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Abstract
In this dissertation, we look at environmental effects in extreme and inter-
mediate mass ratio inspirals into massive black holes. In these systems,
stellar mass compact objects orbit massive black holes and lose orbital en-
ergy due to gravitational wave emission and other dissipative forces. We
explore environmental interactions with dark matter spikes, stellar distri-
butions, accretion disks, and combine and compare them. We discuss the
existence and properties of dark matter spikes in the presence of these envi-
ronmental effects. The signatures of the environmental effects, such as the
phase space flow, dephasing, deshifting of the periapse, and alignment with
accretion disks, are examined. These signatures are quantified in isolated
spike systems, in dry, and in wet inspirals. We generally find dark matter ef-
fects to be subdominant to the other environmental effects, but their impact
on the waveform is still observable and identifiable. Lastly, the rates of inspi-
rals and the impact of spikes are estimated. All of these results are obtained
with the help of a code imripy that is published alongside. If dark matter
spikes exist, they should be observable with space-based gravitational wave
observatories.
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Chapter 1

Introduction

The era of gravitational wave physics and multi-messenger astronomy has
begun. The LIGO-Virgo-KAGRA (LVK) collaboration has observed dozens
of compact binary coalescenses [6]. Already, the observation of black hole
and neutron star mergers is transforming our understanding of phyics, in
the astrophysical sector, cosmology and the particle physics domain. The
members of the International Pulsar Timing Array (IPTA) have tentatively
measured a stochastic gravitational wave background [7]. This will allow us
to explore the early history of the universe, the formation of structures, and
cosmology. Once the space-based interferometers are launched, they can
explore galactic cores, galaxy mergers, and a multitude of physical systems
[8].
In both astrophysics and particle physics, dark matter has been one of the
most pressing mysteries for decades. While astrophysical and cosmologi-
cal probes give observational evidence, its underlying mechanisms or parti-
cle nature are unknown. The whole new field of astroparticle physics has
spawned, but an immense worldwide effort in detection has so far remained
unfruitful [9].
According to some hypotheses, dark matter could be found abundantly
around massive black holes. As massive black holes grow, they can concen-
trate dark matter into spikes around them [10]. These black holes typically
reside in the centers of galaxies, and are some of the most extreme envi-
ronments found in the universe. When a smaller compact object inspirals
into these much larger massive black holes, forming an intermediate or ex-
treme mass ratio inspiral (I/EMRI), it will be in the observable range of
space-based interferometers, such as the Laser Interferometer Space An-
tenna (LISA) [11]. In these systems, the dark matter can affect the inspiral
and leave an imprint on the gravitational waveform [12]. As these inspirals
can be observable for months or years, even subtle effects can be measur-
able. Alas, dark matter is not the only thing to be found in these extreme
environment. Other environmental effects include an accretion disk or a
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distribution of stars, as observed in the center of our Milky Way. Their
presence also affects the inspiral and to track a months-long signal, accurate
waveforms are essential [13, 14].
Therefore, to detect dark matter, we need to disentangle all the environ-
mental effects. Only once we understand the relevant astrophysical im-
pacts, can we attribute the remainder to dark matter effects. While the
environmental effects have been explored on their own in these mass ratio
inspirals [15], in this dissertation, for the first time, we combine different
environmental effects and compare their impact. We look at isolated spikes,
dry, and wet inspirals. Dry inspirals happen inside a stellar distribution,
typically on highly eccentric orbits, while wet inspirals happen inside an
accretion disk. We explore the phase space evolution, the dephasing of the
waveform, (de-)shifting of the periapse angle, and alignment with accretion
disks as possible indicators of dark matter.
We find dark matter effects to be generally subdominant in these astro-
physical environments, especially for physically motivated flat spikes. But
there is a region in parameter space where the effects of dark matter effects
should be visible within the lifetime of LISA. We discuss the current state
of research, and try to give directions for future improvements. The formal-
ism and tools developed here are applicable to any environmental effect and
can be abstracted away. The code that is used to obtain these results is
published alongside and can be easily adapted to look at other effects [16].
The structure of this dissertation is as follows: In chapter 2, we summarize
the relevant background for dark matter, gravitational waves, massive black
holes, and introduce the concept of stochastic differential equations. In the
following chapter 3, we present the equations and modeling of the mass
ratio inspiral. In chapter 4, we discuss the environmental effects of dark
matter spikes, stellar distributions, accretion disks, and relativistic effects.
In chapter 5, we show the possible signatures of dark matter in different
scenarios, in an isolated dark matter spike, in a dry inspiral, and in a wet
inspiral. In chapter 6, we estimate the rates of mass ratio inspirals that are
observable with LISA and the impact of dark matter. Lastly, in chapter
7, we discuss the results presented, place them into context with active
research, and give an outlook.

Throughout this dissertation, we use geometrized units with c = G = 1.
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Chapter 2

Theoretical Background

2.1 Dark Matter

Dark Matter (DM) has been a mystery for a long time in astrophysics and
cosmology. First postulated by Fritz Zwicky as a non-luminous mass to
hold together galaxy clusters [17, 18], it was later found to be necessary
to explain galactic rotation curves [19], gravitational lensing [20], structure
formation [21], and the early time in the universe [22]. Initially, the phrase
was intended to mean non-luminous stars or gas, basically baryonic matter
but too dark to see. But over time, the meaning shifted to a new species of
matter and it gave birth to a whole new field, astroparticle physics [9, 23].
Today, there is a plethora of DM models, from standard model inspired
weakly interacting massive particles (WIMPs) [24], to QCD inspired ax-
ions [25], and primordial BHs (PBHs) [26,27]. Alternatively, there are mod-
els that modify the theory of gravity such as Modified Newtonian Gravity
(MOND) [28] or f(R) gravity that can fix the missing mass problem in
another way [29].
The current standard model of cosmology ΛCDM invokes Cold Dark Mat-
ter (CDM), a massive, non-relativistic particle to make up DM. ΛCDM can
reproduce a lot of current observations remarkably well, but it does have
some problems [30]. It predicts that the current energy budget of the uni-
verse is made up of ∼ 23% DM, compared to ∼ 5% of baryonic matter,
the rest being in the form of dark energy (DE), an even more elusive con-
cept [22, 31, 32]. Even if there is 5 times more DM than baryonic matter,
there has been no direct detection of any DM particle. Either it does not
interact with baryonic matter at all or too weakly to be seen [26].
DM is one of the greatest mysteries of current astrophysics and cosmol-
ogy. Here, we will quickly review the most important evidence, necessary
properties, and proposed models.

3



Figure 2.1: Measurements of the galactic rotation curve of NGC 6503. The
dotted, dashed, and dash-dotted lines refer to the contributions of gas, disk,
and DM, respectively. From [34].

2.1.1 Astrophysical Evidence

There is an overwhelming amount of evidence for an additional mass through-
out the universe, starting from galactic scales and up to cosmological scales.
We review the evidence in order of increasing scale following [27,33].

Galactic Rotation Curves

Observations show that the rotation curves of galaxies are flat and extend
far further than the bulk of the visible mass [35, 36]. Following a simple
Newtonian argument, the rotational velocity v at a given galactic radius r
should depend on the enclosed mass M(r) and read v =

√︁
M(r)/r. Once

the bulk of the mass is included, the rotational velocity should drop as
v ∼ r−1/2. Flat rotation curves (i.e. v ≡ const) far past the bulk of the
luminous matter require a mass profile that grows linearly M(r) ∼ r in the
outskirts of the galaxy.
This can be explained by the presence of DM halos, made up of collisionless
particles. These would have a distribution of ρ ∼ r−2, resulting in the mass
profile needed. This can extend up to 10 times the size of the galaxy and
make up about 5 times the mass of the luminous matter. An example of
this is shown in Fig. 2.1.

Galaxy Clusters

This was the first indication for DM as derived by Zwicky. He used the
virial theorem to relate the potential energy U and average kinetic energy T
as 2T = −U of the galaxies inside the Coma cluster. The potential energy

can be estimated as |U | = M2

R , the average kinetic energy as T = 3
2M

⟨︂
v2∥

⟩︂
,
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Figure 2.2: The combined mapping of the mass and thermal emission of
the Bullet Cluster [37]. The green contours show the reconstruction of the
mass profile through gravitational lensing, the color gradient is the map of
thermal X-ray emissions. The centers of the two distributions do not line
up, hinting at a collisional and collisionless component.

where R is the radius of the cluster, and v∥ the tangential velocity of the
galaxies. Measuring the tangential velocity, Zwicky found that the required
mass is about 10 times larger than the visible matter [18].
This initial estimate was later supported by gravitational lensing. The
presence of mass deflects the trajectories of photons, therefore measuring
the deflection allows one to infer the mass [20].
Another hint for DM comes from the observation of the Bullet Cluster [37],
see Fig. 2.2. Here, two clusters of galaxies have collided and moved through
each other. Reconstructing the mass profile shows that most of the matter
remains inside the individual clusters, while thermal emissions show that
the baryonic gas remains in the collision region. This also gives a hint that
most of the mass is made up of collisionless particles.

Large Scale Structure

Simulating the formation of large scale structure with a DM component
reproduces its observed properties very well. There have been large N-body
simulations that show structure formation happens from the bottom-up.
Here, initial perturbations in the distribution of DM are the seeds for the first
structures, as the distribution of baryonic matter follows the dominant DM
distribution [38]. These then coalesce into the large cosmic web. Without
DM, our models would not reproduce the observations. For a review on
structure formation see [21,39].

Cosmic Microwave Background

In the ΛCDM model, the early universe was dominated by radiation. Late
during radiation domination, density perturbations oscillate due to the in-
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Figure 2.3: The fit to the power spectrum of the two-point correlation func-
tion the temperature perturbations of the CMB [22]. The shape of the
spectrum reveals the properties of the primordial baryon-photon fluid and
the DM content.

terplay of gravity and pressure inside the photon-baryon fluid. These per-
turbations can grow until the universe cools down enough such that the first
atoms can form and the universe becomes transparent, the period of recom-
bination. The light that has traveled throughout the universe ever since
has redshifted and now forms the cosmic microwave background (CMB).
Analyzing its statistical properties and two-point correlation functions gives
information about the primordial photon-baryon fluid. The presence of DM
is vital to explain the observed structure of the correlation functions, as it
depends on the amount of gravitating fluids in the primordial plasma [22].
The measurement of the CMB gives the most accurate measurement of DM
on cosmological scales [22]. This gives a DM abundance today

Ωdmh
2 = 0.120± 0.001, (2.1)

where h is the reduced Hubble constant h = 67.4 ± 0.5, which is about 5
times higher than the baryon abundance today

Ωbh
2 = 0.0224± 0.0001. (2.2)

Here, Ωb,dm represents the energy density of the species Ω = ρ
ρc

with regard

to the critical density of the universe, ρc = 3H2
0/8π. This is in accordance

with the DM content at smaller scales.

2.1.2 Properties

With all these observations it is possible to infer some basic properties of
DM. To fulfill its role, DM needs to be massive, stable throughout the age of
the universe, mostly collisionless, and barely interacting with baryonic mat-
ter. Of course, one can cook up models that circumvent these requirements,
or assume the existence of an extended dark sector with several distinct
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species. But generally, and to invoke Occam’s razor, a successful candidate
must meet these requirements. See also [40] for a review.
Stable. To both explain CMB observations (originating at redshift z ∼
1100) and today’s galactic rotation curves, DM must be stable throughout
the lifetime of the universe.
Cold. DMmust be cold in the sense that its constituents are non-relativistic
and have low average kinetic energy. Relativistic (and, to a degree, warm)
DM has a larger free-streaming length that can suppress structure formation,
washing out small-scale structure [41].
Collisionless. To be compatible with structure formation and the Bullet
cluster observation, DM needs to be mostly collisionless. In ΛCDM it is
modeled as a collisionless fluid. There are models of self-interacting DM
(SIDM) for which observations can place bounds on the cross-section σ.
These are in the range of σ/m < cm2/g. SIDM models can mostly alter the
properties of small-scale structure in the universe, see [42] for a review.
Dark. While it does not interact greatly with itself, it also cannot interact
significantly with baryonic matter, especially electromagnetically. There is
a multitude of direct detection experiments that can constrain many inter-
action channels of DM [26], as well as cosmological observations [43].
Mass range. Assuming a particle nature, the de Broglie wavelength can
help constrain the DM mass range. The typical scale should be λ ≲ 1kpc,
smaller than dwarf-spheroidal galaxies. Paired with a velocity dispersion of
∼ 100km/s, one can obtain a lower bound on the mass m > 10−22eV. In
this range, DM would exhibit collective quantum properties. For fermionic
particles, the Tremaine-Gunn bound excludes particles with mass ≤ 1MeV
[44]. An upper limit can be given by constraints on massive compact halo
objects (MACHOs) to ∼ 10−7M⊙ [45].

2.1.3 Models

None of the particles known in the standard model (SM) have the afore-
mentioned properties. Therefore, if DM is a particle, it needs to extend the
standard model. There is a multitude of proposed models for DM. Here, we
quickly want to summarize the most popular ones [27,46].

WIMPs

WIMP stands for weakly interacting massive particle. As the name suggests,
it interacts only through the weak interaction, is stable, and has a mass
around the electroweak scale (∼ 200GeV). They rose to prominence as part
of the WIMP miracle, as the relic abundance from thermal decoupling of the
weak scale corresponds to the abundance of DM. It also appears naturally in
supersymmetric extensions of the SM. But a decades long search has proven
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unfruitful in collider and direct detection experiments [24], and the model
has since fallen out of favor.

Sterile Neutrinos

In the SM, neutrinos do not have mass. To fix this, a heavy Majorana
partner to the neutrinos can be assumed, which explains the small masses
with the see-saw mechanism. These sterile neutrinos can be DM candidates
[47–49]. They can decay into three neutrinos, or a neutrino and a photon.
The photon emission would be monochromatic, and the absence of such
an astrophysical observation allows for tight constraints [50]. However, the
model can be tweaked to evade current constraints [51].

Axions

According to the SM, neutrons should have an electric dipole moment, due
to a CP violating term in the QCD Lagrangian. However, all observations
show that CP is not violated in QCD, resulting in the strong CP problem.
To mitigate this, Peccei & Quinn have proposed an additional global U(1)
symmetry with a complex scalar field that, with spontaneous symmetry-
breaking, nullifies the offending terms [52]. This process also results in a
pseudo-Goldstone boson, termed the axion [53]. Similar extensions of the
SM are usually called axion like particles (ALPs) and have been investigated
as potential DM candidates. The parameter space remains largely uncon-
strained for light axions, with obervational bounds giving a mass < 1eV [54].

Primordial Black Holes

As BHs meet most of the criteria described above, they have been a longterm
candidate for DM. This requires their existence in the early universe, possi-
bly formed during the collapse of overdensities in the primordial plasma [55].
These models are called Primordial BH (PBH). As BHs experience Hawking
radiation, they need a minimal size to be stable throughout the universe’s
lifetime, giving a minimal mass for PBHs. A large chunk of the heavier mass
parameter space has been ruled out by microlensing observations and miss-
ing accretion signatures [56], but asteroid sized PBH are not ruled out as of
yet. Even if they do not constitute all of DM, their existence has intriguing
consequences, and has been used recently to explain a BBH merger with a
mass gap BH [57].

2.1.4 ΛCDM

The current standard model of cosmology, ΛCDM, invokes the existence
of two dark components, dark matter and dark energy. It uses cold DM
(CDM), a non-relativistic, collisionless fluid. Λ refers to the cosmological
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constant, playing the role of dark energy and causing an accelerated expan-
sion of the universe. Together with baryonic matter, radiation, and assuming
an inflationary period in the early universe, the model aims to explain all of
cosmic history.
Its most striking success has been the measurement and explanation of the
CMB [22]. The measurement of the large scale structure also gives hints for
the Baryon Acoustic Oscillation (BAO) in the early universe, starting the
era of ”precision cosmology”.
The model is not without fault though. The largest problem is that of the
Hubble tension, which has been termed a crisis in cosmology [58]. Briefly,
the current expansion rate of the universe, quantified by the Hubble param-
eter, can be inferred from the distance and redshift measurements of type
IA supernovae. These ”local” measurements do not agree with the number
predicted by the best model fit to the cosmological probes (CMB, BAO,
BBN). The SH0ES measurement of the aforementioned supernovae gives
H0 = 73.04 ± 1.04km/s/Mpc [59], while the best fit value of the Planck
team gives H0 = 67.4 ± 0.5km/s/Mpc [22]. These are in disagreement at
more than 5σ. Many solutions have been proposed, but none has conclu-
sively been accepted [60].
Other problems relate to the growth of structure, quantified by σ8. This is
the rms variance of the linear density field smoothed on a scale of 8Mpc/h,
loosely speaking the amount of clustering on these scales. Larger σ8 means
stronger clustering of matter on these scales. The parameter that obser-
vations can constrain is S8 = σ8

√︁
Ωm/0.3. Weak lensing measurements

give S8 = 0.745 ± 0.039 [61], while the best fit value of Planck gives S8 =
0.834±0.016 [22], which disagree at more than 2σ. For a review of problems
in ΛCDM see [30].
More recently, the observations of the JamesWebb Space Telescope (JWST)
have revealed early massive structures that might be in tension with ΛCDM
as well [62, 63].
We will primarily focus on the DM description of ΛCDM in this disser-
tation, since it is the prevalent model. Most of the techniques here are
applicable to other DM models and can be used for further study. In this
dissertation, we will look for DM around massive black holes.

2.2 Black Holes

Black Holes (BHs) are another intriguing prediction of GR. It took a long
time for physicists to think them real and their existence to be observation-
ally supported. But as of today, we have imaged two supermassive BHs, one
at the center of M87 and one at the center of our own galaxy [64, 65], and
seen the inspiral signal of about a hundred binary BH (BBH) [6,66]. Addi-
tionally, there is kinematic evidence [67] and X-ray observations in support
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Figure 2.4: The reconstructed image of the SMBH M87* [64].

of BHs [68].
BHs are actually quite simple objects. According to the no-hair theorem,
they can be described by 3 properties: mass, spin, and charge. In an as-
trophysical environment, we can expect charge neutrality, leaving mass and
spin the defining factors of BHs, described by the Kerr metric. Any devia-
tions or perturbations are quickly radiated away, leaving all BHs with the
same parameters to have the same properties. The spacetime around these
BHs is complex and has interesting features. Of course, there is the event
horizon, beyond which there is no return to the outside. For a spinning
BH there are also frame dragging effects, where the spacetime itself rotates
around the BH and forces all objects to orbit in the same direction. For a
review of the properties of (astrophysically relevant) BHs, see [69].
Their existence being certain, the next question is their abundance and
mass distribution in the universe. We will quickly summarize the different
BH populations.

2.2.1 Stellar Mass Black Holes

Stellar Mass Black Holes (sBH) are created primarily through stellar col-
lapse at the end of their lifetime. These generally have a mass 5− 100M⊙.
There have been several candidate detections of sBHs through their X-ray
emissions or as part of a binary system [70, 71]. At the same time, LVK is
mapping out the distribution of sBHs and their mergers [72,73].

2.2.2 Supermassive Black Holes

There is hard evidence for the existence of supermassive Black Holes (SMBHs).
We have imaged two SMBHs with very-long baseline interferometry [64,65],
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see Fig. 2.4. And we have kinematic evidence for an SMBH at the center
of the Milky Way [74]. They are believed to reside in the centers of most
galaxies and power Active Galactic Nuclei (AGNs) [75]. They are generally
defined to have a mass > 106M⊙.
While their existence is widely accepted, their origin is still debated, as
they seem to have formed improbably quickly during structure formation in
the early universe [76–79]. The possible seeds for these SMBHs include the
collapse of early massive Population III stars, direct collapse of gas clouds,
efficient mergers, or PBHs, see [80] for a recent review. The growth of these
seeds into SMBHs is an active area of research. Low mass seeds have to
consistently grow at super-Eddington rates to reach the observed masses,
while heavy mass seeds are difficult to form with known mechanisms. The
accretion strongly depends on the host system and feedback processes [81].
This is also indicated by the strong correlations between the central SMBH
and its galaxy [79,82].

2.2.3 Intermediate Mass Black Holes

Black holes in the intermediate mass range, IMBH, are generally defined in
a mass range 100 − 105M⊙, see [83] for a recent review. Observationally,
they are a rare find compared to the SMBH. There are a few candidate
observations, but none have been conclusive [84–89]. Since their population
is not well understood, the mass range has to be taken with a grain of salt.
But if the universe contains SMBHs, at some point, there need to have been
IMBHs, as there is no known mechanism to create them ‘from scratch’. They
are thought to be the link between stellar mass and supermassive black holes,
and might be ‘leftover’ seeds [90]. Additionally, they can be formed from
successive mergers of stellar mass black holes [91–93].
Depending on the formation scenario, the estimations of the distribution
of IMBHs vary wildly. They might be at the center of dwarf galaxies [87],
ejected from clusters after mergers and therefore rogue [94], or around larger
SMBHs in AGNs [95–97]. The different populations would be subject to
vastly different environments. In this dissertation, we will focus on the first
option, where IMBHs are the dominant force in their local environment.
There are semi-analytic models that follow the estimated evolution of IMBHs
through structure formation. We will discuss these in more detail in chapter
6.
The massive IMBH and lighter SMBH are prime targets for the LISA ob-
servatory, as an inspiral of a solar mass type object will be in its frequency
band. Once the detector is operational, it will uncover more about the
population and history of MBH.
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2.2.4 Black Holes and Dark Matter

Both BHs and DM have a long history in astrophysics and cosmology. While
BHs were originally thought to be mathematical artifacts, it took a long time
for the community to believe in their existence. Detecting and collecting
proof of them is an ongoing effort. DM, on the other hand, comes from
observational necessity. Its properties are modeled to our needs to make
sense of astrophysical and cosmological considerations, and mathematical
description follows observation [9, 23].
Despite these foundational differences, due to their exotic nature, both of
them continue to fascinate and stir up imagination. Combining them also
has a long history, first with the proposal of (P)BH as DM candidates. When
this was largely ruled out, DM was put into the spacetime around BH. This
can be done in the form of a DM field, and provide additional ‘hair’ to the
BH, or create atom like structures – gravitational atoms [98]. Or this can be
done in the form of a highly concentrated DM density, a so called spike [10].
Close to the BH, the DM spike can have really large densities, affecting
the environment around them. Spikes and their effects are central to this
dissertation and we will discuss them in detail in section 4.1.
As mentioned, we observe these BH inspirals with the help of Gravitational
Waves.

2.3 Gravitational Waves

One of the most prominent predictions of General Relativity is the existence
of Gravitational Waves (GWs). These are transversal waves in 4D spacetime,
traveling at the speed of light and squeezing and stretching the fabric of
space. They have two polarizations, + and × [99].
They have, for the first time, been directly observed in 2015 by the LIGO
observatories as part of the LIGO-Virgo collaboration, about 100 years after
the publication of GR. This opens up a completely new window to study
the universe [66].

2.3.1 Derivation

By assuming a flat background with a perturbation gµν = ηµν + hµν , one
can derive a wave equation with the linearized Einstein equations [99]

□h̄µν = 16πTµν . (2.3)

Here, □ = ∂µ∂
µ is the flat space d’Alembertian, and h̄µν is the trace reversed

metric perturbation

h̄µν = hµν −
1

2
ηµνhµν (2.4)

in the Lorentz gauge ∂ν h̄µν = 0.

12



In the vacuum case Tµν = 0, one can choose the transverse-traceless gauge
h0µ = 0, hii = 0, ∂jhij = 0, where i, j refer to the spatial indices. The wave
equation is then solved by

hTTij =

⎡⎣h+ h× 0
h× −h+ 0
0 0 0

⎤⎦ cos(ω(t− z)) (2.5)

giving a plane wave solution with two polarizations in the z-direction at the
speed of light.

2.3.2 Sources

GWs can be generated through a changing mass quadrupole. The quadrupole
formula, first derived by Einstein in 1918, gives the rate of gravitational
waves emitted by a system

h̄ij =
2

r
Ïij(t− r), (2.6)

where Iij is the mass quadrupole moment. This means that the emitting
system needs to be anisotropic.
Binary configurations of compact objects (COs) – stars, neutron stars (NS)
and BHs – are prime candidates for the emission of GWs, the higher the mass
density, the better. The emitted GW frequency is a harmonic of the orbital
frequency, which in turn depends on the masses of the COs. This can be seen
in Fig. 2.5, where lower mass binaries give off higher frequency GWs. These
GWs carry away energy from the system, leading to a contraction of the
orbit, an inspiral, and eventual coalescence. A number of these CO binary
coalescences, either binary BHs, binary NS, or NS-BH, have been observed
with current GW detectors [73]. The inspiral of SMBHs during structure
formation of the universe can also produce a stochastic background of GWs,
with a tentative detection recently [7]. While not a specific target of this
dissertation, binary SMBHs can also be modeled with similar techniques as
described in the following, and valuable information can be gained about
structure formation, DM, and MBH seeds. This dissertation focuses on
compact binaries with a sufficiently large mass ratio. We will explore the
dynamics of these systems further in chapter 3.
Another system that can emit GWs is a supernova. Stellar collapse is a
powerful event that is difficult to model with current technology. But there
are mechanisms like rotating core collapse and bounce that can effectively
generate GWs in the 100Hz range [99]. These have not been observed as of
yet.
A prominent area of research is also that of first order phase transitions
(FOPTs) in the early universe. This is a process in which a field permeating
the universe undergoes a first order phase transition from a false to a true
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Figure 2.5: The range of astrophysical GW sources and the observatories.
Plot created with gwplotter.com [103].

vacuum state. This happens stochastically throughout the universe. Where
a true vacuum is formed – nucleated – it expands outward in the form of
a bubble. These bubbles of true vacuum eventually collide until the whole
field is in the energetically favorable state [100]. This process is by nature
highly anisotropic and can emit GWs, which would also form a stochastic
GW background. These signals might even reach us from further out than
the CMB, as GWs can propagate through the radiation dominated universe
unhindered [101,102].

2.3.3 Detectors

As the quadrupole waves squeeze and stretch spacetime, the most obvious
detection method is measuring the geodesics of photons. This can efficiently
be achieved through an interferometer. When sending two photon beams
down two perpendicular paths of equal length, the photons should be in
phase when they return. A passing quadrupolar GW will stretch the space-
time in one direction and squeeze it in the other, thereby altering the path
lengths of the photons, which is observable in their interference pattern.
There are several ground based observatories that implement this tech-
nique. The main ones are the LIGO observatories, the Virgo observatory,
and the KAGRA observatory. Together, they form the LVK cluster. There
are several advancements planned, such as the Einstein Telescope (ET).
Ground-based observatories generally have arm lengths in the order of ∼km,
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and are subject to seismic noise, making them sensitive to GWs in the fre-
quency range 10− 103Hz [103].
There are also space-based interferometers planned, such as the Laser Inter-
feromenter Space Antenna (LISA). This mission would have three satellites
forming multiple interferometers at less than right angles. These would be
placed in a solar orbit with arm lengths of several million km, making them
sensitive to much lower frequencies in the mHz range. It is planned to launch
in the late 2030s [104]. A similar project is TianQuin [105].
A different approach is that of Pulsar Timing Arrays (PTAs). Here, the
periodic signals of pulsars and their spatial distribution are used. A passing
GW can change the time of arrival (ToA) of the light pulses. The presence
of an SGWB would cause a distinctive correlation in the spatial distribution
of the ToA, the Hellings-Downs curve [106]. The scales here are of ∼pc and
upward, at even lower frequencies. This has been measured for the first time
recently [7].
Together, these detectors span a broad frequency range, with some specu-
lated and confirmed sources as shown in Fig. 2.5.
Lastly, for high frequency GWs, microwave cavities might be able to detect
them. These microwave cavities use the interaction between the GWs and
electromagnetic fields, where the former can induce oscillations in the latter
[107]. These can in principle on the orders of ∼ meters, making them much
more compact. While there are no definite astrophysical processes that can
produce GWs at these frequencies, there are some proposed mechanisms,
for example PBHs or axion DM [107].

2.3.4 Signal

The GW signal emitted by the binary inspirals will be discussed in chapter
3. Here, we want to briefly summarize the detection of the signal, following
[103]. Of course, any detector has an intrinsic noise floor from which the
GW signal has to be extracted. If we assume that the output of the detector
is given by a noise term and a signal

s(t) = n(t) + h(t), (2.7)

then we can characterize the noise with its Power Spectral Density (PSD)
Sn(f) ⟨︁

ñ(f)ñ∗(f ′)
⟩︁
=

1

2
δ(f − f ′)Sn(f), (2.8)

where ñ is the Fourier transform of the noise signal, and the brackets sym-
bolize an ensemble average.
To extract the signal, we can use the Wiener optimal filter K(t) [108], by
convolving the signal with the filter

(s ∗K)(τ) =

∫︂ ∞

−∞
dt (h(t) + n(t))K(τ − t) ≈ S +N . (2.9)
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The signal contribution S is defined as the expectation of this convolution,
while the expectation value of the noise N is zero. These can be calculated
as

S =

∫︂ ∞

−∞
dfh̃(f)K̃

∗
(f), (2.10)

N 2 =

∫︂ ∞

−∞
df

1

2
Sn(f)|K̃(f)|2, (2.11)

where the tilde refers to the Fourier transform again.
The signal-to-noise ratio (SNR) is then defined as ρ2 = S2

N 2 . This is max-

imized by choosing the Wiener optimal filter to be K̃(f) = h̃(f)
Sn(f)

. Thus,
extracting the signal requires knowing the wavefrom a priori. Then, the
SNR is given by

ρ2 =

∫︂ ∞

0
df

4
⃓⃓⃓
h̃(f)

⃓⃓⃓2
Sn(f)

. (2.12)

Alternatively, we can define the characteristic strain hc and the noise am-
plitude hn

hc(f)
2 = 4f2

⃓⃓⃓
h̃(f)

⃓⃓⃓2
, (2.13)

hn(f)
2 = fSn(f), (2.14)

and the SNR is given by

ρ2 =

∫︂ ∞

0
d log f

⃓⃓⃓⃓
hc(f)

hn(f)

⃓⃓⃓⃓2
. (2.15)

The larger the SNR, the more easily a signal is detected. Many publications
take an SNR > 20 as detection threshold [11].
The noise amplitude for the detectors is plotted in Fig. 2.5. If the character-
istic strain of a signal is above the noise amplitude, it should be extractable
given the known waveform. We will assume the PSD for LISA as given in
Eq. (13) of [109].
Therefore, to extract the signal, the waveform has to be very well known to
maximize the SNR. For BBHs this problem has been mostly resolved with
PN expansions and numerical simulations. For I/EMRIs, the problem is
more complex, especially because these signals can be visible for months or
years, requiring accurate waveforms to track them throughout [110,111].
There is also an expected stochastic background of signals, where no indi-
vidual source can be mapped out [112–115]. This further increases the need
to both model an individual signal more accurately and try to model the
background so that it can be separated from the noise.
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2.4 Stochastic Differential Equations

The environment around MBH can be a violent place, subject to strong
variations and hard to predict occurences. A lot of these processes can be
described in a stochastic manner. In this dissertation, we will describe the
interactions with surrounding stars as a Brownian process, with the help of
Stochastic Differential Equations (SDEs). These are closely related to the
Fokker-Planck equations.
As it is not part of every physicist’s education, here, we will briefly intro-
duce SDEs, following [116].

2.4.1 Motivation

First, consider an ordinary differential equation (ODE)

ẋ(t) = f(x(t)), with x(0) = x0 (2.16)

The solution is a trajectory x(t) : [0,∞) → Rn. In many applications, either
the measurement is uncertain and stochastic or the system itself contains
stochastic mechanisms, such as in the case of Brownian motion.
One could modify the evolution equations and add an additional white
noise ξ(t)

Ẋ(t) = f(X(t)) + σ(X(t))ξ(t), (2.17)

where σ(X(t)) is an n×m matrix and ξ an m-dimensional white noise. We
can formally write this with the help of a Wiener Process or Brownian
motion W(·) such that

Ẇ(·) = ξ(·) (2.18)

Technically, white noise is nowhere differentiable. This equation has to be
taken in the sense of a weak formulation, involving integration. This results
formally in the equations

dX(t) = f(X(t))dt+ σ(X(t))dW(t) (2.19)

This is a stochastic differential equation. Intuitively, the second term on
the rhs is the randomness added to the solution. But what does it mean to
solve these equations? We can integrate both sides and find

X(t) = X0 +

∫︂ t

f(X(s))ds+

∫︂ t

σ(X(s))dW (2.20)

Therefore, we need to construct the stochastic integral
∫︁
dW to meaningfully

define SDEs.
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Stochastic Integral

We can outline the definition here in the one-dimensional case. A real valued
stochastic process W is called Brownian motion iff

(i)W (0) = 0 almost surely

(ii)W (t)−W (s) ∼ N(0, t− s)for all t ≥ s ≥ 0

(iii) for all times 0 < t1 < t2 < ... < tn,

W (t1),W (t2)−W (t1), ...,W (tn)−W (tn−1) are independent

With this, we have E(W (t)) = 0 and E(W (t)2) = t.
How can the integral

∫︁
dW be interpreted? We first construct the special

case of
∫︁
WdW analogously to the Riemann integral. Let P = 0 < t1 < ... < tm < T

be a partition of the interval [0, T ], 0 ≤ λ ≤ 1, and τk + (1− λ)tk + λtk+1 a
collection of points inside the partition intervals. Then we define, similarly
to the Riemannian integral

R(P, λ) =

m−1∑︂
k=0

W (τk)(W (tk+1)−W (tk)) (2.21)

It can be shown that

lim
|P |→0

R(P, λ) =
W (T )2

2
+ (λ− 1

2
)T (2.22)

in the limit of vanishing partition mesh size |P | = maxk(tk+1 − tk).
In contrast to the simple Riemannian integral, the result depends on the
choice of midpoint λ. There are two common definitions: the choice λ = 0
corresponds to the Itô integral, while λ = 1

2 corresponds to the Stratonovich
integral. The differences can heuristically be described as follows: The Itô
integral is causal in the sense that the future only depends on the past, i.e.,
the leftmost value of W (tk) the interval. Unfortunately, the ordinary chain
rule does not hold, resulting in the Itô formula. The Stratonovich integral,
on the other hand, conserves the ordinary chain rule but is not causal. The
two different interpretations are generally marked with dW and ◦dW for the
Itô and Stratonovich descriptions, respectively. In this dissertation, we will
stick to the Itô description.
Another limit that is of interest

m−1∑︂
k=0

(W (tk+1)−W (tk))
2⏞ ⏟⏟ ⏞

=
∧

∆W 2

→W (T )2. (2.23)

Taking the expectation value gives E(W (T )2) = T , and thus, in a sense,
dW 2 = dt. This definition of the stochastic integral allows precise defi-
nition of solutions to the SDEs above. This can be generalized to higher
dimensional Brownian motion.
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2.4.2 Itô formula and Fokker-Planck

As mentioned, in the Itô calculus, the chain rule needs to be modified.
Conceptually, this can be derived with the Taylor series expansion. In the
ordinary case, terms of order dX2 would be neglected. But as dW2 can be
of order dt, these terms need to be included in the linear approximation.
This gives the Itô formula. If X(t) is an Itô process, then a scalar function
ϕ(X(t), t) has the differential [117]

dϕ =
∂ϕ

∂t
dt+

∑︂
i

∂Xi

∂t
dXi +

1

2

∑︂
i,j

∂2ϕ

∂Xi∂Xj
dXidXj . (2.24)

For vector valued functions, the equation is valid componentwise.
Closely related to SDEs are the Fokker-Planck equations. These have found
lots of applications in astrophysics. For a process solving the Itô SDE

dX(t) = f(X(t), t)dt+ σ(X(t))dW(t) with X(0) ∼ p(X(0)) (2.25)

where W is an n-dimensional Brownian motion. We can denote the cor-
responding probability density of X(t) as p(X, t). The probability density
function solves the Fokker-Planck equation [117]

∂p

∂t
= −

∑︂
i

∂

∂Xi
[fip] +

1

2

∑︂
i,j

∂2

∂Xi∂Xj

[︂(︁
σσT

)︁
ij
p
]︂

(2.26)

where the (X(t), t) dependencies were left out. This can be derived by
applying the Itô formula to the expectation value E(ϕ) =

∫︁
ϕpdX and using

integration by parts.
For a more thorough introduction, see [116–118]. An example SDE is shown
in Fig. 2.6.
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Figure 2.6: Example solutions to an SDE that models a harmonic oscillator
with a stochastic contribution to the velocity

dX(t) =

[︃
X2

−X1

]︃
dt+

[︃
0 0
0 X1/5

]︃
dW with X(0) =

[︃
1
1

]︃



Chapter 3

Mass Ratio Inspiral

Intermediate and Extreme Mass Ratio inspirals (I/EMRIs) are prime targets
for the LISA mission [11, 111]. Due to their long signals, they allow for
minute measurements of the background spacetime and environment. This
allows for a large number of tests for GR, the host’s environment, history,
and origin, and possibly even subtle DM effects. In this section, we give a
basis for the modeling of these systems.
I/EMRIs do not have a clear cut definition in the literature. We will
use them in the sense of a stellar mass type compact object m2 (BH, NS,
star) inspiraling into an MBH m1 > 103M⊙ [84]. This gives a mass ratio
of q = m2/m1 ≤ 10−2). Other uses of the phrase might include exotic
objects such as heavy primordial black holes inspiraling into each other [119],
or an IMBH inspiraling into an SMBH. In this dissertation, we will focus
on the first interpretation, but this section is generally applicable to other
interpretations.
The central MBH m1 will be called the primary, and the stellar mass type
object m2 the secondary.
We assume our inspiral to happen adiabatically. In this approximation,
at any given instance, the orbit of the secondary is given by a Keplerian
orbit, i.e., an ellipse. Over secular timescales, due to dissipative effects, the
orbit will shrink and slowly inspiral. The secular timescale of the inspiral is
always much larger than the orbital timescale.

3.1 Keplerian Orbit

A classic Keplerian orbit is an ellipse that can be parameterized with the
semi-major axis a and eccentricity e. The eccentricity parameter is 0 ≤ e <
1, where e = 0 is a circular orbit.
The orientation of this ellipse is defined with regard to some reference plane,
the fundamental plane, with several parameters, depicted in Fig. 3.1. The
fundamental plane is arbitrary, it could be given by the angular momentum
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Figure 3.1: Parametrization of the Kepler orbit [120].

of the primary, the accretion disk, or the disk of the surrounding galaxy.
The plane of the orbit crosses the fundamental plane at a line called the
line of nodes at an inclination angle ι. The ascending node is the point at
which the orbit crosses the fundamental plane from below. Given a reference
direction of the fundamental plane, the longitude of the ascending node Ω
is the angle formed by the reference direction and the line of nodes. The
orbital ellipse has a periapse (also called pericenter) – the point at which
the secondary is closest to the primary – and an apoapse – the point where
the secondary is furthest from the primary. The angle formed by the line
of nodes and the periapse is called the longitude or argument of periapse
ω measured in the orbital plane. Lastly, the position of the secondary on
the orbit is given by the true anomaly ϕ, the angle formed by the periapse
and the direction of position inside the orbital plane. A Keplerian orbit is
therefore defined by the five elements (a, e, ι,Ω, ω), and ϕ is needed to solve
any initial value problem of the Kepler problem [121].
We also define the following variables used throughout the text: the total
mass is m = m1 + m2, the reduced mass µ = m1m2

m , and the mass ra-
tio q = m2

m1
. While we are close to the primary, the contribution of other

mass distributions (i.e., DM spike, accretion disk, star distribution) can be
neglected for the Keplerian orbit.
The orbital energy Eorb of the secondary’s orbit is given by [99]

Eorb = −mµ
2a

, (3.1)
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and the angular momentum Lorb by

e2 − 1 =
2EorbL

2
orb

m2µ3
. (3.2)

Assuming to be in the orbital plane, throughout one orbit, the position r
and velocity v are given by

r =
a(1− e2)

1 + e cosϕ
, (3.3)

v2 = m

(︃
2

r
− 1

a

)︃
. (3.4)

The mean orbital frequency is given by

F =
1

2π

√︃
m

a3
. (3.5)

3.2 Osculating Elements

The above equations are a solution to the Kepler planetary equations of
motion

a = −m
r2

n, (3.6)

with the acceleration a between the two bodies, the separation r = r1 − r2,
and n = r

r . When an additional force is acting on the secondary,

a = −m
r2

n+ f , (3.7)

the solution is not necessarily given by a Keplerian orbit anymore.
If the force f (technically an acceleration here) is small, we can assume the
Keplerian orbit to hold approximately and look at its perturbations. To this
end, it is useful to have a vectorial basis for the secondary on the orbit. We
will follow Gauß and decompose the perturbing acceleration as

f = Sn+ Pm+Wk (3.8)

with the separation vector n given in the fundamental frame [122]

n =

⎡⎣cos(ϕ+ ω) cosΩ− sin(ϕ+ ω) sinΩ cos ι
cos(ϕ+ ω) sinΩ + sin(ϕ+ ω) cosΩ cos ι

sin(ϕ+ ω) sin ι

⎤⎦ (3.9)

and

m =
∂n

∂(ϕ+ ω)
k =

1

sin(ϕ+ ω)

∂n

∂ι
. (3.10)
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Here, k points in the direction of angular momentum, and m is perpendic-
ular to n in the orbital plane. Together, they form an orthonormal basis at
any point of the orbit. Therefore, any perturbing force can be decomposed
into its constituents.
Lagrange’s planetary equations now give the effect of the perturbing force
on the Keplerian parameters as follows [121]:

da

dt
=

2

n
√
1− e2

(︂
Se sinϕ+ P

p

r

)︂
, (3.11)

de

dt
=

√
1− e2

na
(S sinϕ+ P (cosϕ+ cosE)) , (3.12)

dι

dt
=
r cos(ω + f)

na2
√
1− e2

W, (3.13)

dω

dt
= − cos ι

dΩ

dt
+

√
1− e2

nae

(︃
−S cosϕ+ P (1 +

r

p
) sinϕ

)︃
, (3.14)

dΩ

dt
=

r sin(ϕ+ ω)

na2 sin ι
√
1− e2

W. (3.15)

Here, n = 2πF , the semilatus rectum p = a(1− e2), and cosE = e+cosϕ
1+e cosϕ is

the eccentric anomaly.
If we assume the perturbing force is small, we can calculate the secular
changes for each of these parameters as⟨︃

dω

dt

⟩︃
=

∆ω

T
=

1

T

∫︂ T

0

dω

dt
dt (3.16)

where T = 1/F is the orbital period. This integral can be evaluated more
easily with the following identity [99]∫︂ T

0

dt

T
G(r(t), v(t)) = (1− e2)

3
2

∫︂ 2π

0

dϕ

2π

G(r(ϕ), v(ϕ))

(1 + e cosϕ)2
, (3.17)

valid for any integrable function G.
Therefore, for any small perturbing force, we can calculate its impact on
the Keplerian orbit with the help of these osculating elements.

3.3 Inspiral

In the adiabatic approximation, over secular timescales, the orbit changes
due to the perturbative forces. If the forces are dissipative, i.e., they dissipate
energy and angular momentum, the orbit will decay and eventually inspiral
into the primary. To describe such an inspiral, we will track the energy
and angular momentum, the semimajor axis and eccentricity, the periapse,
and the inclination angle of the system. They form a system of differential
equations. The equations have been implemented in imripy [3, 16] and
solved numerically. These results form the basis for most of this dissertation.
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3.3.1 Energy and Angular Momentum Loss

To describe these dissipative forces, we can use the osculating elements from
the previous sections, or we can alternatively use energy and angular mo-
mentum considerations. The latter part is physically more enlightening, and
we will quickly describe it here.
For a given dissipative force F(r, v), the energy and angular momentum
loss for the Keplerian orbit are given by [123]⟨︃

dEorb

dt

⟩︃
=

∫︂ T

0

dt

T

dE

dt
=

∫︂ T

0

dt

T
v · F(r, v) (3.18a)⟨︃

dL

dt

⟩︃
=

∫︂ T

0

dt

T

dL

dt
=

∫︂ T

0

dt

T
r k · F(r, v). (3.18b)

where k points in the direction of angular momentum. If the force is an-
tiparallel to the velocity F = −v, these equations simplify to those in [1,124]⟨︃

dEorb

dt

⟩︃
= −

∫︂ T

0

dt

T
F (r, v)v, (3.19a)⟨︃

dL

dt

⟩︃
= −

√︁
ma(1− e2)

∫︂ T

0

dt

T

F (r, v)

v
. (3.19b)

Due to the change in energy and angular momentum, the semimajor axis
a and eccentricity e also change. Their evolution is given by

da

dt
=

2a2

mµ

dEorb

dt
, (3.20a)

de

dt
= − 1− e2

2e

(︃
dEorb

dt
/Eorb + 2

dLorb

dt
/Lorb

)︃
, (3.20b)

where we have dropped the averaging symbols. This has to be understood
on secular timescales.
These are the principal equations (3.20a)&(3.20b) we solve throughout this
dissertation. We will use different dissipative forces that reduce Eorb, Lorb

and assess their impact on the evolution of the eccentricity and semimajor
axis. We can also track the changes in the periapse and inclination with
Eq. (3.14) and Eq. (3.13) as described in the following.
But first, the dissipative force that we apply in all our inspiral models.

Gravitational Waves

The emission of GWs is a dissipative effect, which of course gives us the
ability to observe the system with the GW detectors. The form of the GW
signal will be described in 3.4. Here, we quote the energy and angular
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momentum loss induced by GW emission at leading order [99]⟨︃
dEgw

dt

⟩︃
=− 32

5

µ2m3

a5
1 + 73

24e
2 + 37

96e
4

(1− e2)7/2
, (3.21a)⟨︃

dLgw

dt

⟩︃
=− 32

5

µ2m5/2

a7/2
1 + 7

8e
2

(1− e2)2
. (3.21b)

This can be calculated from the quadrupole formula Eq. (2.6) for the binary
system on Keplerian orbits or from a PN expansion of the two-body system
as the 2.5PN correction. This is the lowest dissipative correction, and we
will include it in all our inspiral models.

Capture

Black holes can capture objects. There are capture orbits that inevitably
progress past the event horizon of a BH. This is an inherently relativistic
process, so it must be solved in a Schwarzschild or Kerr background. A
relativistic calculation gives a minimum specific angular momentum Jlc =
4m1 for the Schwarzschild spacetime [122], below which the secondary will
imminently be captured. For large eccentricities (e → 1), this corresponds
to a minimal periapse of rp = 8m1. On a circular orbit, this is the radius of
the innermost stable circular orbit (ISCO), risco = 6m1. The collection of
capture orbits is commonly called the loss cone. We evolve the differential
equations until the minimum angular momentum is reached.

Orbital Precession

The argument of periapse ω describes the angular position of the periapse,
the lowest point in the orbit. The change in periapse is given by Eq. (3.14).
The first effect that we will consider is mass precession, the precession
due to a mass distribution m(r) around the MBH. Even if the potential is
subdominant, the distribution can have effects on the argument of periapse.
If we assume the perturbing force to be [124]

f = −m(r)

r2
n, (3.22)

the osculating orbital perturbations give⟨︃
dω

dt

⟩︃
=

1

eT

∫︂ 2π

0
cosϕ

m(r)

m
dϕ. (3.23)

The integral is generally negative for monotonically decreasing mass distri-
butions, resulting in a retrograde precession.
The second effect is relativistic or Schwarzschild (SS) precession. This is
the only relativistic effect we will consider at this stage because it is the
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most prominent one. This secular precession is given by [122]⟨︃
dω

dt

⟩︃
= 6π

m

pT
. (3.24)

This precession is prograde, counter to the mass precession. This was fa-
mously one of the earliest successes of GR, explaining the observed preces-
sion of Accretion Disks vs Spikes (Copy)Mercury’s orbit [125].

Inclination Change

As derived in Eq. (3.13), we can also track the change in inclination of the
orbital plane. This is most prominently important in the presence of an
accretion disk. If the secondary’s orbit is inclined with regard to the disk,
frequent interactions will align the orbital plane with the disk [126, 127].
Assuming a dissipative force F acting on the secondary m2, this gives⟨︃

dι

dt

⟩︃
=

1− e2√
mam2

∫︂ 2π

0

dϕ

2π

r cos(ω + ϕ)

(1 + e cosϕ)2
F · k. (3.25)

3.3.2 Stochastic Forces

We describe the dissipative forces with the help of their energy and mo-
mentum loss, but the differential equations are posed with regard to the
semimajor axis a and eccentricity e as in equations (3.20a),(3.20b). If we
have stochastic contributions to the differential equations, resulting in SDEs,
we need to apply the Itô formula Eq. (2.24) to accurately describe the evo-
lution.
If we have an SDE for the energy and angular momentum as

d

[︃
E
L

]︃
=

[︃
DE

DL

]︃
dt+ σdW (3.26)

with

σσT = D =

[︃
DEE DEL

DEL DLL

]︃
, (3.27)

the application of the Itô formula results in an SDE for a, e as

d

[︃
a
e

]︃
=

(︃
J

[︃dEorb
dt

dLorb
dt

]︃
+

1

2
D : H

[︃
a
e

]︃)︃
dt (3.28)

+ JσdW

with the Jacobian J = ∂(a,e)
∂(E,L) calculated from Eq. (3.1), (3.2)

∂(a, e)

∂(E,L)
=

[︃−a/E 0
e2−1
2eE

e2−1
eL

]︃
(3.29)
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and the operator

D : H =
∑︂
i,j

Dij
∂2

∂xi∂xj
(3.30)

where xi,j = E,L. This can be interpreted as the sum over the weighted
Hessian Ha,He componentwise. The Hessians are given by

Ha =

[︃
2a/E2 0

0 0

]︃
, He = 2

µ3m2

[︄
−1

2µ3m2
L4

e3
L1+e2

2e3

L1+e2

2e3
E
e3

]︄
(3.31)

While this section is quite abstract, it will become relevant in section 4.2.

3.4 Gravitational Wave Signal

The system emits gravitational waves as a result of the change in the mass
quadrupole moment, see Eq. (2.6). For an observer, the orientation of the
orbit can be described by two angles, ι′ and β′. The inclination angle ι′

describes the inclination of the plane of the orbit to the plane of the sky,
and β′ describes the angle of the major axis with regard to the direction of
the observer in the orbital plane (see Fig. 1 of [128]).
While in the previous sections we discussed how the orbital frame relates
to the fundamental frame, the transformation of the orbital frame through
the fundamental frame to the observer frame is explained in appendix A.2.
The gravitational strains of the two polarization modes for a Keplerian
orbit are [121,129]

h+ =− mµ

pDL

[︄(︃
2 cos

(︁
2ϕ+ 2β′

)︁
+

5

2
e cos

(︁
ϕ+ 2β′

)︁
+

1

2
e cos

(︁
3ϕ+ 2β′

)︁
+ e2 cos

(︁
2β′

)︁)︃
(1 + cos2 ι′)

+ (e cosϕ+ e2) sin2 ι′

]︄
(3.32)

h× =− mµ

pDL

[︄
4 sin

(︁
2ϕ+ 2β′

)︁
+ 5e sin

(︁
ϕ+ 2β′

)︁
+ e sin

(︁
3ϕ+ 2β′

)︁
+ 2e2 sin

(︁
2β′

)︁]︄
cos ι′

(3.33)

for a system at luminosity distance DL.
This can be decomposed into the harmonics of the mean orbital frequency
F [128,130]

h+,× = A
∞∑︂
n=1

(︂
C

(n)
+,× cos(nℓ) + S

(n)
+,× sin(nℓ)

)︂
(3.34)

with the mean anomaly

ℓ(t) = 2π

∫︂ t

dtF , (3.35)
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and the amplitude

A = −Mc

DL
(2πMcF)2/3. (3.36)

with the chirp mass Mc = µ3/5m2/5.

The coefficients C
(n)
+,×, S

(n)
+,× can be calculated as described in [128,130,131],

which gives for arbitrary eccentricity [132]

C
(n)
+ =

[︂
2s2ι′Jn(ne) +

2

e2
(1 + c2ι′)c2β′

(︁
(e2 − 2)Jn(ne) + ne(1− e2)(Jn−1(ne)− Jn+1(ne))

)︁ ]︂
,

(3.37a)

S
(n)
+ =− 2

e2

√︁
1− e2(1 + c2ι′)s2β′

[︂
− 2(1− e2)nJn(ne) + e(Jn−1(ne)− Jn+1(ne))

]︂
,

(3.37b)

C
(n)
× =− 4

e2
cι′s2β′

[︂
(2− e2)Jn(ne) + ne(1− e2)(Jn−1(ne)− Jn+1(ne))

]︂
,

(3.37c)

S
(n)
× =− 4

e2

√︁
1− e2cι′c2β′

[︂
− 2(1− e2)nJn(ne) + e(Jn−1(ne)− Jn+1(ne))

]︂
,

(3.37d)

where the Jn are Bessel functions of the first kind, and using shorthands
cβ′ = cos(β′), sβ′ = sin(β′).

Stationary Phase Approximation

To calculate the signal in the frequency domain, the Stationary Phase Ap-
proximation (SPA) is commonly applied. Since the amplitude varies on
secular timescales, the Fourier transform over rapidly oscillating sinusoidal
terms is negligibly small, except at the stationary phase condition

nF(t∗n) = f (3.38)

at a given time t∗n. Thus, the Keplerian orbit emits primarily at all integer
multiples of the mean orbital frequency. The SPA gives a mapping between
the time t∗n and the frequency of the n-th harmonic.
The Fourier transform of the signal is therefore given by [130,132]

h̃
(n)
+,×(f) = − Mc

2DL

(2πMcF(t∗n))
2/3√︂

nḞ(t∗n)

×
[︂
C

(n)
+,×(t∗n) + iS

(n)
+,×(t∗n)

]︂
eiψn , (3.39)

for the n-th harmonic. The signal is emitted for a finite amount of time,
and the equation is valid between some initial frequency F0 and the final

29



100 200 300 400

t / yr

0.0005

0.0010

0.0015

f
/

H
z

e0 = 0.3

0.01 0.02 0.03 0.04

t / yr

0.0005

0.0010

0.0015

e0 = 0.99

Figure 3.2: A Q-plot of an inspiraling system with m1 = 105M⊙,m2 =
10M⊙, initial eccentricity e0 = 0.3, 0.99, and initial semimajor axis a0 =
50risco, 20risco. This is a plot in time and frequency space that shows the
relative strengths of the harmonics. In the low eccentricity case, the second
harmonic is dominant, and more so over time as the system is being cir-
cularized. For high eccentricities, the first harmonic is the strongest. The
different times and frequencies are reflected by the fact that an eccentric
inspiral is much faster, as the energy loss scales with the eccentricity.

frequency of the Last Stable Orbit (LSO) Flso: nF0 < f < nFlso, before the
orbit enters the loss cone. The phase of the n-th harmonic is given by

ψn = 2πft∗n − nℓ− π

4
. (3.40)

An example of the GW signal during an inspiral is shown in Fig. 3.2. The
different harmonics of the system are visible with their relative strengths.
For low eccentricity orbits, the second harmonic is dominant, for high ec-
centricity orbits, the first.

3.4.1 Signatures

Braking Index

A useful quantity to describe the system is the braking index, which is defined
as [133,134]

nb ≡
FF̈
Ḟ2 . (3.41)

Here, F can be the frequency of any harmonic. We can translate this to the
semimajor axis with Eq. (3.5)

nb =
5

3
− 2

3

aä

ȧ2
, (3.42)
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which, according to Eq. (3.20a), depends on the dissipative forces. For a
dominant dissipative force, the braking index can be constant throughout
the evolution. For example, a circular inspiral due to GW emission has
Ḟ ∝ F11/3 and therefore nb = 11/3 [135]. Here, the chirp mass or the
orbital radius of the system is irrelevant. In this way, the braking index can
characterize populations of inspiraling systems depending on the dominant
forces at play.
To get a heuristic for this, we can assume a generic dissipative force F (r, v) ≡
F0r

−γvδ acting antiparallel to the velocity. We can approximate the differ-
ential equations

ȧ =
dEorb

dt
/
∂Eorb

∂a
(3.43)

= −2F0

µ
ak1(1 + e2)k1−1/2m(δ−2)/2

×
∫︂ 2π

0

dϕ

2π
(1 + e cosϕ)−(2−γ)(1 + 2e cosϕ+ e2)(δ+1)/2⏞ ⏟⏟ ⏞

≈1+k2e2

with k1 = 3/2− γ − δ/2 (3.44)

k2 = (3 + γ2 − γ(3− 2δ)− 2δ + δ2)/4 (3.45)

where the approximation is taken at second order in e. Taking the time
derivative gives

ä = ȧ

(︃
k1
ȧ

a
− 2eė

k1 − 1/2

1− e2
+ 2eė

k2
1 + k2e2

)︃
(3.46)

=
ȧ2

a

(︃
k1 + 2ae

da

de

)︃
(3.47)

which results in the equation for the braking index of the semimajor axis

aä

ȧ2
≈ k1 + 2ae

de

da

(︃
1/2− k1
1− e2

+
k2

1 + k2e2

)︃
. (3.48)

For a system at constant eccentricity, the braking index is therefore just
an algebraic combination of the power law indices of the dominant force.
This is most interesting for quasi-circular inspirals, where this implies we
can differentiate different dissipative forces dominating an inspiral if it is
not dominated by GW emission.
As another example, we can consider the case of GW emission in the high
eccentricity limit e ≈ 1. Here, de

da ≈ 1−e
a [122], and Eq. (3.42) simplifies to

nb ≈ 4/3.1

1Even though Eq. (3.48) is only valid to third order in e, the approximation is in the
last term containing k2. Since this term drops out for the given da

de
, we can still use the

equation.
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Circularization vs. Eccentrification

As the GW signal depends on the eccentricity (Eq. (3.32)), a clean measure-
ment will also reveal the evolution of the eccentricity.
Looking at Eq. (3.20b), the eccentricity will grow – the system will be
eccentrified – for [1]

de

dt
> 0 ⇐⇒ 1

Eorb

⟨︃
dE

dt

⟩︃
+ 2

1

Lorb

⟨︃
dL

dt

⟩︃
⏞ ⏟⏟ ⏞

X

< 0 (3.49)

Assuming a force antiparallel to the velocity, this gives

X =
2(1− e2)3/2

µ

∫︂ 2π

0

dϕ

2π
(1 + e cosϕ)−2 F (r, v)

(︃
av

m
− 1

v

)︃
. (3.50)

If we assume the generic dissipative force with strength F (r, v) ∼ r−γvδ, we
can insert

X ∝
∫︂ 2π

0
(cosϕ+ e)(1 + e cosϕ)−2+γ(1 + 2e cosϕ+ e2)(δ−1)/2 (3.51)

≈
∫︂ 2π

0

(︁
cosϕ+ e+ (−3 + δ + γ)e cos2 ϕ

)︁
(3.52)

=
e

2
(−1 + δ + γ) (3.53)

which is valid up to second order in e. Therefore, a dissipative force will
eccentrify the system if δ + γ < 1. This is a useful heuristic that we can
apply to the environmental effects. For small eccentricities therefore, the
circularization or eccentricification rate de

da is given by the properties of the
dissipative force.
A related and useful tool is the phase space flow of the ODE system. We
can plot this for the semimajor axis a and the eccentricity as 1 − e, which
shows the direction the ODE system traverses at every point. The loss cone
of the MBH in these plots is visible as the gray area. Here, we do not
have to worry about any approximations and can numerically evaluate the
derivatives. In the following, we will plot the phase space flow in (a, e) for
our environmental effects. In Fig. 3.3 we plot the phase space flow for the
energy and angular momentum loss as seen in Eq. (3.21a)&(3.21b).

Dephasing

Even if GW emission is the dominant dissipative force, the subdominant
forces will still affect (and generally speed up) the inspiral. Over the lifetime
of the I/EMRI, the system will perform fewer orbits and therefore collect
a smaller number of cycles compared to the case without the subdominant
forces. This is called dephasing.
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← high eccentricity low eccentricity →

Figure 3.3: The phase space flow of a, e for a system dominated by GW
emission. The lower left half of the phase space is inside the MBH, the so
called loss cone. The streamlines point to e → 0, which corresponds to a
quasi-circular orbit. The circularizing effects of GW emission are clearly
visible. Its strength increases with eccentricity and closer to the MBH. GW
emission transports parallel to the loss cone, which is an important feature
to actually observe I/EMRIs. For high eccentricity e ≈ 1, we have (1−e)a ≡
const [122]. The top right is not colored, as in this region the strength is
too low to be compared numerically.



The number of cycles between some initial ti and final tf time is given
by [1, 136]

N (n)(tf, ti) = n

∫︂ tf

ti

F(t)dt. (3.54)

for each harmonic n. Setting tf = tc as the time of coalescence, we obtain

∆N
(n)
DF (t) = N

(n)
GW(tc, t)−N

(n)
GW+DF(tc, t). (3.55)

where we compare the system with just GW emission with the system of
GW emission and the dissipative force DF.
Analogously to the braking index, we can define the dephasing index [2]

nd ≡
d log∆N

d logF . (3.56)

Since the frequency evolution is additive, the frequency evolution of the total
system is given by ḞGW+DF = ḞGW+ ḞDF. If we assume a GW dominated
circular inspiral ḞGW ∝ F11/3 and again assume FDF ∼ r−γvδ, then

ε ≡ ḞDF

ḞGW

∝ ak1−3/2

F11/3
GW

∝ F−2−2k1/3
GW (3.57)

where we assume the evolution of the semimajor axis is given through the
GW emission. The dephasing is then accumulated as

1

2

d2∆N

dt2
= ḞGW − ḞGW+DF = εḞGW = F−2−2k1/3+11/3 (3.58)

This can be integrated twice using dFGW
dt ∝ F11/3

GW and leads to

∆N ∝ F−(11+2k1)/3 (3.59)

and the dephasing index is

nd = −11 + 2k1
3

(3.60)

with k1 as defined in Eq. (3.44). Again, the amount of dephasing at different
frequencies depends on the power law behavior of the dissipative force. Also,
on circular orbits, the braking and dephasing index are related by

nb =
16

3
+ nd. (3.61)

Thus, if the braking index is different for different environmental effects, so
must be the dephasing index. In this way, different dissipative forces can be
characterized and differentiated at different phases of the inspiral.
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The same argument can be made for the highly eccentric inspiral e ≈ 1,
where ḞGW ∝ F4/3, and the dephasing index would be nd =

1−2k1
3 .

To finish this subsection, we give an example of the braking and dephasing
index for a circular inspiral, described in Fig. 3.4. We choose γ = 3/2, δ = 1
for the dissipative force in an IMRI with m1 = 103M⊙,m2 = M⊙, starting
from an initial semimajor axis a0 = 103risco. This gives k1 = −1/2. The
forces are approximately equal in strength at an orbital radius of req ≈
102risco. The corresponding frequency of equality is given by Eq. (4.2). For
the inspiral with both forces, the system is first dominated by the generic
force, and later dominated by GW emission, which is reflected in the braking
index. There is a long intermediate regime visible, where it tends from one
constant region to the next. How large this intermediate region is depends
on the shape of F. If F is much flatter than GW emission, this region will be
smaller. Also plotted is the dephasing, where we compare the system with
GW+F to the system with just GW. The dephasings can be quite large, as
the additional force F drastically speeds up the inspiral. The kink in the
shape of |∆N | is around the frequency of equality and marks the different
regimes of dominance. This is also reflected in the dephasing index, where
it tends to the value described by Eq. (3.48) in the GW emission dominated
regime.
It can be seen that the heuristic descriptions provided above work reason-
ably well for the system we explore here. The equations become accurate
only in the strictly dominant regimes of either force. The advantage of these
indices is the independence of the specific system parameters. Regardless of
m1,m2 and the specific orbital distance, they are constant as long as one
force strictly dominates. First, this implies that the effects of different dis-
sipative forces should be distinct for many different systems. Second, this
allows one to make statements about populations of inspirals, which we will
explore later on in chapter 5.

Deshifting

Similarly to the dephasing being the difference in orbital cycles, we can talk
about the deshifting of the difference in periapse precession. Here, the dis-
sipative force causes a faster inspiral and therefore (usually) less precession.
Close to the MBH, the SS precession dominates, as given by Eq. (3.24).
This was explored by [124,137] in a different way. In the first reference [124],
they focus on the comparison between mass precession and SS precession.
For large distances, the retrograde mass precession dominates, while for
small distances, the prograde SS precession dominates. This gives a turning
point for the precession. Unfortunately, this is generally at large semimajor
axes, which makes it hard to detect. The second reference [137], on the other
hand, looks at the relativistic precession caused by a modified Schwarzschild
metric due to the presence of a (DM) mass distribution. Even for a Hernquist
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Figure 3.4: Top: The energy loss of the two dissipative forces, GW emis-
sion and a generic force F with γ = 3/2, δ = 1. This implies k1 = −1/2.
The point of equality between the two forces is given by the dashed green
line. Middle left: The semimajor axis evolution over time of the inspiral
with initial a0 = 103risco. Once only the GW emission is included, and
once both GW emission and the generic force are included. Bottom left:
The braking index as calculated numerically versus the frequency. The sys-
tem with purely GW emission has nb = 11/3 as expected. The system
with both has initially a braking index given by the dominant generic force
nb = (5− 2k1)/3, then an intermediate region, as it moves to the GW emis-
sion dominated regime. The dashed green line is the point of equality of
the forces, at the frequency corresponding to the respective semimajor axis.
Middle right: The dephasing that is left observable at a given frequency.
We compare the dephasing of the GW+F to the purely GW system. The
kink in the evolution can be observed around the point of equality between
the two forces. Bottom right: The dephasing index as calculated numer-
ically. It can be seen that as the system is dominated by GW emission, it
tends to the value given by the approximation nd = −(11 + 2k1)/3.



halo with generally small densities compared to the spikes we will look at,
this can give observable dephasings.
We will take another approach here. Close to the MBH, we assume SS
precession to be the dominant term. Due to a dissipative force, the inspiral
will speed up, giving less time for SS precession to be collected. In this way,
the inspiraling system with a dissipative force will have an overall lower
amount of precession, and therefore there will be a shift in the periapse
angle. We will call this deshifting. This is very comparable to the dephasing
explored in the previous section. We can define the deshifting as

∆ω = ωGW − ωGW+DF. (3.62)

Again, this will be normalized such that ∆ω is 0 at the point of inspiral.
We can make a similar calculation, using ω ∝ a−5/2 ∝ f5/3 in the low
eccentricity limit. This gives a deshifting index of

nω ≡ d log∆ω

d logF = −9 + 2k1
3

= nd +
2

3
. (3.63)

This can be related again to the dephasing and braking index. This shows
how closely linked the number of orbital cycles and the number of periapse
cycles are, at least in this simplistic description.
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Chapter 4

Environmental Effects

The local environment of MBH is a large area of research. For SMBHs in the
center of galaxies, there is a distribution of stars whose orbit is dominated
by the SMBH [74]. Additionally, around the two SMBH that have been
observed by the EHT [64, 65], there are accretion disks. Generally, the
accepted model for Active Galactic Nuclei (AGN) is an SMBH with an
accretion disk [75].
For IMBHs, since their origin and distribution is poorly understood, their
local environment can fare no better. Similar to their big siblings, they could
also have accretion disks and a distribution of stars around them, especially
at the center of globular clusters or dwarf galaxies.
Depending on their growth and merger history, in the ΛCDMmodel, MBHs
can also host a DM spike [138].
Modeling environmental effects is of significant importance. First, to ac-
curately detect I/EMRIs, we need accurate waveforms, and environmental
effects can impact them significantly [14], possibly leading to misidentifica-
tion or oversight of systems if not properly modeled [15]. Second, correctly
modeling these environmental effects can shine a light on these astrophysi-
cal processes [139,140]. Therefore, in this chapter, we will discuss the most
prominent environmental effects and try to model their impact. We will ex-
plore DM spikes, accretion disks, and the stellar distribution, compare and
contrast them, and discuss relativistic effects.
This is understood to be a first linear approximation. We will superpose
the effects of these models, even though they might have more complex
interactions that modify them individually.

4.1 Dark Matter Spike

Spike Distribution

Structure formation predicts that the baryonic matter and DM distributions
are closely linked. According to the prevalent model, halos form from over-
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densities in DM in the young cosmos in a bottom-up fashion, into which the
baryonic matter follows, creating stars and galaxies [141]. This means most
galaxies are embedded inside a DM halo [39].
The existence of DM spikes was first postulated in [10]. A central black hole
surrounded by a spherically symmetric DM halo can – as it accretes slowly in
mass – concentrate the distribution into a spike. This requires the growth to
be adiabatical, slow enough to maintain adiabatic invariants. In the spherical
case, these are the angular momentum and the radial action [138].
We can model the spike density as a power law ρ(r) ∝ r−γ . For an initial
DM distribution with slope 0 < γi < 2, the adiabatically grown spike slope
is γ = (9 − 2γi)/(4 − γi). This implies 2.25 < γ < 2.5. For a spike grown
from an NFW profile with γi = 1, the power law index is γ = 7/3. The spike
extends to a range rspike such that the spike mass m(rspike) is comparable
to the central MBH mass m1.
This relies on a few assumptions [138, 142]: (i) The MBH is at the center
of the spherically symmetric DM Halo, (ii) the MBH grows adiabatically –
on timescales long compared to the dynamical timescale of the halo, and
(iii) there are no large scale gravitational disruptions such as mergers or
tidal encounters. If these conditions are not met, the spike can be shallower.
If (i) is not given, the MBH has to spiral into the center via dynamical
friction, which can take up to a Hubble time from 1kpc, accreting some of
the DM and heating the distribution. The resulting slope would be much
shallower at γ = 1/2. If (ii) is not given, and the MBH grows much faster
– almost instantaneously w.r.t. the dynamical timescale – the resulting
slope would be γ = 4/3. For gravitational disruptions (iii) it is difficult to
make predictions, as they could unbind the spike completely. This will be
discussed later in section 7.1.2.
A relativistic analysis of adiabatic growth has been carried out in [143].
Very close to the MBH r ≲ 10risco, these effects enhance the density. This
can also be applied to rotating MBH in a Kerr spacetime [144].
Additionally, inside galactic centers or globular clusters, there would be a
distribution of stars around the MBH. This distribution of stars heats up
the DM distribution through gravitational encounters in a process called
kinematic heating. Many studies find, regardless of initial distribution, a
power law index of γ = 3/2 for this case [145–149]. This could even hap-
pen when there is no initial spike or a depleted one, it can be dynamically
(re-)generated through kinematic heating [147,148].
For spikes that have formed around PBH, simulations have shown that the
power law index would change with radius between γ = 3/4−9/4 [150,151].
If DM is not collisionless, a sufficiently strong self-interaction can thermalize
the DM distribution with γ = 7/4 [152, 153]. DM self-annihilations on the
other hand, can result in a flat density core when the annihilation becomes
efficient [10,154].
If DM is not a particle, there can be more exotic distributions, see for
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example the gravitational atom [15, 98]. In this dissertation, we will not
explore these effects but assume the standard model of cosmology with DM
as a particle.
All of these models leave a range of possible power laws for the DM distri-
bution in the vicinity of the MBH. Until now, these considerations have been
theoretical. There have been tentative observations that can be explained
by the existence of DM spikes [155, 156], but these are far from conclusive
and leave out a comprehensive study of other possible effects. Measure-
ments of the stellar orbits at the center of the Milky Way have been able to
put constraints on the local DM spike [67,157], which excludes some of the
steeper spike models in the center of our galaxy.
In conclusion, a variety of power law indices is possibly realized 0.5 ≤
γ ≤ 7/3. We will consider two spike profiles, one that is kinematically
heated with γ = 3/2, and one that is adiabatically grown γ = 7/3. The
former γ = 3/2 is more physically motivated when we combine the DM
spike with the stellar distribution, but generally has a smaller density and
therefore less observational impact. In the presence of a stellar distribution,
we also expect larger rates of I/EMRIs, as the stellar distribution is a prime
source for secondaries. The latter γ = 7/3 is more physically motivated
in an isolated system, which has had time to grow its spike and has not
lost it since. Here, the densities can become large and cause a significant
observational impact. We will discuss these choices more later on. In the
following, we will quantify the spike and its impact on the inspiral.

Description

We assume a power law distribution for the DM spike and parameterize it
as [142]

ρdm(r) = ρ6

(︂r6
r

)︂γ
for rin < r < rspike, (4.1)

where ρ6 is the density at r6 = 10−6pc.
We choose the inner radius to be rin = 4m1 following [143], below which
the density vanishes. The spike radius can be estimated with the help of rh,
which is the radius where the DM distribution has a mass comparable to
the MBH m1 = Mdm(rh) =

∫︁ rh
0 ρdmr

2dr, which for the Milky Way SMBH
is on the order of pc. The spike radius is estimated to be rspike = 0.2rh [12].
We can obtain ρ6 by matching the distribution to an NFW profile at rspike.
This NFW profile can be obtained as described in [12].1 This gives for a
flat γ = 3/2 spike ρ6 = 5 · 1011M⊙/pc

3, and for a steep γ = 7/3 spike
ρ6 = 9 · 1016M⊙/pc

3 for an MBH with m1 = 105M⊙.
The power law spike is a spherically symmetric and isotropic distribution.
The corresponding phase space distribution of the spike is given through the

1This procedure uses assumptions from structure formation that, in light of the new
JWST results, might have to be modified [63].
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Eddington inversion procedure as

f(E) = ρ6

(︃
r6
m1

)︃γ 1

(2π)3/2
Γ(γ + 1)

Γ(γ − 1
2)
Eγ−3/2, (4.2)

with the Gamma function Γ(x) and where E is the (positively defined) spe-
cific energy

E = Ψ(r)− 1

2
v2 (4.3)

with the relative Newtonian potential of the central mass Ψ(r) = m1
r . The

spike density is recovered with

ρdm(r) = 4π

∫︂ vesc(r)

0
v2f

(︃
Ψ(r)− 1

2
v2
)︃
dv, (4.4)

with the escape velocity vesc =
√︁
2Ψ(r).

This will be considered in the mass distribution and therefore contribute
to periapse precession (Eq. (3.23)). The other impacts of the presence of
these DM spikes are given in the following.

Dynamical Friction

An object moving through this distribution of DM experiences many small
gravitational interactions with the particles. For the involved masses, this
is primarily described with dynamical friction [122, 158]. As the secondary
moves through the halo of DM particles, it attracts them to its position. The
particles start clustering, while the secondary moves along its orbit. Thus,
there is an overdensity or wake behind the secondary, tugging it backwards.
We will use the following equations for dynamical friction [159–161]

Fdf(r, v) = − 16π2m2ρdm(r) [lnΛα(v) + β(v) + δ(v)]
v

v3
, (4.5)

α(v) =

∫︂ v

0
f(v⋆)v

2
⋆dv⋆, (4.6)

β(v) =

∫︂ vesc

v
f(v⋆)v

2
⋆ ln

(︃
v⋆ + v

v⋆ − v

)︃
dv⋆, (4.7)

δ(v) = − 2v

∫︂ vesc

v
f(v⋆)v⋆dv⋆. (4.8)

For the Coulomb logarithm we use lnΛ = ln
√︂

m1
m2

[136].

This description can be interpreted as follows. The α(v) describes the DM
particles that are moving slower than the secondary object. These particles
steal momentum from the secondary and slow it down, which is the dominant
contribution. The β(v) and δ(v) describe the particles that are moving faster
than the secondary and they can actually boost the momentum, weakening
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the effect of α(v). These two terms were sometimes disregarded in previous
literature, but as [161] showed, they can have an important effect, especially
for smaller power law indices γ ∼ 3/2. Since we are looking at these spikes
specifically, we will include the terms here.
These calculations come from a Newtonian background. For relativistic
speeds, i.e.., close to the MBH, we can apply correction terms to the dy-
namical friction equation. One such term is

Fdf(r, v) → Fdf(r)γ̄
2(1 + v2)2 (4.9)

where γ̄ = 1/
√
1− v2 is the Lorentz factor. These have been derived in [162]

and considered for I/EMRIs in [163]. They find relatively small additional
dephasings on circular orbits with the corrective terms. They also include
the relativistic effects of spike growth close to the MBH from [143], but these
do not apply when we consider heated spike distributions with γ = 3/2,
as the spike is not grown through the adiabatic growth mechanism of the
MBH. We will ignore the relativistic corrections to the spike density in this
dissertation.
The phase space flow for the semimajor axis and specific angular momen-
tum a, j is plotted in Fig. 4.1. First, the effects of the different terms are
made visible for a power law γ ∼ 3/2. It can be seen that the inclusion of
β, δ produces the eccentrification described by [161]. The relativistic cor-
rections only slightly moderate this effect, as they increase circularization
weakly for high velocities close to the MBH.
We also show the phase space flow (with all terms described here) for two
different power laws, γ = 3/2 and γ = 7/3 in Fig. 4.2. It can be seen that
γ = 3/2 is eccentrifying, while γ = 7/3 is strongly circularizing, as shown
by [161].

Accretion

If the secondary is an sBH, it will also cause accretion of the DM particles.
If the secondary is a neutron star or normal star, it is unlikely to capture
any significant amount of DM particles [164].
For the BH case, the accretion can be modeled as follows. The mass gain
acts as a drag term [165]

Facc = ṁ2v (4.10)

which does not include any recoil effects. The mass gain is given by

ṁ2 = σρdmv (4.11)

where σ is the cross section of the secondary BH.
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Figure 4.1: The phase space flow of a, e for dynamical friction inside a DM
distribution with power law γ = 3/2. We plot the effects that the terms
α, β, δ and the relativistic corrections produce. It can be seen that α by
itself does not modify the eccentricity e for γ = 3/2. The introduction of β, δ
increases the eccentricity as described in [161]. The relativistic corrections
only have a small circularizing effect on the phase space flow close to the
MBH m1 = 105M⊙.
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Figure 4.2: The phase space flow of a, e for dynamical friction inside a DM
distribution with different power laws, γ = 3/2 and γ = 7/3. We include
all terms described in this section. It can be seen that the smaller power
law γ = 3/2 is eccentrifying, while γ = 7/3 is strongly circularizing. Notice
also the stark difference in the strengths of the effects, and the flatness and
steepness, respectively.



For collisionless DM, this can be modeled as [165,166]

σCollisionless =
πm2

2

v2
512(1− v2)3

4(1− 4v2 +
√
1 + 8v2)(3−

√
1 + 8v2)2

(4.12)

≈v≪1
16πm2

2

v2
.

The mass gain can be modeled as an additional equation in the ODE sys-
tem. At the same time, even though the terms for a, e contain m2, their
time derivatives are not affected, see appendix A.1.
This model was explored in [165] and they found the accretion effects to
be subdominant to dynamical friction. The mass gain of the secondary was
on the order of 0.1%. Nonetheless, it can still cause large dephasings and
for long timescales it should be modeled to produce accurate waveforms.
The cross section Eq. (4.12) was derived for an object moving through a
homogeneous flow, so it does not take the phase space distribution of the
DM into consideration. This has recently been considered in [167].
We plot the energy loss of dynamical friction and accretion and compare
it with that of GW on a circular orbit in Fig. 4.3. The accretion effects are
always subdominant to those of dynamical friction. Also, at close distances,
the GW emission clearly dominates the energy loss. For eccentric orbits
(and semimajor axes instead of radii), the GW emission energy loss would
further increase, while the DM effects would stay at similar sizes.
We plot the phase space flow of accretion in Fig. 4.4. Since Facc ∝ r−γv0,
accretion is circularizing, as can be seen in the picture. But as it is weaker
than the dynamical friction, it barely modifies the total phase space flow of
the DM effects.

Halo Feedback

As the secondary loses its kinetic energy due to dynamical friction, this
energy is injected into the DM halo. Here, it can increase the orbital energy
of the orbiting particles and possibly unbind them. The authors of [136] have
developed a framework to describe these effects, the halo feedback model.
It promotes the halo from a static spectator to a dynamic actor in the
inspiral. The model is based on circular orbits. They found that for larger
mass ratios 10−4 ≤ q, the secondary can inject enough energy to deplete
their local orbital radius of DM, thus reducing the amount of dynamical
friction and prolonging the inspiral. As the object inspirals, it refills the
depleted regions with particles of lower radii. Close to the MBH, the GW
emission dominates and there is not enough time to significantly affect the
distribution.
The model was extended in [167, 168] to include the accretion effects de-
scribed above. They remove DM particles from the phase space and cause
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further depletion. As dynamical friction effects get weaker, the accretion
becomes relatively stronger and should be taken into account.
Note that [169] has published a similar investigation and found the halo
feedback model insufficient on longer timescales. They argue that three-
body effects between the primary, secondary, and DM particles become im-
portant and can unbind the spike. This is adressed in section 7.1.2.
Initially, the halo feedback model only worked for circular inspirals. During
the finalization of this dissertation, the formalism was extended to a moder-
ate eccentricity (e ≲ 0.8) [167,170]. Unfortunately, we did not have time to
implement this. Instead, we will try to estimate the energy injected into the
distribution and compare it to the binding energy of the spike. This gives a
measure of whether the halo feedback effects would be relevant.
Once we have a solution to the system a(t), e(t), we can go back and inte-
grate over the energy loss of the dissipative forces. The energy lost due to
dynamical friction is simply given by

∆Edf =

∫︂ tfin

t0

dEdf

dt
dt. (4.13)

The binding energy of the system can be estimated following [136]. The
potential energy of a shell of DM is given by

dUdm(r) = −m1 +mdm(r)

r
4πr2ρdm(r)dr. (4.14)

For the spike system we are considering, integration from some initial radius
rin to r gives

∆Udm(r) = −mdm(r)(3− γ)

r

(︃
m1 −mdmrin

2− γ
+
mdm(r)

5− 2γ

)︃
− Uin, (4.15)

with

Uin = −mdm(rin)(3− γ)

rin(2− γ)

(︃
m1 −

mdm(r)(3− γ)

5− 2γ

)︃
. (4.16)

The total binding energy is then given by Udm = ∆Udm(rspike).
We can use the feedback ratio

rdf =
∆Edf

Udm
(4.17)

to estimate how much energy is being inserted into the spike and whether
the energy is enough to affect the spike. For rdf ≪ 1, the inserted energy is
much smaller than the binding energy, and the spike will not be affected by
the inspiral. In this scenario, halo feedback can be neglected. For rdf ≳ 1
on the other hand, there is significant energy injection into the spike, such
that it can be reshuffled or unbound. In this case, modeling halo feedback
is important.
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4.2 Stellar Distribution

The stellar distribution inside galactic cores has been theoretically studied
and observed for some galaxies, most importantly our own MilkyWay center.
The distribution at the center can be approximately described as isotropic,
and therefore with a power law in the energy distribution. Through gravita-
tional interactions, the stars can exchange energies and relax into a steady
state distribution [171–174]. While the stars move into the loss cone of the
MBH, they are replaced by outer stars moving inward. This generally gives
a power law index of γ = 7/4. These models assume that the relaxation
time is smaller than the age of the galaxy [122]. There are also effects such
as mass segregation, where heavier stars tend to migrate inwards and lighter
stars outwards [174–176].
This can be compared with observations. For the Milky Way, the measure-
ments point to a distribution of γ = 1.4 very close to the MBH, and γ = 2
further out [67, 74]. This can be explained by the fact that the relaxation
time is too long for our Milky Way center. Indeed, approximations show that
only smaller and fainter spheroids have had sufficient time to relax [122]. If
we cannot assume a relaxed system, it has to be treated as an initial value
problem, and solved with numerical simulations. Here, we will assume a
relaxed distribution, which might only be applicable to IMBHs with masses
smaller than Sgr A*.

Distribution

Thus, we assume a simple power law distribution for the stars with

ρ∗(r) = ρinf

(︂rinf
r

)︂γ
for r < rinf, (4.18)

with a power law index of γ = 7/4. We take the radius of influence rinf
to be the radius where the stellar mass is comparable to the central MBH
m1 = M∗(rinf). For low mass cusp galaxies, this can be estimated as rinf =
11pc(m1/10

8M⊙)
0.58 [177]. From this follows ρinf.

We assume all stars in the stellar distribution to be of the same mass m∗,
to simplify calculations. This precludes mass segregation and simplifies the
model. We will typically choose this to be m∗ = 10M⊙.
This model will also cause periapse precession due to the mass distribution.
The second effect we consider is two body relaxation.

Two Body Relaxation

As our secondary passes through the field of stars, it has many stochastic
gravitational encounters. These can be described with the diffusion coeffi-
cients, which model the average change in velocity. These can be translated
to the average change in energy and angular momentum.
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First, we model a single gravitational encounter. We split the change in
velocity into parallel ∆v∥ and perpendicular ∆v⊥ parts, depending on the
direction of motion. The average changes are given by [122,173]⟨︁

∆v∥
⟩︁
=κ

m∗ +m2

m∗
F2(v), (4.19)⟨︁

(∆v∥)
2
⟩︁
=
2

3
κv(F4(v) + E1(v)), (4.20)⟨︁

(∆v⊥)
2
⟩︁
=
2

3
κv(3F2(v)− F4(v) + E1(v)), (4.21)

where κ = 16π2m2
∗ log Λ and the distribution functions are given by 2

En(v) =

∫︂ ∞

v

(︂v∗
v

)︂n
f(v∗)dv∗, (4.22)

Fn(v) =

∫︂ v

0

(︂v∗
v

)︂n
f(v∗)dv∗. (4.23)

Here, averaging refers to averaging over the distribution of the field stars.
To translate this into changes in energy and angular momentum, we use

E = Φ(r)− 1

2
v2, (4.24)

J = |r× v| =
√︁
am1(1− e2), (4.25)

and obtain

−⟨∆E⟩ =1

2

⟨︁
(∆v∥)

2
⟩︁
+

1

2

⟨︁
(∆v⊥)

2
⟩︁
+ v

⟨︁
∆v∥

⟩︁
, (4.26)⟨︁

(∆E)2
⟩︁
=v2

⟨︁
(∆v∥)

2
⟩︁
, (4.27)

⟨∆J⟩ =J
v

⟨︁
∆v∥

⟩︁
+
r2

4J

⟨︁
(∆v⊥)

2
⟩︁
, (4.28)⟨︁

(∆J)2
⟩︁
=
J2

v2
⟨︁
(∆v∥)

2
⟩︁
+

1

2
(r2 − J2

4v2
)
⟨︁
(∆v⊥)

2
⟩︁
, (4.29)

⟨∆E∆J⟩ =− J
⟨︁
(∆v∥)

2
⟩︁
. (4.30)

Note that in the case of m2 ≫ m∗ the
⟨︁
∆v∥

⟩︁
dominates, and the equations

for dynamical friction from the previous section can be recovered.
To arrive at the secular energy and angular momentum loss, these equations

2Note that the distribution function f from these references has a different normaliza-
tion, it is normalized to the number density of the stars n(r) =

∫︁
f(v)dv, while in the

previous section it was normalized to the mass density ρ(r) =
∫︁
f(v)dv. They are related

by a factor of the (average) field star mass m∗.
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have to be averaged over an orbit [173]3

DE = − m2

T

∫︂ T

0
⟨∆E⟩dt, (4.31)

DL =
m2

T

∫︂ T

0
⟨∆J⟩dt, (4.32)

DEE =
m2

2

T

∫︂ T

0

⟨︁
∆E2

⟩︁
dt, (4.33)

DLL =
m2

2

T

∫︂ T

0

⟨︁
∆J2

⟩︁
dt, (4.34)

DEL = − m2
2

T

∫︂ T

0
⟨∆E∆J⟩dt. (4.35)

The latter coefficients describe the (co-)variance of the energy and angular
momentum changes. These are the coefficients of the Fokker-Planck equa-
tions for the phase space p [173]

∂p

∂t
=− ∂

∂E
[DEp] +

1

2

∂2

∂E2
[DEEp] (4.36)

− ∂

∂L
[DLp] +

1

2

∂2

∂L2
[DLLp] +

∂2

∂E∂L
[DELn].

This corresponds to the SDE as described by Eq. (2.26)

d

[︃
E
L

]︃
=

[︃
DE

DL

]︃
dt+ σdW, (4.37)

where W is a 2-dimensional Brownian motion, and σ is a solution to

σσT = D =

[︃
DEE DEL

DEL DLL

]︃
. (4.38)

The SDE containing (a, e) that is solved in the code can now be obtained
with Eq. (3.28). The phase space flow, corresponding just to the dissipative
part of this SDE, is plotted in Fig. 4.5. The strong effects on the angular
momentum can be seen. The relaxation due to the diffusion processes gen-
erally drives objects to high eccentricity and onto capture orbits [178]. This
is a great source for highly eccentric I/EMRIs, as we will discuss later.
Of course, this simple description is only a first approximation. There are
various other processes involved, such as resonant relaxation [173], mass
segregation, tidal effects, etc. For a review, see [179].
In this dissertation, we will look at both the SDE Eq. (4.37) and the ODE
just containing the dissipative part. The stochastic part is primarily relevant

3Beware of the different conventions for the orbital energy used in the reference E = m1
2a

and in this dissertation E = −m1m2
2a

.
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Figure 4.5: The phase space flow in a, e due to stellar diffusion. The strong
eccentrification effects are clearly visible and drive test particles straight into
the loss cone.

at larger separations and impacts the rate of plunges vs inspirals [177], more
on this in chapter 6. Late in an inspiral, firstly, the stochastic terms become
inadequate descriptions (since close to the MBH the distribution is difficult
to describe as isotropic), and secondly, GW emission dominates the inspiral,
minimizing the effects. We will use the SDE description for rates and stick
to the ODE system to describe inspirals.

4.3 Accretion Disk

There is direct observational evidence for accretion disks around SMBHs
[64, 65]. The currently accepted model for AGN includes an accretion disk
around SMBHs [75, 180, 181]. Thus, MBHs in the centers of galaxies can
reasonably host an accretion disk [83].

Distribution

There is a considerable amount of literature on the properties of accre-
tion disks [182, 183]. Some of the oldest models were developed in 1972
by Shakura & Sunyaev [184], describing a geometrically thin disk domi-
nated by radiation and gas pressure. Assuming a viscosity description, one
can obtain numerical solutions for the disk distribution [185]. Further out,
where viscosity dissipation heating is less efficient, these models appear to
be gravitationally unstable, and the gas can start forming clumps and struc-
tures [186]. This could be a source for I/EMRIs. There have been numerous
modifications and improvements to these models, applying some mechanism
to heat the disk and keep it marginally stable [185, 187, 188]. There have
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been other proposals of disks being dominated by their magnetic fields, such
as magentically arrested disks [189] or ‘hyper-magentized’ disks [190].
We will follow Derdzinski & Mayer [188] and use a thin, Keplerian, steady-
state accretion disk. They are based on the model of Sirko & Goodman [185],
with opacity descriptions by Bell & Lin [191].
The model assumes that the MBH M = m1 accretes at a constant rate

Ṁ = 3πνΣ, (4.39)

where ν is the kinematic viscosity, Σ the surface density, and Ω =
√︁
M/r3

the Keplerian orbital frequency. The viscosity can be parameterized by the
dimensionless viscosity parameter α, which describes the relation between
the viscosity, the soundspeed cs and the scale height of the disk H as ν =
αcsH. α can be estimated from observations as α ∼ 0.1 [192]. The sound
speed is given by

c2s =
prad + pgas

ρb
, (4.40)

with the radiation pressure prad, the thermal gas pressure pgas, and the disk
density

ρb = Σ/2H, (4.41)

where the scale height is also related to the sound speed as

H =
cs
Ω
. (4.42)

The effective temperature is determined via viscous dissipation

T 4
eff =

9

8σ
Ω2νΣ, (4.43)

whereas the midplane temperature is given by the radiatively efficient trans-
port of photons to the disk surface

T 4
mid = τeffT

4
eff, (4.44)

with the effective opacity τeff = 3
8τ + 1

2 + 1
4τ , interpolating between the

optically thin and thick regimes. The optical depth is given by

τ =
1

2
κΣ, (4.45)

where κ is the Rosseland mean opacity of the gas at midplane density. This
can be approximated piecewise polynomially as

κ = κ0ρ
aT bmid, (4.46)

where we take the values for κ0, a, b from the table provided in [188], derived
by [191].
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To complete the set of equations, the gas pressure is given by

pgas =
kB
µmH

Tmidρ, (4.47)

and the radiation pressure

prad =
σB
2
τT 4

eff, (4.48)

with the Boltzmann constant kB, the hydrogen mass mH , the mean molec-
ular weight µ = 0.62, and the Stefan-Boltzmann constant σ. The Toomre
stability parameter Q tests whether the disk is gravitationally stable [186].
We assume that

Q =
Ω2

2πρ
(4.49)

is always above a critical value of Q0 = 1.4. This gives a simple scaling on
the outskirts of the disk. We assume the density of the disk to extend into
the z direction as [193]

ρ(r, z) = ρ(r) exp
(︁
−z2/H2

)︁
. (4.50)

The set of equations can be solved numerically, given a choice of central
mass M , accretion rate Ṁ = feddṀ edd (as a fraction of the Eddington
accretion rate), and viscosity parameter α. In this dissertation, we use
fedd = 0.1 and α = 0.1. The result is shown in Fig. 4.6.
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Figure 4.6: The density distribution of the Derdzinski-Mayer disk around
a m1 = 105M⊙ MBH. The kink is the transition to the Toomre stability
parameter dominated part of the disk.

Interaction

So far, it has not been essential to differentiate between sBH and stars as the
secondary, or between the prograde vs retrograde motion, as the previous
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distributions were spherically symmetric. The accretion disk however, is
concentrated in a plane and rotates in a given direction. We will use the
accretion disk to define the fundamental frame as described in chapter 3.
For the interaction with the disk, there are several models. It depends on
the geometry of the disk, the geometry of the secondary, and the relative
speeds. For a black hole as a secondary, there is primarily the Bondi-Hoyle-
Littleton accretion and dynamical friction with the gas [194–198]. For an
extended secondary, such as a star, there is geometric drag from the disk
[126]. These effects also depend on the disk geometry, whether we have a
thin or a thick disk [193]. Prograde, quasi-circular motion inside the disk
can induce density waves or open gaps in the disk as Type–I and Type–II
torques [183,199–201].
There have been a variety of studies looking at I/EMRIs in the presence
of an accretion disk [123, 126, 127, 140, 183, 188, 194, 197, 199–202], and in
comparison to DM effects as in [2, 15]. In this dissertation, we will expand
our work in [2] and look at two models specifically.
One of the most common models originates from planetary formation mod-
eling and is called Type–I migration [203]. In planetary migration models,
the relevant quantity is the torque acting on the secondary. The equation
for this torque is given by [203]

ΓType–I = Σr4Ω2q2M2
a, (4.51)

which can be translated into a force – the language of our model – by

FType–I = ΓType–I q/r. (4.52)

This can be derived by assuming the creation of density waves in the disk as
the secondary orbits, which causes a negative torque on the perturber. This
seems to give a decent approximation for the systems we are considering
[200], but is only valid for circular orbits.
For an sBH on a retrograde orbit, dynamical friction of the secondary with
the gas should be the dominant effect [127, 196]. We will follow the model
of Ostriker [204] and assume for the dynamical friction with the gas

Fb = 4πm2
2ρb(r, z)I

γ̄2(1 + v2rel)
2

v3rel
vrel, (4.53)

with relativistic corrections as in [194] and with

I =
1

2

{︄
log 1−vrel/cs

1+v/cs
− vrel/cs subsonic vrel < cs

log
(︁
1− (vrel/cs)

−2
)︁
+ log Λ supersonic vrel > cs

(4.54)

where vrel = v − vgas. The relative velocity treatment here is essential,
especially when looking at prograde vs. retrograde motion and on inclined
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Figure 4.7: Phase space flow of accretion disk interaction for three different
treatments of the relative velocities: Left: No relative velocity is considered.
Middle: The secondary is on prograde motion w.r.t. the disk. Right: The
secondary is on retrograde motion w.r.t. the disk. The different eccentrifi-
cation/circularization effects are clearly visible.

orbits. On prograde motion, the same direction as the disk is moving, the
dynamical friction will point retrograde at periapse (since the secondary is
moving faster than the disk) and prograde at apoapse (where the secondary
is slower than the disk). This strongly circularizes the orbit. For retrograde
motion of the secondary, the dynamical friction will always point prograde
(retrograde wrt to the secondary’s motion) and be weaker for larger relative
velocity, i.e. at periapse, and therefore eccentrify the orbit. This can be
seen in Fig. 4.7.
As we will also look at the inclination change, the 3D structure of the disk
becomes relevant. Over time, interactions with the disk will align the plane
of the orbit of the secondary with the disk. On prograde orbits, the relative
velocities are smaller, and therefore the alignment effects are stronger, while
on retrograde orbits they can be much weaker.
Initially, we mentioned accretion disks dominated by magnetic fields. These
can have high densities and interesting properties. But the interaction
models listed here are not necessarily applicable when the disk is highly
magnetized, as the derivations do not assume any magnetic fields. To our
knowledge there has been no investigation of a secondary within a highly
magnetized disk. This has to be left for future work.

4.4 Spacetime Effects

Most of the effects described previously assume a Newtonian approximation.
In reality, the environment around an MBH is highly relativistic, best de-
scribed by a Kerr spacetime, and possibly with deformations due to the pres-
ence of matter. This introduces relativistic effects, which are important for
modeling waveforms and extracting them from observations [205]. Of course,
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the most accurate model would be a GRMHD simulation of the I/EMRI
system, which has been quite successful for similar mass binaries [206]. Un-
fortunately, for these mass ratios, the simulations are computationally quite
expensive, even without adding any environmental effects [207]. Thus, there
has been lots of work to model these relativistic effects, which we will briefly
discuss here. Of course, they are not environmental effects in the same sense
as the presence of other matter, but they can be considered the spacetime
environment and need to be modeled and understood just the same. In this
dissertation, we do not consider these effects in the modeling, but they are
still listed for completeness. This section can be seen as a To-Do list instead.

Self-force description

A first instinct might be to calculate the PN expansion of the energy flux
in velocity and mass ratio. As it turns out, the series does not converge
in the strong field regime and is not very well suited for I/EMRIs [208].
Instead, a more fruitful approach has been the self–force model. Here, the
Schwarzschild (or Kerr) spacetime is perturbatively disturbed by the sec-
ondary within the Teukolsky formalism. The secondary interacts with its
own gravitational perturbation and gives rise to this self force and the radia-
tive evolution. For a review, see [209]. There is also code being developed to
produce these highly accurate waveforms [210, 211]. While there has been
some significant progress, there are still challenges, with highly eccentric
orbits being one of them.

Orbital Resonances

Incorporating all these relativistic effects is vital to accurately detecting
I/EMRIs and there are certainly interesting consequences. For example,
orbits in Kerr spacetime are generally ergodic (space-filling), in that they
eventually visit all points allowed inside a torus of conserved quantities,
in contrast to Keplerian orbits. For some values of conserved quantitites,
there are resonance orbits, which are periodic instead of ergodic, meaning
they perform an integer number of radial cycles and an integer number
of longitudinal cycles at the same time. For these orbits, the self force
effects are enhanced and the emitted flux can be much larger [212–214]. The
timescale of these resonances is tres ∼ m/

√
q, which is longer than orbital

timescale but much shorter than GW dissipation timescales, and they can
therefore dominate the inspiral shortly.

Too many additional effects

Incorporating the spin of the primary also impacts the late inspiral consid-
erably. The frame dragging effects change the geodesics and loss cone of
the system and can influence the emission of GWs [122]. The spin and tidal
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deformability of the secondary also change the angular momentum evolution
and leave important imprints on the waveform [205,215].
Another effect that is relevant in I/EMRIs is that of relativistic quenching.
Loosely speaking, the relativistic precession close to the MBH can dominate
the angular momentum loss of the system, basically freezing the angular
momentum and slowing the adiabatic inspiral [122].
The presence of another additional massive object can induce perturbations
in the spacetime that result in the so called Kozai Lidov oscillation. In
these three body systems, the tertiary body can induce oscillations in the
eccentricity of the orbit of the other two, thus increasing GW emission [216].
Lastly, GW memory effects might be detectable [217].
For a recent review see, [218].

Interaction with other environmental effects

For all of these relativistic effects, the interactions with the environmental
effects are of great interest. For example, the presence of additional masses
can affect the spacetime [219, 220] and its resonant orbits [221, 222]. They
could ‘unquench‘ the inspiral with other sources of energy and angular mo-
mentum loss.
The presence of additional mass distributions also changes the emission of
GWs. The leading order effect of this is an additional redshift of the signal
leaving the mass distribution. For further discussion, see [223].
A first effort to combine the environmental effects with relativistic ones
has been made in [224]. They can already describe a coupling between
spacetime perturbations and fluid perturbations and see the effects in the
GW spectrum.

Overall, this section might sound like an immeasurable task. But there is
significant progress being made, and rapidly [218, 225, 226]. After all, if
we get this right, the payoffs are immense. We can learn about GR, BHs,
accretion disks, stellar distributions, DM, galactic cores, galactic mergers,
structure formation, and so on. By the time LISA launches in the late 2030s,
we can hope for a completely new window into the most extreme regions of
spacetime.
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Chapter 5

Observational Signatures

In this chapter, we will combine the different environmental effects described
in chapter 4, simulate inspirals, and analyze possible observational signa-
tures. These include the phase space flow, the dephasing, the deshifting of
the periapse, and alignment with accretion disks.
This is done with increasing complexity. Firstly, we assume an MBH sur-
rounded solely by a DM spike. This is either a kinematically heated flat
γ = 3/2 or an adiabatically grown steep γ = 7/3 spike. Secondly, we add
a stellar distribution and consider dry inspirals, which are generally highly
eccentric. Thirdly, we add an accretion disk and consider wet inspirals, on a
quasi-circular orbit aligned with the disk. Lastly, we look at the alignment
process itself.
As an example system, we use an MBH with m1 = 105M⊙, an sBH with
m2 = 10M⊙ at a luminosity distance of DL = 50Mpc. This should be
a typical I/EMRI system observable for LISA [11, 115]. The correspond-
ing environmental effects can be calculated with the parameters given in 4.
When the central mass changes, the environmental effects change accord-
ingly. We also plot the dephasing for different central masses, to get an
estimate of the dependance on primary mass.
All computations, plots, and further animations are available at [16].

5.1 Isolated Spikes

We first look at isolated spikes, as described in section 4.1. These have been
investigated classically in the literature of DM spikes [12]. We look at two
spike models. The adiabatically grown steep γ = 7/3 spike is more physically
motivated in an isolated system that has had time to grow its spike. The
kinematically heated flat γ = 3/2 spike is more physically motivated in the
presence of a stellar distribution that heats the DM spike. Regardless of
physical motivation, we explore both options in this section in an isolated
spike system.
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Figure 5.1: The phase space flow for a system with GW emission and dy-
namical friction and accretion of a DM spike. The spike laws are a flat
γ = 3/2, or a steep γ = 7/3 spike. The eccentrifying and circularizing ef-
fects of the flat and steep spikes respectively, are clearly visible. Close to the
loss cone, the GW emisssion dominates. There is a clear boundary visible
in the phase space, especially in the flat spike case.

We assume the dissipative forces to be dynamical friction with and accre-
tion of the DM spike, as well as GW emission. First, we will show the phase
space flow of the different systems considered. Then, we simulate an exam-
ple inspiral and discuss the results. This allows us to make inferences for
populations of inspirals.

5.1.1 Phase Space Flow

The resulting phase space flow is shown in Fig. 5.1. As shown previously, the
steep γ = 7/3 spike has circularizing effects, while the flat γ = 3/2 spike is
eccentrifying. As expected, for large semimajor axis and low eccentricities,
the DM effects dominate, while close to the loss cone the GW emission
dominates. As the steep spike gets to much higher densities close to the
MBH, its effects tend to dominate more closely toward the loss cone.
The combination of the flat γ = 3/2 spike and GW emission produces a
clear boundary in the phase space flow, going from eccentrifying to circular-
izing. As most objects would be coming in from outside the GW emission
dominated zone, they would be transported to and then along the bound-
ary. This gives a typical eccentricity and semimajor axis evolution for these
types of inspirals. Depending on the distance and masses involved, this
might happen before the system enters the observable band. In that case
we would expect most of these inspirals to happen quasi-circularly. If on
the other hand there is a population of closeby systems with a flat spike, we
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might be able to observe this characteristic behavior. Especially a different
normalization of the spike density could move this into the observable band.
The steeper γ = 7/3 spike has the circularizing effects explored in [1, 161].
These inspirals tend to linger in the low eccentricity region, which would
make them prime targets for the study of the braking index in the low
eccentricity limit, Eq. (3.48).
Of course, for these isolated systems, [136] has shown that the spike is not
static and subject to feedback effects. This holds for the flat γ = 3/2 spike as
well. Its densities and therefore the energy exchange is less, but the binding
energy is comparably lower, and the inspiral time due to lower friction much
longer. All in all, this increases the feedback ratio as we will show in the
next subsection. Thus, this phase space flow must be modified to take halo
feedback effects into account.

5.1.2 Sample Inspiral

Now, we can solve the differential equations for the different scenarios. We
start with an initial a0 = 104risco and an eccentricity e0 = 0.2. The evolution
is shown in Fig. 5.2. As expected, the evolution in the (a, e) plane happens as
shown by the phase space flow. The different timescales here are of interest.
Without any additional dissipative forces, GW emission takes a very long
time to inspiral such a system. Accordingly, it also collects a large number of
phases, and periapse precession, despite the modest eccentricity. When DM
is present, the system inspirals much more quickly, also resulting in a smaller
number of cycles and precession. The different regimes of the phase space
flow can clearly be seen in the characteristic strain, the braking index, and
also in the slopes of the cycles and precession. The braking index is almost
constant when one force is clearly dominant, characterizing the dominant
force.
For the steep γ = 7/3 spike, we have a feedback ratio of rdf,7/3 ≈ 0.7,
comparable to the results from [136] in the q = 10−4 case. The flat γ = 3/2
spike has a feedback ratio of rdf,3/2 ≈ 16.9. This means that here, feedback
effects can affect the spike and the inspiral, and should be taken into account.
Even though the density is lower, the interaction time is much longer and the
potential energy of the flat spike is lower, making the feedback ratio higher.
Thus, flatter spikes can be subject to stronger feedback effects. They might
even be unbound due to the lower binding energy.

5.1.3 Dephasing

Now we widen our study to different central masses and study the dephasing
of the systems. Since the GW inspiral takes place on such large timescales, it
is difficult to get an accurate number of cycles accumulated. Comparing this
to the other inspirals is numerically difficult, as can be seen in Fig. 5.2. To
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Figure 5.2: The evolution of the isolated spike system with and without DM
spikes for a central mass of m1 = 105M⊙ and secondary m2 = 10M⊙. Top
Left: The semimajor axis versus the eccentricity evolution. The phase space
flow (Fig. 5.1) of the different scenarios is reflected here. Bottom Left: The
semimajor axis versus the time. The huge time discrepancies can be seen
in the different inspirals. Top Middle: The characteristic strain of the
systems and the LISA sensitivity. The solid line shows the second harmonic
and the dashed line the first. Bottom Middle: The braking index of the
system as computed numerically. The different regimes of dominance can
be seen. Top Right: The number of cycles collected by the systems. This
is mostly a reflection of the time it takes to inspiral, but also the different
regimes of dominance can be observed. Bottom Right: The precession of
the periapse. This is generally smaller than the number of cycles, but they
have a similar overall structure. Here, the SS precession is dominant.
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Figure 5.3: The results for three different primary masses m1 =
{103, 104, 105}M⊙ with different spike models γ = 3/2, 7/3. Top: The
characteristic strain for the inspirals in the second harmonic. Middle: The
amount of dephasing in the second harmonic for inspirals in isolated DM
spikes. The pentagon marks the point where the inspiral lasts for another
5yrs, which is potentially observable within the lifetime of LISA. The dashed
lines refer to the areas where the second harmonic is outside the observable
region. The steep γ = 7/3 spike leaves strong dephasings, also due to the
modified eccentricity evolution as seen in Fig. 5.2, while the flat γ = 3/2
spike leaves smaller dephasings, and no observable dephasing in the last 5
years. The flattening of the curves for the steep spike at the end is a nu-
merical artifact. Bottom: The dephasing index, only plotted when there
is enough dephasing (|∆N (2)| > 10). With the steep spike, the two regimes
of dominance can be roughly observed and with the flat spike, the constant
value during GW emission domination is visible.



assess the dephasing, we reduce our initial semimajor axis to a0 = 102risco,
which is enough to calculate the dephasing for the systems we are interested
in. The results for different central masses and the two different spikes are
shown in Fig. 5.3.
The results are comparable to previous inquiries about dephasing [1, 12,
136]. Generally, smaller central masses give smaller timescales for the in-
spiral. This also means that there is more observable dephasing within the
lifetime of LISA. This observable dephasing can be up to |∆N (2)| ∼ 106

in the steep spike case. In the flat spike γ = 3/2 case, the dephasings are
much smaller. There is technically dephasing, but not in the last 5 years
of an inspiral, which means that the changes would most likely be slow and
difficult to detect within the lifetime of LISA.
For these inspirals, the feedback ratios for the flat spike case are all below
rdf,3/2 < 1, meaning feedback effects are small. This is due to starting the
evolution at a0 = 102risco, where according to Fig. 5.1, the GW emission is
already dominant over the dynamical friction. The inspiral does not have
enough time to affect the spike so close to the central MBH.

5.1.4 Deshifting

The total deshifting is shown in Fig. 5.4. It can be seen that the deshifting is
about 2 orders of magnitude lower than the amount of dephasing observed
previously. This means that for the steep γ = 7/3 spike, there is still a
considerable amount of deshifting throughout the lifetime of the inspiral
and in the observable band. For the flat γ = 3/2 spike, only the heavier
systems have deshifting in this timeframe.
This implies deshifting – as in the different shift of the periapse due to
differences in precession – has a similar quality to the dephasing. The plots
share the same structure. Here, the mass precession is negligible, and the
differences observed come down to differences in the SS precession. This
is modified due to the accelerated inspiral. This means that dephasing
and deshifting measure the same thing in this simplified description. In
these low eccentricity cases here, the deshifting is lower than the dephasing.
Still, this can be an additional tool in the observation of these systems and
identification of the DM spikes.
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Figure 5.4: The deshifting for different systems central masses and for the
two different spikes. Top: The total accumulated periapse shift. Middle:
The deshifting. The structure is very similar to that of dephasing, only about
2 order of magnitude lower. Bottom: The deshifting index, comparable to
the dephasing index.



5.2 Dry Inspirals

Now we add a stellar distribution and the resulting stellar diffusion on top
of our MBH, as described in section 4.2. We ignore DM accretion effects, as
these are subdominant, and compare with the DM spikes.

5.2.1 Phase Space Flow

The resulting phase space flow is plotted in Fig. 5.5. The plunge vs inspiral
line is clearly visible. For large semimajor axis, the eccentricity increase is so
large, that the secondary will fall directly into the loss cone with eccentricity
close to unity – a plunge. For lower semimajor axis, the GW emission
can dominate and circularize the secondary, leading to an inspiral. These
generally happen very quickly, as the GW emission is much stronger for
larger eccentricity, as seen in Eq. (3.21a).
The addition of the flat γ = 3/2 spike does not change the phase space flow
visibly, it is subdominant everywhere. The steep γ = 7/3 spike can moderate
the strong eccentrification, but its effects seem minor. It does not seem to
change the separatrix between plunges and inspirals. The consequences
would be dry inspirals but with slightly less extreme eccentricies.
Of course, the more physically motivated system is a kinematically heated
flat γ = 3/2 spike inside a stellar distribution. In this case, the phase space
flow, and an associated general population of inspirals, would not give hints
to its DM spike. Only when observing single inspirals could the DM be
inferred through other signatures, such as dephasing or deshifting.
Reference [14] has argued that in these systems, due to the high eccentrici-
ties and strong circularization, that environmental effects are negligible and
the low frequency part ‘skipped’. While the timescales are much shorter, we
show here that the environmental effects can still be detected – other than
the environmental effect that is causing the dry inspiral.

5.2.2 Example Inspiral

For our example inspiral, we choose a0 = 104risco and e0 = 0.9. This assures
that the initial semimajor axis is below the plunge separatrix. The initial
eccentricity is somewhat arbitrary, as the system will immediately drive it to
much higher eccentricities on short timescales. We plot the evolution for the
stellar diffusion case, without DM, with a γ = 3/2, and with a γ = 7/3 spike.
The result is shown in Fig. 5.6. First, the different timescales compared to
the isolated case are sticking out. The inspirals here are on the order of
104yrs, compared to the > 106yrs in the isolated case. This is due to the
high eccentricity that is produced by the stellar diffusion. Interestingly, the
presence of an additional dissipative force as in the γ = 7/3 case, can slow
down the inspiral with its circularizing effects. The braking index can be
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Figure 5.5: The phase space flow for a system with GW emission, stellar
diffusion and dynamical friction of a DM spike. The spike laws are a flat
γ = 3/2, or a steep γ = 7/3 spike. The plunge vs dry inspiral separatrix is
clearly visible in the stellar diffusion case. The addition of the flat γ = 3/2
does not visibly affect the phase space flow, it is subdominant everywhere.
The addition of the steep spike γ = 7/3 results in slightly circularizing effects
close to the GW emission dominated zone.

seen to approach the high eccentricity limit nb = 4/3, before the system gets
circularized at the end of the inspiral. The first harmonic actually enters the
LISA band before the second harmonic, and only then becomes subdominant
to it. In these cases the eccentricity evolution can be mapped out clearly.
The system as whole collects less cycles during its lifetime compared to the
isolated case. While it is in the high eccentricity inspiral phase, almost no
cycles get collected, which only moderates toward the high frequency end.
Compared to the isolated case, the feedback ratios are smaller. For the
steep spike rdf,7/3 ≈ 0.04, which is a reduction of about ∼ 100 times, while
for the flat spike rdf,3/2 ≈ 8 · 10−5, which is a reduction of an order of 106.
This is because the inspiral here is dominated by the stellar diffusion and
GW emission. This means that in this case we do not have to worry about
feedback. The question is then, how much dephasing can we actually observe
if its impact is so small?

5.2.3 Dephasing

We plot the dephasing for different central masses m1 = {103, 104, 105}M⊙
in Fig. 5.7. As seen in the example, most of the cycles are collected at
the higher frequencies, and therefore most of the dephasing as well. At
lower frequencies, the GW emission dominates and the timescales are very
short. The dephasing can be seen to plateau at lower frequencies. The steep
γ = 7/3 spike leaves large amounts of dephasing, while the flat γ = 3/2
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Figure 5.6: The evolution of a dry inspiral with m1 = 105M⊙, dominated by
the stellar diffusion, with and without the flat and steep spike. Top Left:
The semimajor axis vs the eccentricity. It can be seen that the system is
driven to high eccentricities immediately. For the γ = 7/3, this effect is
weakened. The γ = 3/2 and no DM case overlap, as its effects are always
subdominant. Bottom Left: The semimajor axis versus time. Despite
the presence of an additional dissipative force in the γ = 7/3 case, due to
the circularizing effects, the inspiral actually takes longer. Top Middle:
The characteristic strain and the LISA sensitivity. In solid lines is the sec-
ond harmonic, in dashed lines the first harmonic. It can be seen that the
first harmonic enters the observable band first and afterwards the second
harmonic becomes stronger as the system circularizes. Bottom Middle:
The braking index of the system. The high eccentricity case approaches the
nd = 4/3 limit, before moving toward the circular 11/3 limit. Top Right:
The total number of cycles vs the GW frequency. During the inspiral not
many cycles are collected, only once the system has a moderate eccentricity.
Bottom Right: The periapse angle due to precession. Initially, the more
circular inspiral collects less precession (as SS precession is ∝ (1 − e2)−1),
but the inspiral takes more time, eventually overtaking the eccentric one.
The feedback ratio gives rdf,3/2 = 8 · 10−5 and rdf,7/3 = 4 · 10−2 for the
γ = 3/2 and γ = 7/3 cases respectively.
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Figure 5.7: The dephasing for different central masses m1 =
{103, 104, 105}M⊙ and different spike models γ = 3/2, 7/3. Top: The char-
acteristic strain of the inspirals in the second harmonic. Middle: The
amount of dephasing in the second harmonic for dry inspirals. The pen-
tagon marks the point where the inspiral lasts for another 5yrs, which is
potentially observable within the lifetime of LISA. The dashed lines refer
to the areas where the second harmonic is outside the observable region.
The steep γ = 7/3 spike leaves strong dephasings, also due to the modified
eccentricity evolution as seen in Fig. 5.6, while the flat γ = 3/2 spike leaves
smaller dephasings ≲ 102, but within the 5yr to inspiral. Bottom: The
dephasing index. Due to the strong eccentricity evolution, it does not attain
a constant value (other than 0, which means there is no dephasing).



spike causes a much smaller amount, comparable to the isolated case.
The plot seems to suggest something positive for the observation of DM:
While the overall dephasing is smaller, the dephasing that does happen is
on shorter timescales, and therefore more likely to be observable. This can
be seen by the pentagons, which mark the 5yr to inspiral point. These are
generally higher compared to the isolated spike case. They were not visible
for the flat spike in Fig. 5.3, but for the dry inspirals they move into the
observable region. So while the overall dephasing is smaller, the observable
dephasing due to DM is larger in dry inspirals.
For the flat spike, halo feedback seems to be of little concern. The feedback
ratio is always below rdf,3/2 < 0.04. For the steep spike, the feedback ratio
grows up to rdf,7/3 ≈ 27 when the primary mass ism1 = 103M⊙ and q = 102.
This is still less by a factor of ∼ 10 compared to the isolated case, but still
relevant. Still, in the more physically relevant scenario, halo feedback should
be of little concern.
Of course, in dry inspirals, the eccentricity evolution makes it necessary
to track several harmonics. Initially the first harmonic dominates, while in
the end the second one does. To observe such an inspiral in its totality,
all these changes need to be tracked. Also, regarding the dephasing index,
it is not close to a constant value, it is a mix of the change in semimajor
axis and eccentricity. This could imply that different models are harder to
differentiate. Add on top of this the strong relativistic effects that were
mentioned in section 4.4, which become relevant at these high velocities
where the dephasing is observable.
So while there might be more observable dephasing, it could be difficult to
extract from the mess of spacetime around MBH and attribute to DM.

5.2.4 Deshifting

The dry inspirals with their large eccentricities also experience very strong
SS precession. As the γ = 7/3 spike circularizes the orbit (and the SS
precession is ∼ 1/(1− e2)), the relativstic precession is weaker. At the same
time, the inspiral is prolonged, which eventually causes more precession.
This can be seen in Fig. 5.6. We plot the difference in precession in Fig. 5.8.
The plot is overall very similar to the deshifting. Unlike in the isolated
spike case, here, the deshifting and dephasing are differ at about one order
of magnitude. Similar caveats as in the previous subsection apply, so a
measurement of both dephasing and deshifting together can shine more light
on the inspiral.
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Figure 5.8: The deshifting for different central masses m1 =
{103, 104, 105}M⊙ and different spike models γ = 3/2, 7/3. Top: The
deshifting here is similar to the dephasing in Fig. 5.7, albeit at slightly
lower values. Bottom: The deshifting index. Here, there is also no con-
stant value attained.

5.3 Wet inspirals

In this section we add the effects of a Derdzinski-Mayer accretion disk, as
discussed in section 4.3. First, we assume the secondary to be in plane of
the accretion disk orbiting either prograde or retrograde, later we discuss
the alignment process.

5.3.1 Phase Space Flow

We plot the phase space flow for four different scenarios in Fig. 5.9. We
look at pro- and retrograde orbits inside accretion disks and stellar halos,
with and without a steep γ = 7/3 spike. As we have seen before, the flat
γ = 3/2 spike is negligible here. We assume gas dynamical friction with the
accretion disk for now, as described in section 4.3.
On retrograde rotation, the gas dynamical friction does not alter the phase
space flow visibly. It seems that retrograde dynamical friction is subdom-
inant to stellar diffusion. As before, the steep γ = 7/3 spike counteracts
this eccentrification with its circularization, but overall not changing much
about the nature of the phase space flow.
For prograde rotation, there is an additional region in the phase space
flow, dominated by the circularizing effects of the gas dynamical fricton.
The steep γ = 7/3 spike seems to add to this.
The strong circularization effects of the gas dynamical friction drive the
secondary to a quasi-circular orbit. Here, unfortunately, the description
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Figure 5.9: The phase space flow for a system with GW emission, stellar dif-
fusion, gas dynamical friction with an Derdzinski-Mayer accretion disk and
dynamical friction with a DM spike. We only consider the steep γ = 7/3
spike, as the flat γ = 3/2 spike effects are already subdominant to the stellar
diffusion. On top is prograde rotation, on the bottom retrograde rotation
with regard to the disk. On prograde orbits, the addition of the accretion
disk effects change the phase space flow in a region with intermediate dis-
tances and low eccentricity. Here, the strong eccentrification is turned to
circularization. The addition of the steep spike adds to this.
On retrograde orbits, the higher relative speeds and therefore reduced dy-
namical friction appears to not affect the phase space flow at all, only the
addition of the steep spike is marginally impactful for low eccentricities.



of the gas dynamical friction breaks down, as the relative velocity of the
secondary and the disk vanishes. It has been shown that on circular orbits,
Type–I torques provide a better description of the interaction [200]. Type-I
torques are comparatively weaker and subdominant to steep DM spikes for
small semimajor axis [2]. As this is valid for circular orbits only, we cannot
plot the phase space flow involving the eccentricity. Instead, we explore the
quasi-circular case.

5.3.2 Braking Index

Here, we plot the energy loss for all the components on circular orbits in
Fig. 5.10. This is a nice summary of this chapter, which gives an overview
of the relative strengths of the environmental effects. As expected, GW
emission dominates all other forces close to the MBH (≲ 10risco). Next, the
steep spike has a strong effect on the energy loss. Closely following is the
gas dynamical friction inside the Derdzinski-Mayer disk, but its description
is not physically well motivated. This is followed by the stellar diffusion,
then the Type–I torque and lastly the flat spike.
Where one force dominates, the evolution will be described with its braking
index, which is given by the slope of its curve. We can see some of the brak-
ing indices that were observed in the previous sections. If the environmental
effects have different slopes, the frequency evolution of the inspiral should
reveal them. In turn, measuring the braking index can show which environ-
mental effect is dominating the inspiral. This of course assumes that the
braking index is sufficiently different between the effects. As can be seen
in Fig. 5.10, the effects have similar slopes and therefore similar braking
indices, but still distinct. Therefore, an accurate measure of the braking in-
dex and a good theoretical understanding of the forces involved can pinpoint
the exact environmental effect. That is, on circular orbits. For eccentric or-
bits, the additional information of the eccentricity evolution, i.e. the phase
space flow, can help in understanding the dissipative force at play. For low
eccentricity this works according to Eq. (3.48).
As the braking indices are distinct, so must be the dephasing and deshifting
indices, according to section 3.4. This means that we can also identify the
environmental effects when GW emission dominates the system.
The close relationship between Type–I torques and gas dynamical friction is
visible in the braking index. Even though the description is mathematically
very different, the slopes of the curves are the same on the inner part of the
disk. For these effects, the braking index is not (piecewise) constant, as the
density profile is very different from any power law approximation. Only in
the latter part of the disk where a power law scaling is valid, it approaches
a constant value. The spike in between is given due to numerical difficulties
resolving the kink in the density distribution. In the following, we will show
an example inspiral with the Type–I torque.
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Figure 5.10: Top: The energy loss of all the different environmental effects
explored in this chapter. This is on (prograde wrt to the disk) circular
orbits with different radii. The spike indices refer to dynamical friction with
the spike. Bottom: The associated braking index nb of the environmental
effects. For all effects except the accretion disk interactions the braking index
is constant and sufficiently distinct. This means the effects are differentiable.
By extension, using Eq. (3.61), the dephasing index nd is also different for
all these forces. The spike in the accretion disk braking indices are due to
the kinks in the disk density profile, where the numeric differentiation fails.
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Figure 5.11: A quasi-circular wet inspiral, with a Type–I interaction with
the Derdzinski-Mayer accretion disk around an MBH with m1 = 105M⊙,
without and with a γ = 3/2, or a γ = 7/3 DM spike. Top Left: The semi-
major axis vs time. The presence of the steep γ = 7/3 spike speeds up the
inspiral, while the flat spike does not significantly affect the inspiral time.
Bottom Left: The braking index. The different regimes of dominance are
visible. Top Right: The characteristic strain of the second harmonic and
the LISA sensitivity. Bottom Right: The number of cycles collected. The
periapse precession is not plotted, as a circular orbit cannot precess.

5.3.3 Example Inspiral

Wet inspirals are dominated by the circularizing effects of the accretion disks,
at least on prograde orbits. Therefore, the inspirals happen quasi-circularly
when they enter the observable band. As mentioned previously, accretion
disk effects are very much uncertain and are a topic of active research. Here,
we will rely on Type-I as described in section 4.3 and assume a quasi-circular
inspiral. We have looked at this previously in [2].
According to Fig. 5.10, the stellar diffusion would be stronger than the
Type–I interaction, while the secondary is inside the disk. This is difficult to
believe physically. If this were the case, the disk could quickly be unbound
due to the stochastic interactions with the stellar distribution. Reality is
likely more complicated. It might be that the simple linear combination of
the two breaks down and the interaction between them needs to be studied
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further. This has been done in the context of EMRI rates in [227], but to
our knowledge the effect on the stellar distribution has not been studied.
For now, we will ignore the dissipative effects of the stellar diffusion.
An example inspiral is shown in Fig. 5.11. We choose a circular orbit with
e0 = 0 and an initial semimajor axis of a0 = 104risco. The inspiral times are
slightly shorter compared to the isolated case, due to the Type–I interaction.
The presence of the steep γ = 7/3 spike speeds up the inspiral as in the
isolated case. The steep spike effects dominate the Type–I interaction, as
seen in Fig. 5.10. The flat γ = 3/2 spike slightly speed up the inspiral, it is
of similar magnitude as the Type–I interaction.
The feedback ratios are rdf,7/3 ≈ 0.7, which is similar to the isolated case,
and rdf,3/2 ≈ 1.6, which is about ∼ 10 times smaller than in the isolated
case, but still significant. This implies that in this simplified accretion disk
+ spike model, the DM should be impactful, and the interactions between
the distributions should be studied further.

5.3.4 Dephasing

In Fig. 5.12 an overview over the expected dephasings is plotted for different
central masses. A similar picture as in the isolated case emerges, with a
comparable amount of dephasing. The steep spike has a similar feedback
ratio as in the isolated case, but the flat spike has a feedback ratio of order
∼ 10−2, with similar reasoning as in the isolated case. This implies that the
feedback effects in the late-stage inspiral are subdominant or negligible.
In the case of wet inspirals, the inspiral should of course be dominated by
the disk dynamics. This is not the case in the adiabatically grown steep
γ = 7/3 case, but this spike is physically not well motivated here. The flat
spike has more physical justification. But of course, the disk interaction is
still subject of ongoing research. As it is now, Type-I interaction looks very
similar to the flat spike case from the perspective of the energy loss and
braking index. First, the disk dynamics have to be understood better, to
ascribe anything left to DM.

Here, we have previously studied the deshifting, but this only makes sense
for eccentric inspirals, as there is no difference between periapse and apoapse
on circular orbits, and therefore no precession. Instead we can look at the
alignment with the disk.

74



10−20

10−18

10−16

ch
a
r
a
c
t
e
r
i
s
t
i
c
s
t
r
a
i
n

100

103

106

109

|�
N

(2
) | m 1 = 10 5M � ; 
= 3 =2

m 1 = 10 5M � ; 
= 7 =3

m 1 = 10 4M � ; 
= 3 =2

m 1 = 10 4M � ; 
= 7 =3

m 1 = 10 3M � ; 
= 3 =2

m 1 = 10 3M � ; 
= 7 =3

10−5 10−4 10−3 10−2 10−1 100

f / Hz

−4

−2

0

2

d
e
p
h
a
s
i
n
g
i
n
d
e
x

Figure 5.12: The amount of dephasing for wet inspirals for different central
masses m1 = {103, 104, 105}M⊙ and different spike models γ = 3/2, 7/3.
The pentagon marks the point where the inspiral lasts for another 5yrs,
which is potentially observable within the lifetime of LISA. The dashed
lines refer to the are where the second harmonic is outside the observable
region. The steep γ = 7/3 spike leaves strong dephasings, while the flat
γ = 3/2 spike leaves smaller dephasings, and nothing observable in the last
5 yrs of the inspiral. It seems that the numerical resolution of the flat spike
is insufficient here, as the dephasing index is not resolved very well.



5.3.5 Alignment

If the initial orbit is not inside the disk, an orbit that is inclined with regard
to the disk plane will align its orbital plane over time due to interactions
with the disk. This is the transition from a dry to a wet inspiral. The
evolution of the inclination angle is given by Eq. (3.13).
This process was explored more in depth in [126,127]. Their findings show
that alignment depends on the disk model and disk interaction model. For
a high density QSO disk all objects align with the disk throughout, while
for a lower density TQM disk, there is a critical angle of inclination above
which the plane will not align. At the same time, an sBH with dynamical
friction can actually align on a retrograde, while a star with geometric drag
will always align on a prograde orbit.
Here, we will do the same procedure with a Derdzinski-Mayer disk, which
has a slightly lower density than QSO disks, and for a smaller MBH of
m1 = 105M⊙. We assume gas dynamical friction on circular orbits, which
is valid as the relative velocity does not vanish for inclined orbits. We
additionally assume the presence of a stellar distribution. We will also add
two different spike models γ = 3/2, 7/3 and compare the alignment effects.
A look at Fig. 5.10 shows that inside the disk, the gas dynamical friction is
the strongest. This implies that it actually has a chance to align the object
with the disk, compared to stellar diffusion or the steep γ = 7/3 spike.
An example is shown in Fig. 5.13. The inclination angle of the system is
plotted vs the temporal and radial evolution for different initial inclination
angles. An inclination of 0◦ is inside the disk on a prograde orbit and
180◦ corresponds to a retrograde orbit inside the disk. Below a critical
initial angle, the inclination angle tends to zero, and thus the orbit aligns
with the disk. Above the critical alignment angle, the system does not
have enough time for alignment. In the evolution of the radius it can be
seen that the inclination angle barely changes below 10risco. Here, the GW
emission is dominant and the alignment is inefficient. The presence of a
steep dark matter spike γ = 7/3 can affect the alignment process visibly.
The additional dissipative force speeds up the inspiral, which can be seen
by the star markers in the plot. This leaves less time for alignment. The
flatter γ = 3/2 spike does not affect the alignment significantly.
Our results different to [126,127]. They find that sBHs are always captured
by the disk before SMBH capture. Compared to them, we have given the
system less opportunity to align, with a lower density disk and the addi-
tional stellar diffusion. Also, we look at a comparatively smaller MBH with
faster inspiral times. What exactly it boils down to and what are realistic
assumptions will have to be left for future work. We can measure the DM
alignment effects in our case, and try to extrapolate.
In Fig. 5.14 the critical alignment angles for different systems are plot-
ted. In the absence of DM, the critical alignment angle increases with cen-
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Figure 5.13: Several inspirals with different initial inclinations for a system
with {m1,m2, a0, e0} = {105M⊙, 10M⊙, 10

4risco, 0}, employing gas dynami-
cal friction with the accretion disk, and stellar diffusion. The dashed lines
mark the addition of the γ = 7/3 spike interactions, and the dash-dotted
lines that of the γ = 3/2 spike. Left and right display the same inspirals,
once shown with regard to time, and once with regard to semimajor axis.
If an inspiral ends before it is aligned, it is marked with a star, filled for
the γ = 7/3 spike and clear for no spike. It can be seen that the existence
of the steep spike alters the alignment procedure. Due to the additional
interaction, the inspiral speeds up and some of the systems have no time to
align. For the flat spike there are no observable effects.
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Figure 5.14: The critical alignment angle for different central MBH masses
and spike models. The secondary is assumed to be an sBH withm2 = 10M⊙.
The SD and SD+DM γ = 3/2 case are indistinguishable. The steep γ = 7/3
spike lowers the critical alignment angle, as it speeds up the inspirals and
leaves less time for alignment. This effect weakens for larger central masses.

tral mass. This was calculated for initial semimajor axis of both a0 =
104risco, 10

5risco, which did not change the result.1 Generally, larger central
masses increase the timescales of the inspiral, giving more time for alignment
to happen.
It can be seen that the effects of DM are more pronounced for smaller
central MBH. This is in line with the dephasing effects, where smaller MBH
generally leave more room for DM effects. The effects decrease for increasing
central mass, implying that for masses m1 > 106M⊙ no effect would be
visible. If we were to leave out the effects of the stellar diffusion, DM effects
would be more impactful in comparison.
This subsection has to be understood as a first exploration of the alignment
efficiency in the presence of a DM spike. There is a lot of uncertainty
about the disk model, CO-disk interaction, possibly spike-disk interactions.
For example, inclined orbits can induce specific kinds of waves inside the
accretion disk such that the interaction is not given by dynamical friction
[228].
Also, the model should account for eccentric inspirals. Even in the Milky
Way, the S-stars in the galactic center have high eccentricies [122]. These
eccentricities can drastically speed up the inspirals as shown in previous
sections. But including eccentric effects self-consistently means we have to
account for periapse and nodal precession as well, which complicates the

1If the critical alignment angle is dependant on initial semimajor axis, it would have
to be averaged over the source distribution.
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problem, expands the parameter space and increases computational time.
We leave this for future work. Anticipatory, the inclusion of eccentricity will
speed up the insipral due to stellar diffusion, leave less time for alignment
and decrease the critical alignment angle. Then, the circularizing effects of
a γ = 7/3 spike can actually prolong the inspiral, and give more time for
alignment.
The observable effects would most likely be of statistical nature if the align-
ment happens outside the observable band. A population of wet inspirals
would be aligned with the disk, while above the critical alignment angle the
inspirals would be dry. The observation of the wet inspirals illuminates disk
properties and interactions, while the dry inspirals give the critical align-
ment angle. Any mismatch could be attributable to DM. Unfortunately, for
a realistic γ = 3/2 spike, the effects seem to be negligible.

Concluding this chapter, we can summarize what we have learned.
In the isolated spike case, the steep γ = 7/3 spike would be detectable
through its dephasing and deshifting, but is subject to halo feedback ef-
fects. The flat γ = 3/2 spike also causes dephasing and deshifting, but the
timescale are too large for it to be effectively detectable by LISA. Also, halo
feedback is stronger, and leaves the question whether this spike could be
unbound.
In the dry inspiral case, most of the dephasing and deshifting is collected
at the end of the inspiral. This leaves less overall dephasing, but more ob-
servable dephasing within the lifteime of LISA. This is because dry inspirals
happen on much shorter timescales due to their large eccentricity. This, and
the associated higher velocities, also make it more susceptible to relativistic
effects, which need to be modeled.
In the wet inspiral, it is difficult to make predictions. We saw that the ac-
cretion disk interaction and the stellar diffusion have similar strenghts, and
their interaction with each other is most likely more complicated. Neverthe-
less, for Type–I interactions, we saw a similar picture as in the isolated spike
case, where the steep spike is visible and the flat spike difficult to detect,
both subject to halo feedback processes. We also considered the alignment
process and found there to be a critical alignment angle in the presence of
stellar diffusion and the gas dynamical friction of the disk. The inclusion
of DM effects can reduce that critical alignment angle due to faster inspiral
times. We argued that this is not a great signature, since the alignment
mostly happens outside the observable band, but possibly a statistical tool.
Lastly, we have looked at the braking index of all these environmental
effects and found them to be distinct on circular orbits. Therefore, the
dephasing index is also distinct, which makes the forces differentiable at
late times in the inspiral, if they leave sufficient dephasing. On eccentric

79



orbits this is more complicated and the modeling needs to be improved.
Of course, underneath these findings are a lot of assumptions. The dis-
tributions and interactions could change qualitatively. The simplest change
could be a different normalization of the distributions involved. This can
already affect the qualitative behavior when the environmental effects are su-
perposed. Regardless, the underlying tools and signatures we have explored
here are still applicable.
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Chapter 6

Rates

In this chapter we cover the rate estimates of I/EMRIs, following [11]. Sub-
sequently, we try to estimate the effect of DM spikes on these rates.

6.1 Estimates

6.1.1 MBH population

The model developed in [229–232] assumes the initial formation of light MBH
seeds ∼ 150M⊙ from the collapse of Population III stars [90]. It follows the
evolution of them and their host halos, accounts for accretion of baryonic
matter, halo mergers, and the associated MBH mergers afterwards. They
find an approximate mass function of

dn

d logM
= 0.005

(︃
M

3 · 103M⊙

)︃−0.3

Mpc−3, (6.1)

almost independent of redshift. This is consistent with observational con-
straints.
The model also predicts a large spin for these MBH. This is mostly due
to the fact that MBH align with their accretion disk and grow considerably
with it, therefore adopting its spin. This is unfortunate, as we have not
modeled spin for the central MBH in this dissertation.

Stellar Cusps

A cusp-like stellar distribution is needed to effectively form I/EMRIs. We
have assumed a γ ∼ 7/4 Bahcall-Wolf cusp as the steady state solution
around the MBH. However, as galaxies merge, their MBHs do as well, de-
pleting their respective cusps and leaving low density cores [231,233]. Here,
the formation of I/EMRIs is rare and we assume it to be negligible. Instead,
the cusp has to regrow in a time tcusp. This can be estimated from the
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semi-analytic models referenced before, to be

tcusp ≈ 6

(︃
M

6 · 106M⊙

)︃1.19

q0.35 Gyr (6.2)

where M is the total mass and q the mass ratio of the merger.
The timescales of equal mass mergers can be a significant fraction of the
Hubble time, especially for SMBH M ≥ 106M⊙. Smaller MBH can regrow
their cusps much quicker.
To estimate the number of cusps around MBHs, we have to calculate the
probability of a merger for an MBH during their cusp regrowth time p0(M, z)

at a given redshift z. The semi-analytic model gives d3nm
dMdqdz , the differential

number density per mass, mass ratio and redshift. The mean number of
mergers in the cusp regrowth time is then

Nm(M, z) =

∫︂
dq

∫︂ zcusp(M,q)

z
dz′

d3nm
dM3

qz

(︃
dn

dM

)︃−1

, (6.3)

where zcusp(M, q) is the redshift corresponding to the cusp regrowth time
tcusp(M, q), given by the cosmology. The probability for no merger to have
occurred is then, assuming Poissonian statistics,

p0(M, z) = exp(−Nm(M, z)). (6.4)

For low mass MBH, this probability is close to unity, as their cusp regrowth
is small. For heavier MBH, this can get lower to O(%) level.

Plunge vs Inspiral

Now that we have an estimate of the number of MBH with stellar cusps,
we need to calculate the rate of the COs being captured. Looking at the
phase space flow, this is the amount that flows into the loss cone in the given
relaxation time trelax [177]

Ṅ capture = 4π

∫︂ ainf

0

a2n∗(a)

ln(Jc/Jlc)trelax
da, (6.5)

with the stellar number density n∗(r), the critical angular momentum of the
loss cone Jlc = 4m1, and the maximal circular specific angular momentum
Jc =

√
am1. The relaxation time is given by [11]

trelax =
5

lnΛ

(︃
σ

10km s−1

)︃(︃
rh
1pc

)︃2

Gyr, (6.6)

with the velocity dispersion σ. This can be estimated with observableM−σ
relations as [234]

M = 1.53 · 106
(︃

σ

70km s−1

)︃4.24

M⊙. (6.7)
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Figure 6.1: The phase space flow around an MBH with the cyan line as the
GW separatrix. Above the separatrix, the COs fall in with high eccentricity
due to stellar diffusion in a plunge. Below the speratrix, the COs are being
circularized by the GW emission and perform an inspiral. Plot taken from
[173]. Note that on the x-axis is J ∼

√
1− e2, unlike the other 1− e plots.

This capture can happen in two ways. As can be seen in Fig. 6.1, the relax-
ation processes in the stellar cusp drive the individual COs to low angular
momentum, causing them to fall in from far away with large eccentrici-
ties. These are called plunges and will cause a short, difficult to detect GW
flares. If on the other hand, the COs end up in the part of the phase space
dominated by GW emission, they will inspiral and cause the characteristic
I/EMRI GW signal. We can estimate the ratio of plunges to inspirals by
finding the separatrix in the phase space flow [173]. This is shown in Fig. 6.1
as aGW. Here, the flow transitions from falling into the loss cone to inspiral-
ing to low semimajor axes. This gives the simple description for the number
count of plunges and inspirals as a modification of Eq. (6.5)

Ṅplunge = 4π

∫︂ ainf

aGW

a2n∗(a)

ln(Jc/Jlc)trelax
da, (6.8)

Ṅ inspiral = 4π

∫︂ aGW

0

a2n∗(a)

ln(Jc/Jlc)trelax
da, (6.9)

where aGW can be obtained by comparing the timescales of relaxation and
GW emission as given in [178]. The ratio of plunges to inspirals is then
simply given by Np/i = Ṅplunge/Ṅ inspiral.
An additional thing to consider is the stochastic nature of the stellar dif-
fusion. Due to the Brownian motion in the phase space flow, COs can get
scattered below the separatrix, which can transform a plunge into an in-
spiral. This was first explored in [177] and called a cliffhanger. These can
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change the ratio Np/i, which we will explore in section 6.2.

Depletion of stellar cusps

The rate of COs falling into the MBH can then be expressed as a mass
accretion rate for the MBH, which can be estimated as [235]

Ṁ = m∗R0(1 +Np/i), (6.10)

with R0 = 300

(︃
M

106M⊙

)︃−0.19

Gyr−1, (6.11)

with m∗ the characteristic mass of the CO.
Unfortunately, this accretion rate is too large, it would exclude the existence
of MBH with masses < 105M⊙, and also assumes an infinite supply of COs
to draw from [11]. The time it takes to deplete the stellar cusp form this
accretion can be estimated as [11]

td =
20

1 +Np/i

(︃
m∗

10M⊙

)︃−1(︃ M

106M⊙

)︃1.19

Gyr. (6.12)

This has to be compared with the relaxation time that supplies new COs to
the sphere, and leads to a duty cycle for I/EMRIs

Γ = min

(︃
td
trelax

, 1

)︃
. (6.13)

The mass growth is then

∆M = m∗ΓR0

∫︂
dz

dt

dz
p0(M, z)dz⏞ ⏟⏟ ⏞
tEMRI

. (6.14)

The resulting accretion rate is still too large in some parameter regions.
Therefore, an artificial cap can be placed on it to dampen the accretion. We
can assume that the MBH can only grow by an e-fold during its lifetime
from CO accretion, giving a damping factor

κ = min

(︃
1

e

M

∆M
, 1

)︃
. (6.15)

Finally, the effective I/EMRI rate is given by

R = κΓR0. (6.16)

The influence of the Γ factor strongly depends on Np/i. For Np/i ≈ 0,
the factor is Γ ≈ 1, implying that R0 is already close to the supply rate
of COs. The κ factor primarily suppresses the rate for MBH with masses
below 105M⊙, making the estimation conservative in this region [11].
The overall rate can then be integrated in the mass range observable by
LISA, redshift out to z = 4.5, and spin distribution. This gives a rate of
R ∼ 1600 for Np/i ∼ 10,m∗ = 10M⊙. For a table of different values, see [11].
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Dry vs Wet

So far we have assumed the inspiral due to the relaxation processes of the
stellar cusp. These dry inspirals generally have a high eccentricity as they
enter the observable band, as seen in section 5.2.
As explored in section 5.3, the presence of an accretion disk can align the
orbits of surrounding objects and cause a wet inspiral. In this scenario, the
accretion disk can create an inspiral out of a plunge. This has been explored
in [227, 236]. They find that effectively Np/i ≈ 0 for those systems with an
accretion disk, which they assume to be 1% of the active MBHs.
This is somewhat in contrast to our results, where we have found a criti-
cal alignment angle. Only the fraction of plunges below the critical align-
ment angle ιc will be converted into inspirals. If we assume an isotropic
distribution, this is the fraction f = ιc

π . The new N ′
p/i is then given by

N ′
p/i = Np/i

1−f
1+fNp/i

, where Np/i is the rate without the accretion disk. Of

course, there are a lot of assumptions involved here, and most likely, the
stellar distribution is not isotropic in the presence of an accretion disk. This
will have to be left to future studies.
Lastly, there are other possible formation mechanisms for these inspirals,
which we have not considered so far. Worth mentioning are the in-situ
formation of COs inside accretion disks, as explored in [188]. This can
provide a source for COs inspiraling outside of the limits of the depletion of
the stellar cusp.

Detection

Finally, having estimated the rate of I/EMRI events in the local universe,
the last step is to determine how many of them can be observed by LISA.
If the underlying waveform is known, the SNR ρ can be calculated with
Eq. (2.15). Assuming a detection threshold of ρ > 20, [11] find a sizable
number of detections per year. Depending on the model assumptions, these
can range from O(1)−O(2000)yr−1. LISA can reliably detect inspirals out
to a redshift of z ∼ 1, and observe a sizable fraction up to redshift z ∼ 3.
The mass ranges for the MBH are 3 · 104M⊙ − 3 · 106M⊙, where the most
common detectable mass is between 105 − 106M⊙.
Generally, a lower number of plunges per inspiral Np/i leads to a larger
number of inspirals and therefore observations. Larger masses for COs also
increase the signal strength and allow larger distances to be observed.

6.2 Dark Matter Spikes

Discussing the presence of DM spikes in the context of rates is difficult, as it
comes into play at all stages throughout the description. It affects the MBH
evolution, mergers, the stellar cusp, the plunges and the inspirals. There
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has been no comprehensive study including their effects at all stages. We
can sketch some consequences here.

MBH Mergers

The study of MBH mergers is often done in N -body simulations in the
context of structure formation. Here, large DM halos with central MBH are
‘let loose’ and their merging dynamics studied [94, 237]. These simulations
are generally not sufficient to resolve below the parsec scale on which a DM
spike could reasonably be expected.
DM spikes have been invoked in the context of the ’final parsec problem’.
Here, two merging MBH can come very close due to dissipation processes in
the nucleus, but not close enough for GW emission to be strong enough, and
therefore stalling at about ∼ 1pc [238]. DM spikes could help by providing
additional dynamical friction and thus bridge this gap [239].
Nonetheless, in these SMBHB mergers, the spike will most likely not sur-
vive. Just as the stellar distributions are depleted, so are the DM distribu-
tions [94]. This can leave behind scoured cores of low density. From there,
any DM spike would have to be regrown dynamically, possibly in conjunc-
tion with the stellar distribution as mentioned in section 4.1. This could
change the stellar cusp regrowth timescales as an additional energy sink.

Plunge vs Inspiral

One effect on the rates that we can quantize is the plunge vs inspiral dy-
namic. This could change in the presence of a DM spike.
For a kinematically heated DM spike γ ∼ 3/2, the dissipative effects are
always subdominant to the stellar cusp. The presence of the DM spike in
this case would not affect any of the mechanisms discussed before. For a
DM spike with larger power law index γ ∼ 7/3, the DM energy loss might be
stronger in some area of the parameter space, but the angular momentum
loss due to the relaxation processes is still much larger, thereby only mildly
altering the phase space flow and not the GW separatrix. What could
happen is that due to stochastic motions, objects that get thrown into the
modified region of the phase space are more likely to stay there. We can
explore this following [177].
We can solve the stochastic differential equations derived in section 3.3
in a system starting at different initial distances a0 and with eccentricity
e0 = 0.1. Then, we can check the ratio of inspirals vs plunges and get
an estimate of Np/i. To this end, we perform a hundred realizations of the
stochastic differential equations for each starting value of a0 and see whether
the secondary plunges or inspirals.
The resulting effect on Np/i can be evaluated by modifying Eqs.(6.8)&(6.9).
We define a function S(a) as the inspiral fraction starting from a given a.
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Figure 6.2: Different realizations of the stochastic differential equations re-
sulting in a random walk in the phase space. Here, m1 = 105M⊙, with
a0 = 105risco, and only the stellar diffusion mechanism. On the left are the
inspirals, on the right the plunges.

The rates are then given by [177]

Ṅplunge = 4π

∫︂ ainf

0

a2n∗(a)(1− S(a))

ln(Jc/Jlc)trelax
da, (6.17)

Ṅ inspiral = 4π

∫︂ ainf

0

a2n∗(a)S(a)

ln(Jc/Jlc)trelax
da. (6.18)

A set of example realizations are plotted in Fig. 6.2. Some realizations never
make it during the evolution time and some result in numerical errors. An
inspiral is counted when the semimajor axis dips below 102risco. In the end,
we count the number of inspirals vs the total number of inspirals and plunges
to obtain an estimate of S(a).
We repeat the whole procedure with the steep spike model spike on top. As
seen in Fig. 5.6, the effect on the phase space flow is small but measurable
for the steep spike, but not for the flat one. The resulting inspiral fraction
is plotted in Fig. 6.3. It can be seen that the DM spike does not affect the
inspiral fraction, within statistical errors. Therefore, at this level, the steep
spike should not have any measurable effect on the rate of inspirals.
This inquiry is a first step to asses the rate impact of DM. There are other
effects at play in the rate calculations, such as resonant relaxation and mass
segregation [173]. But if DM is already negligible here, there is not much of
an effect expectable when the model is complicated.
The I/EMRI rate in the presence of a DM distribution has been considered
before in [240]. Since they leave out effects from stellar diffusion, they find a
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Figure 6.3: The inspiral fraction for different initial semimajor axes. Here,
the fraction of inspirals out of 100 realizations of the SDEs is shown for a
system m1 = 105M⊙ with stellar diffusion and one with a steep DM spike
on top. The dashed line gives the approximate critical semimajor axis aGW ,
or the GW separatrix between plunges and inspirals.

large increase in the merger rate, compared to the vacuum case. This can be
seen from the phase space flow in the isolated spike case. In our modeling,
DM is a subdominant effect to the stellar diffusion, so its effects seem to be
negligible.

6.3 Discussion

The rate calculations in this chapter are based on many assumptions, since
the population of MBHs is not well understood or measured. The previous
sections have primarily focused on the population of MBHs that is at the
center of nuclear clusters surrounded by stars. But there is a plethora of
other models that we will briefly mention here.
There are processes that can enhance the rate of I/EMRIs, for example
supernova kicks that scatter COs onto small orbits [241], capture or in-
situ formation in accretion disks [200, 227], and binary disruption events,
where binary stars are disrupted close to the MBH [242]. The calculation
also assumed that during and after the merger process of MBH there are
no I/EMRIs, but the presence of an MBH binary can actually enhance
the I/EMRI rate with the help of Kozai-Lidov oscillations [243, 244]. The
process of these MBH mergers also results in many unbound MBH after
they experience strong recoil kicks [94]. Some of these might ’steal’ their
environment and have surrounding bound structures that leave the galaxy,
resulting in extragalactc I/EMRIs, or find new homes. There could also be
a population of PBHs, possibly with DM spikes [119], dispersed throughout
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the universe. If they are relatively light they could fall into an SMBH to
form an I/EMRI [245–248]. If they are heavy they would need to find a CO
source for I/EMRIs, or be the progenitors of the SMBHs we see today. And
if they come in different sizes they could inspiral into each other in PBH
clusters [249,250].
If the I/EMRI rates are too large, they might even form a confusion back-
ground that overshadows LISA sensitivity [112].
Ultimately, trying to predict the rates of I/EMRIs when there is little
known about the underlying MBH population is very difficult. We can
try to predict the rates with the MBH population that is expected at the
centers of most galaxies, but outside of this, there is much left to discover.
Add to this recent results from JWST, which are messing with our models
of structure formation [63] and calling into question the model presented
in the first section. Trying to measure DM effects on top of this has to be
taken with a grain of salt then.
On the other hand, this means that there is a lot to learn when the first
data comes in. It can illuminate the history of MBHs, structure formation,
and more exotic ideas such as PBHs.
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Chapter 7

Discussion & Outlook

7.1 Discussion

I/EMRIs are one of the prime targets of LISA [11, 111]. Their extended
nature allows for stringent tests of GR and the host environment. But
they are not the only sources visible with LISA. Other expected sources
are galactic binaries, MBH binaries, sBH binaries, and possibly a stochastic
GW background from cosmological sources such as cosmic strings or FOPTs
[101,111,250].
All these sources might be so numerous that their individual protagonists
are not resolvable, and a hum of superposed waves is observed. The ap-
proach of the data analysis pipeline is primarily a global fit, where all the
populations and the most prominent individual sources are measured at the
same time. For these fits, one needs accurate waveforms but also a way to
cover the huge parameter space that is given for these populations. This is
a challenging endeavor.
One way to help detect I/EMRIs might be their electromagnetic counter-
parts. There are several proposed mechanisms that can lead to EM signals
in I/EMRIs, such as tidal disruption [251], fast radio bursts [252], or Roche
lobe overflow [253]. These could help narrow the parameter space and allow
for individual detections.
In the absence of EM counterparts, one has to rely on GW data alone.
We believe that some of the tools presented in this dissertation can help
in this effort. First, on the level of populations, the braking index and the
phase space flow are useful. In the case of dry inspirals for example, which
are highly eccentric, the braking index of the frequency evolution is given by
the simple nb = 4/3. If there is a frequency component in the LISA data that
evolves in this manner, it would point strongly to dry I/EMRIs, as the other
sources are expected to be at lower eccentricity. This can be abstracted to
the phase space flow in (a, e), as shown with the different DM power laws in
Fig. 4.2. This (a, e) flow can be translated into a flow in frequency and the
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strength of the harmonics. In this way, different populations with different
environmental effects can be extracted from data.
The possible measurement of the braking index has been addressed in the
context of galactic binaries in [134,254]. As a next step, this can be applied to
I/EMRIs. Of course, this is difficult for I/EMRIs in their early stages, where
the frequency changes immeasurably during the observation time [115]. But
later on in the inspirals, especially the dry ones, they are on much shorter
timescales, so the measurability should improve.

7.1.1 Signatures

When an individual source can be resolved, there are more possible signa-
tures of the environment. We have looked at several possible signatures of
DM, but these are, in principle, applicable to any environmental effect.

Dephasing

Dephasing was the first proposed signature of DM spikes [12,255]. The sys-
tems we have explored can accumulate large dephasings throughout their
lifetime. For some of them, the dephasing might be observable in the lifetime
of LISA. The broader question is whether this dephasing can be differenti-
ated from other processes that cause dephasing and accurately ascribed to
DM. To this end, we have derived the dephasing index and shown that it is
closely related to the braking index, and can therefore distinguish between
different dissipative effects as well. We can successfully differentiate between
different types of DM spikes and accretion disks. It is most useful in the case
of quasi-circular inspirals, for highly eccentric inspirals it is not necessarily
sufficient to identify the dissipative effects. Here, a generalization is needed.
Nevertheless, it can most likely be resolved with a Bayesian analysis akin
to [15].

Deshifting

Similar to dephasing, the difference in the periapse precession can also be a
signature of DM [124,137,169]. This is due to the additional mass precession
and also due to the different eccentricity evolution in the presence of DM.
In our late-stage inspirals, mass precession is negligible. We have shown
that deshifting can also be significant throughout the whole lifetime of in-
spirals, most importantly in the late stage. In section 3.4, we have derived
the deshifting index, similarly to the dephasing index, and shown that this
late time deshifting and dephasing are closely linked. Deshifting is an addi-
tional tool in the case of eccentric inspirals, especially in dry inspirals it can
be as large as the dephasing. So far, we have just looked at Schwarzschild
precession. As the discussion in section 4.4 makes clear, this is a first ap-
proximation. To accurately assess the impact, we need to model the Kerr
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spacetime and its geodesics. A first step in this direction has been [137],
with geodesics in a Schwarzschild background. They also find an observable
deshifting for much lower DM densities. While more modeling is needed,
this can be a promising additional signature.

Alignment

We have, for the first time, looked at the alignment process of a secondary
with the accretion disk as a DM signature. Modeling the alignment process
is still in its infancy [126, 127]. While the authors of these papers have
generally found alignment for most of the systems described, in our case, we
have found a critical alignment angle. This comes down to several differences
in the modeling. We have assumed a Derdzinski & Mayer disk, with smaller
densities. And we have included the energy loss due to stellar diffusion,
which speeds up the inspiral. Adding DM on top of this, we have shown
that the critical alignment angle decreases further.
There still remains a lot to be done, firstly the generalization to eccentric
orbits. The presence of a stellar distribution can then strongly eccentrify the
system and speed up the inspiral. This would make alignment even more
difficult. Whether DM can then influence this process significantly remains
to be seen. The flat γ = 3/2 spike appears to have no influence on the
alignment process.
Lastly, the alignment happens primarily outside of the observable band.
We would most likely only observe the resulting distribution and not the
process itself. This would mean we could only make statistical inferences.
Overall, the alignment process is of significant physical relevance and needs
to be modeled. It will allow us to understand disk properties and the sec-
ondary’s interaction with the disk. But it does not seem to be a good tool
to infer DM.

Dry vs Wet

We have looked at both dry and wet inspirals and explored the influence of
DM spikes.
For wet inspirals, which are quasi-circular inside an accretion disk, the
inspirals are dominated by the accretion disk physics. In the model applied
here, DM can leave large dephasings, for a steep γ = 7/3 spike, but also for
a more physically motivated flat γ = 3/2 spike. Thanks to the dephasing
index, we can differentiate between disk and DM effects. Here, the halo
feedback model has to be included for small MBHs. In the long term, in
the presence of the disk, the disk-spike interaction also has to be taken
into account, as the DM spike cannot be spherically symmetric anymore.
Therefore, the main challenge in inferring DM lies in understanding the
disk physics, the disk-spike interaction, and halo feedback processes.
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For highly eccentric dry inspirals, the inspirals are dominated by GW emis-
sion. For a steep γ = 7/3 spike, the DM effects can be visible through a
different eccentricity evolution, but for a flat γ = 3/2 spike, the dephasing is
relatively small and concentrated at the end. Here, there is also a deshifting
of the periapse due to altered precession, which is an additional tool. Fortu-
nately, the halo feedback process seems to be negligible. The main challenge
for inferring DM lies in modeling the relativistic processes around the MBH
correctly, as the secondary can reach high velocities and is subject to large
precession.

Dark Matter

In this dissertation, we assumed DM to be cold and collisionless and looked
at its signatures. If DM is not described by the CDM paradigm on these
scales, the distribution and interactions with the secondary will be different.
Generally, though, these interactions tend to be stronger, or, as in the case
of the gravitational atom, have a clear structure [15]. Arguably, this CDM
description can be seen as a conservative lower bound, meaning that if DM
is not CDM, it will be more observable.

7.1.2 Existence of Spikes

We have already discussed some of the spike properties in section 4.1. Here,
we want to focus on the existence of spikes. The process of adiabatic growth
described by Gondolo & Silk [10], assumes an isolated MBH at the center
of an NFW profile. While Ullio [138] has mapped out the consequences of
rapid growth or an off-center MBH, the largest problem is that MBH are
not necessarily isolated. Most models of MBH formation assume them to
be in the center of baryonic activity. Here, the accretion disks, gas clouds,
and stellar populations would interact with the DM. This can be seen in
galaxy formation simulations where the stellar feedback processes create
a DM core instead of a cusp [256, 257], and the DM profile is not NFW.
Similarly, theoretical models with stellar kinematic heating effects cause a
flatter cusp [145,146].
Secondly, and more importantly, galaxies happily merge, and with them,
their central MBH. These can completely unbind the spikes [94]. They
have to be formed from scratch with some dynamical friction or diffusion
processes, also resulting in a flatter spike.
Thirdly, at least in the Milky Way, there is no evidence of the existence of
a spike in the center, only bounds that exclude steeper profiles [157]. The
adiabatically grown γ = 7/3 spike is excluded, but the kinematically heated
γ = 3/2 spike is still possible.
So how realistic is a steep spike? These require a system that is largely
isolated, that has enough material to adiabatically grow to large masses, but
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not enough to disrupt the spike with baryonic processes. This might most
reasonably realized in a PBH configuration [119], but we have no evidence of
their existence, and there are bounds for the systems massive enough to be
in the LISA band. While these pristine isolated systems might exist, their
numbers must be quite low. Add to this the need for a secondary object to
inspiral, and it seems unlikely that we will observe this with LISA.
Now on to the flatter spike. While these have more physical justification to
exist in galactic centers, we have no evidence for them, only constraints [157].
Another process worth mentioning here is that of halo feedback. While it
has been shown that for a steep γ = 7/3 spike, it is only ‘reshuffled’ and
not unbound, there has been no such simulation for a flatter spike. These
have lower binding energies and might be more easily unbound. If one single
secondary can unbind the spikes, we should not expect them to last very
long.
In the same vein, and more critically, the recent publication [169] has a
similar setup to that of the halo feedback simulations but evolved for longer.
They see the emergence of three body interactions of the secondary with
the DM particles, at the end of which the DM particles are ejected from the
system. So the halo feedback model might be incomplete and has to take
into account these more complex 3-body interactions. But if these results
hold, the spike would not just be reshuffled but completely unbound as well.
In these cases, there might be a period of replenishment of DM particles
from outside. This could give duty cycles for spikes, similarly to the stellar
ones assumed in the rate estimations. DM spikes and stellar cusps could
grow in unison after their depletion. This could keep the DM at low densities
throughout. More research is needed to assess these interactions.
All in all, this does not paint a great picture for the detection of spikes
with most of the inspirals observable. Nonetheless, the formalism developed
here can be applied to different possible environmental effects and thus be
useful even without DM spikes.

7.1.3 Stochastic Effects

In this dissertation, we have, for the first time, applied SDEs to the prob-
lem of inspiral modeling. Previous inquiries have implicitly used a related
scheme to solve the Fokker-Planck equations. Mathematically, there is not
a difference in the description. But for SDEs, there is a sizable amount
of software packages available, mostly coming from the area of machine
learning [258,259]. Utilizing these libraries could vastly speed up numerical
inquiries. Unfortunately, our implementation is not numerically optimized
for this. This has to be seen as a proof of concept.
While the stochastic description has mostly been used in the context of
rates [173,177], arguably it is also useful in a population modeling context,
akin to [115]. In the case of stellar distributions, the secondaries can per-
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form a kind of random walk in the phase space. This could make them
change their frequency evolution stochastically and it would contribute a
background signal to LISA with hard-to-resolve individual sources. But the
population as a whole has a characteristic drift in the phase space, which
might make it identifiable. To this end, one could model the population
with SDEs and calculate the resulting GW signal. This requires a careful
treatment of the SPA due to the nondifferentiability of SDEs.
While the description of the stellar diffusion in section 4.2 has negligible
effects close to the loss cone, its stochastic description breaks down. Close to
the MBH, the presence of a single massive object can influence the inspiral
in a complex three-body interaction. While it is difficult to describe the
individual inspiral, this might be done on a population level. Also, in section
4.3, we have described the accretion disk as a static entity. But observations
of Sag A* point to variabilities in disk luminosity in a matter of hours [260].
Generally, the smaller the MBH, the faster its variability in the accretion
process can be. Add to this in-situ formation of objects in the accretion
disk [188] with which the secondary can interact gravitationally. It is clear
that describing these effects requires a stochastic description.
Lastly, to track individual waveforms for years, what was described on
a stochastic level needs to be modified to include individual gravitational
encounters. Here, the waveform can suddenly change drastically. Detection
algorithms will have to be able to adapt to these changes to not lose track
of the inspiral.

7.1.4 This work

While many research works go into detail on one specific process, in a kind
of depth first analysis, we see this work in a breadth first approach. While
the individual models certainly remain to be improved, the combination of
them can already give hints as to which effects dominate when and where. In
this way, one can focus the exploration on the dominant effects first, instead
of polishing ever more detailed models whose effects are not observable in
the end. This is in line with the proposal of [14], focusing on environmental
effects instead of more accurate vacuum templates.
To this end, we have tried to do the implementation of the code in a
modular fashion. In this way, new models can easily be integrated and
their effects assessed. Also, the old models can be refined and made more
detailed. Unfortunately, this is in a primarily Newtonian fashion. While we
can include PN effects, we cannot model the intrinsically relativistic effects
such as orbital resonances. Nevertheless, this can be seen as a first tool for
exploration and estimation of different effects. As a next step, the inclusion
of spin effects should be prioritized.
The library imripy is written in Python, uses numpy [261], scipy [262],
matplotib [263], and a modified version of torchsde [259,264] for the SDEs.
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The code is publicly available at [16], along with examples and the notebooks
to create all the results shown in this work.

7.2 Outlook

In this dissertation, we have explored I/EMRIs and the environmental ef-
fects they are subject to. We have provided descriptions for diffusion inside
stellar distributions, for interactions with accretion disks, and dynamical
friction within DM spikes. We have explored their phase space flow, their
combined effects, and tried to detect the influence of DM. We have discussed
possible signatures of DM, dephasing, and deshifting, a difference in periapse
precession. We have also looked at the alignment processes in the presence
of accretion disks. We have studied dry and wet inspirals and analyzed their
different characteristics. We have also provided a description of the stellar
diffusion with SDEs and explored the stochastic effects on rates of I/EMRIs.
We have found that, generally, the stellar diffusion processes are dominant.
We have found that steep DM spikes can change the phase space flow of
the inspiral, while flat spikes can only be observed through their secondary
effects. While these flat spikes might be hard to detect, for some regions
of parameter space, a combination of dephasing and deshifting should make
the spike inferable. Dry inspirals might be an easier target for the detection
of DM spikes, as they do not require halo feedback modeling, and happen
more quickly, thus being within the lifetime of LISA. Wet inspirals are more
affected by the disk physics, which are still uncertain and can be subject
to large variabilities. The stellar distributions in the presence of accretion
disks need to be explored.
We have argued that the inclusion of stochastic effects is vital to understand
both individual inspirals and whole populations. It might be possible to map
out populations of inspirals with the help of characteristic indices, such as
the braking index.
The field is moving toward more precise relativistic descriptions of space-
time and the inspiral process, which of course is necessary to resolve the final
stages of the inspiral. But further out, some kind of stochastic treatment
might still be vital, especially to resolve the waveform for years.
As we have discussed, the existence of spikes is questionable. Certainly, the
observation of those pristine, isolated spikes is unlikely. But if these spikes
exist, they should be detectable, and with the tools listed here, identifiable.
We hope that the tools are useful outside of a DM setting as well.
After all, we have about a decade left before the era of space-based GW
observation begins. And with the right modeling, we might be able to learn
about accretion disks and DM, stellar distributions and the galactic center,
MBHs and their origins, galaxy mergers and their history, Kerr spacetime,
and GR. Recent discoveries of the GW era have already revolutionized our
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understanding of the universe. One can only wonder what space based
interferometers will have in store for us.
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Appendix A

Appendix

A.1 Differential Equations with Accretion

The total derivative of Eq. (3.1) is dEorbit
dt = ∂Eorb

∂a
da
dt +

∂Eorb
∂m2

⟨︂
dm2
dt

⟩︂
. In de-

riving Eq. (3.20a), we have disregarded the second part. Here, we want to
justify this in the case of accretion. This boils down to momentum conser-
vation for the secondary object v̇m2 = −vṁ2. If we seperate the orbital
energy into its constituents, the kinetic and potential energy, the derivative
gives (on instantaneous and not secular timescales)
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which means for the derivation of Eq. (3.20a) (on secular timescales)

∂Eorb
∂a

da

dt
+
��������∂Eorb
∂m2

⟨︃
dm2

dt

⟩︃
=

dEorb
dt

= −⟨Faccv⟩ −
��

���m1

2a
⟨ṁ2⟩. (A.2)
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Similarly, for the angular momentum, we have

L = µr× ṙ (A.3)

dL

dt
=µ̇ r× ṙ+ µ r× r̈

= r× ṙ

(︃
µ̇− µ

m2
ṁ2

)︃
= r× ṙ ṁ2

µ

m2

(︁
− 3m2 − µ

2m2⏞ ⏟⏟ ⏞
Facc

+
m2 + µ

2m2

)︁
(A.4)

Therefore, the terms that do not include the accretion force cancel out in
the derivation of Eq. (3.20b)

1

E

dE

dt
|Facc=0 +2

1

L

dL

dt
|Facc=0 − 1

m2µ3
d(m2µ3)

dt

=⟨ṁ2⟩
1

m2
+⟨ṁ2⟩

m2 + µ

m2
2

−⟨ṁ2⟩
2m2 + 3m1

mm2
=0 (A.5)

and we do not have to consider them. Thus, the change of energy due to the
accretion can be modeled by the inclusion of Facc = ṁ2

µ
m2

3m2−µ
2m2

v ≈ ṁ2v
alone.

A.2 Translating the three frames

In section 3.4 we have used the two angles ι′ and β′ to describe the alignment
between the orbital plane and the observer plane. However, in the preceding
sections, we have described our system within the fundamental frame, with
the parametrization explained in section 3.1 and depicted in Fig. 3.1. Here,
we want to derive the transformation between these three different frames.
Generally, a 3D rotation can be described by the Euler angles (φ, θ, ψ), as
a sequence of three rotations, first φ around the z-axis, then θ around the
x-axis, and finally ψ around the z-axis.
This is captured by the three rotation matrices

R1(φ) =

⎡⎣ cos(φ) sin(φ) 0
− sin(φ) cos(φ) 0

0 0 1

⎤⎦ (A.6)

R2(θ) =

⎡⎣1 0 0
0 cos(θ) sin(θ)
0 − sin(θ) cos(θ)

⎤⎦ (A.7)

R3(ψ) =

⎡⎣ cos(ψ) sin(ψ) 0
− sin(ψ) cos(ψ) 0

0 0 1

⎤⎦ (A.8)
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The overall rotation is then given by the matrix multiplication R(φ, θ, ψ) =
R3(ψ)R2(θ)R1(φ).
To go from the orbital frame to the fundamental frame, we can apply the in-
verse rotation with the angles described in section 3.1 as R̄ = R(−ω,−ι,−Ω)
[121]. If we choose the longitude of the ascending note Ω such that the X
direction of the fundamental frame points to the observer, we just need one
more rotation to go from the fundamental plane to the orbital plane. We
can parameterize this with the inclination ι̃, which gives the last rotation as
R̃ = R(0, ι̃, 0). The whole transformation is then given by R′ = R̃R̄, from
which we can extract the two angles needed, β′ and ι′, with

ι′ = arccos
(︁
R′

33

)︁
(A.9)

β′ = − arctan2(R′
31, R

′
32) (A.10)

Ω′ = arctan2(R′
13, R

′
23) (A.11)

where arctan2 is arctan with the additional consideration of the quadrant
it is in. The third angle Ω′ describes the angle between the polarization
axis in the observer plane to the ascending node of the orbit. This gives the
equations

cos ι′ = cos ι cos ι̃− sin ι sin ι̃ cosΩ

β′ = arctan2
(︁

(sinΩ cosω + sinω cosΩ cos ι) sin ι̃+ sin ι sinω cos ι̃,

(sinΩ sinω − cosω cosΩ cos ι) sin ι̃− sin ι cosω cos ι̃
)︁

Ω′ = − arctan2
(︁

sin(Ω) sin(ι),

sin ι̃ cos ι+ sin ι cosΩ cos ι̃
)︁
,

(A.12)

which are valid assuming ι′ ∈ (0, π) \ {π/2}. For ι′ ∈ {0, π/2, π}, β′ can be
derived from R′

11 and R′
12 instead.

These equations become especially interesting in the case that the longitude
of the ascending node changes in time Ω̇ ̸= 0, for example if the accretion
disk interaction can change this angle. The signatures of this remain to be
studied.
Of course, if the orbit is inside the fundamental plane, we have ι = 0 and
the equations simplify to

cos ι′ = cos ι̃ (A.13)

β′ = Ω+ ω (A.14)

and we can reabsorb the definition of Ω in ω.
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