncertainties. Conversely, the overall
parameter spaces are more robust; missing higher-order effects induce deviations at the
percent level. Nonetheless, such small shifts can become important due to the overall
small region of parameter space that features a strong FOPT. Furthermore, the parame-
ter space that remains consistent under a variation of the RG scale increases significantly
when employing the two-loop computation. Finally, we reconstructed the underlying model
parameters from a benchmark GW signal in the LISA frequency band using the different
implementations of the effective potential. Intriguingly, although the one-loop methods
only predict O(1 %) deviations compared to the two-loop approaches, the reconstructed
model parameters are not consistent within their confidence limits. This indicates that
missing higher-order corrections introduce errors that exceed the experimental uncertain-
ties.

In conclusion, this thesis highlights the remarkable potential of GW cosmology. Specifi-
cally, we have demonstrated that GWs can serve as powerful probes of new physics across
a wide range of energy scales and associated GW frequencies. This work contributes to
both the development of novel mechanisms for GW production and the refinement of the-
oretical predictions relevant to cosmological signals. In light of upcoming next-generation
observatories such as LISA, our findings underscore the importance of continued theoreti-
cal efforts to maximize the discovery potential of GW observations in the coming decades.
Entering the era of precision cosmology, high-energy physics faces a bright future—one in
which groundbreaking discoveries seem not just possible, but imminent.
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Figure 6.7 Left: Inverse transition timescale divided by the Hubble param-
eter as a function of the new physics scale. For a small amount
of supercooling, the transition proceeds very fast. When increas-
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Figure 7.6 Observational prospects of the QCD-induced tachyonic PT in a
supercooled Universe, computed via our analytic estimate of the
GW peak. We employ three different values of the efficiency fac-
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Figure 11.2 Benchmark simulations of the supercooled ALP-dark photon sys-
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fϕ = 1017 GeV, and θ = 1.2. The upper panel corresponds to the
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line corresponds to the constraint from DM overproduction (Neff).
Our analytic estimates of the growth time and band close show
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black dashed and red dotted lines. . . . . . . . . . . . . . . . . . . . 118
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Figure 12.1 Physical growth rate |ω|/a of the tachyonic modes as a function
of the physical momentum k/a. Here the dark blue (orange) curve
corresponds to the original (SM photon) setup without supercool-
ing, while the light blue curve shows the SM photon growth rates
for a finite amount of supercooling. In the supercooled case, the SM
photon band approaches the zero-T case, enabling efficient tachy-
onic growth as |ω| ∼ mϕ. Figure created by C. Gerlach. . . . . . . . 129
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Figure 12.3 Maximum energy density of the SM photon field after the tachy-
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with BBN. We identify two interesting parameter regions where the
Schwinger effect is suppressed: For light (heavy) axion masses, the
vacuum (thermal) electron mass prohibits pair production, allowing
for Ωγ,max = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

Figure 12.4 Projected locations of the spectral GW peak from axion-SM photon
systems in a supercooled Universe. In addition, we indicate the
PLI sensitivity curves of the future observatories SKA, µARES,
LISA, BBO, and ET. Two relevant parameter regions are identified,
where the vacuum and thermal electron mass, respectively, block
Schwinger pair production. In the low-f0 region, corresponding to
light axions, the best detection propects are found at µARES and
BBO, while the required suppression of the axion abundance to
constitute DM is ϵsup = O(10−6 − 10−10). The high-f0 (heavy-
axion) regime extends up to f0 ∼ 1010 Hz and h2Ω̃GW,0 ∼ O(10−6),
evading cosmological constraints since the ALP decays before BBN. 136

Figure 14.1 Minimum value of the axion-dark photon coupling α in the mϕ − fϕ

plane. Smaller values of the decay constant fϕ ≲ 1016 GeV allow for
αmin ∼ 1 to have efficient dark photon production, while the origi-
nal setup required α ≳ 20 [53]. Note that the odd behavior of the
contour lines below mϕ ∼ 10−16 GeV is caused by the rapid change
of the relativistic degrees of freedom during the QCD epoch, which
enters the maximum amount of supercooling rmin

sc (see eq. (11.11)). 142
Figure 14.2 Testable parameter space in the mϕ − f−1

ϕ plane for supercooled
axion-dark photon systems, employing α = 2αmin and θ = 10−2.
The colored curves indicate the detection prospects of several future
experiments, while the gray and black solid lines show the bound
from the present DM abundance. While the parameter space where
the axion can constitute DM opens up, the GW amplitude is de-
creased for small values of the misalignment angle. . . . . . . . . . 148

201



List of Figures

Figure 15.1 Benchmark GW prediction from the EWPT in the xSM, computed
with the EFT approach employing one-loop matching (see sec. 17.3).
A variation of the RG scale µ̄ shifts the GW amplitude by almost
four orders of magnitude. . . . . . . . . . . . . . . . . . . . . . . . . 151

Figure 16.1 Diagrams contributing to the two-point correlation function of the
scalar field up to two-loop order. . . . . . . . . . . . . . . . . . . . . 155

Figure 16.2 Diagrams that contribute to the four-point correlation function up
to O(λ2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

Figure 16.3 Digrams that contribute to the computation of the effective po-
tential in λΦ4-theory up to two-loop order. Note that the sunset
diagram only emerges for finite background field values, where a
cubic term is generated through the breaking of the Z2 symmetry. . 157

Figure 17.1 Two-loop effective potential for {ms, λs, λhs} = {110 GeV, 1, 0.8},
µ̄ = 4πe−γT , and µ̄3 = T in the singlet-direction of field space. We
have shifted the potential such that the potential energy vanishes in
the true minimum. The orange curve shows the original potential,
while the blue curve is the interpolated version, smoothening the
kinks caused by scalar masses becoming real. . . . . . . . . . . . . . 170

Figure 18.1 Evolution of the 4D scalar background fields as a function of tem-
perature for a set of benchmark parameters. The solid lines corre-
spond to the Higgs field, while the dotted lines indicate the scalar
singlet. Different levels of computational diligence are displayed by
different colors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

Figure 18.2 Critical temperature as a function of the EFT matching scale µ̄ for
different approaches to the effective potential. Dotted lines indicate
a variation of the 3D RG scale. . . . . . . . . . . . . . . . . . . . . 174

Figure 18.3 Parameter space predicting strong GW signals ΩGWh2 ≥ 10−11

(solid) and ΩGWh2 ≥ 10−12 (dashed) from the EWPT in the xSM
for different constructions of the effective potential. The input pa-
rameters are the physical mass of the scalar singlet ms, and the
portal coupling λhs at the input scale µ̄ = mZ. The 4D MS scheme
employs µ̄ = v0, while we fix µ̄ = 4πe−γT in the 3D EFT. Figure
created by M. Lewicki. . . . . . . . . . . . . . . . . . . . . . . . . . 175

202



List of Figures

Figure 18.4 Comparison of the parameter space predicting strong GW signals
fixing λs = 0.1 (left) and λs = 1 (right). We only focus on the
4D on-shell and (3D@NLO, Veff@LO) methods. In the 3D EFT
approach, we fix µ̄ = 4πe−γT . Figure created by M. Lewicki. . . . . 177

Figure 18.5 RG scale dependence of the xSM parameter space featuring ΩGWh2 ≥
10−12, employing the LO (left) and NLO (right) EFT matching
relations, Veff@LO, and λs = 1. We vary the RG scale between
µ̄ ∈ {(π/2)T , 4πe−γT}. The color coding in the overlapping area
indicates the ratio of peak amplitudes ∆ΩGW (cf. eq. (18.3)). Figure
created by M. Lewicki. . . . . . . . . . . . . . . . . . . . . . . . . . 178

Figure 18.6 Parameter space comparing different scales of the EFT construc-
tion. The blue regime corresponds to the softer (3D@NLO, Veff@LO)
results from fig. 18.3, while the red region is obtained by keeping
soft fields dynamical. Only points with ΩGWh2 ≥ 10−13 are in-
cluded. Both approaches employ µ̄ = 4πe−γT . Figure created by
M. Lewicki. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

Figure 18.7 Benchmark signal that we impose to study the effect of higher-order
thermal resummation on the reconstruction of model parameters.
The peak frequency and amplitude are chosen such that the associ-
ated SNR = 10, corresponding to a signal just above the detection
threshold. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

Figure 18.8 Model parameter reconstruction of the benchmark signal shown in
fig. 18.7, employing five different implementations of the effective
potential as indicated by the color coding. The solid and dashed
lines correspond to the 1σ and 2σ confidence levels obtained by the
Fisher matrix analyses. While the two-loop (3D@NLO) approaches
produce consistent results, the one-loop predictions show no over-
lap. This indicates that thermal resummation is the dominant error
source regarding parameter reconstruction from FOPTs. . . . . . . 181

203



L I S T O F TA B L E S

Table 2.1 Particle content of the SM. For each field, we indicate the cor-
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