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“The more the universe seems comprehensible, the more it also seems pointless.”

— Steven Weinberg

iii






“[...] if there is mno point in the universe that we discover by the methods of
science, there is a point that we can give the universe by the way we live, by
loving each other, by discovering things about nature, by creating works of art.
And that — in a way, although we are not the stars in a cosmic drama, if the
only drama we’re starring in is one that we are making up as we go along, it is
not entirely ignoble that faced with this unloving, impersonal universe we make
a little island of warmth and love and science and art for ourselves.”

— Steven Weinberg, elaborating on whether he sees no overall point to the

universe






Abstract

While current gravitational wave observatories already provide the possibility to con-
strain new physics, upcoming detectors, such as the Einstein Telescope, will allow for
high-precision tests of General Relativity. This thesis explores how new physics would
enter the gravitational wave signal produced by compact binary systems by explicitly
calculating observables for concrete scenarios. We here mainly consider the impact of an
additional scalar degree of freedom and thus investigate three scenarios. Firstly, a real
massive scalar field that mediates an additional force between the two compact objects.
For this scenario, we calculate the next-to-leading order gravitational wave phase and
present it in a ready-to-use form. Secondly, we consider a complex massive scalar field
that can form bound states (i.e., Boson stars), which can combine with Neutron stars
to form so-called Fermion-Boson stars. We analytically derive the linear static pertur-
bation equations and numerically solve these in order to obtain the object’s quadrupolar
Love number. Thirdly, we consider Horndeski theories, which cover all scalar-tensor the-
ories with at most second-order equations of motion. We show that the extraction of
the quadrupolar Love numbers is more complicated than in the pure General Relativity
case when considering massless scalar fields due to additional terms in the asymptotic
expansion of the perturbation fields that mimic a tidal response. We provide a detailed
discussion of this ambiguity and further resolve it by leveraging effective field theory

methods.
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Summary

Gravitational waves (GWs), predicted by Albert Einstein in 1916 [4] as a fundamental
consequence of General Relativity (GR), were for decades regarded as a purely theoretical
curiosity. Their extremely weak interaction with matter made them seem inaccessible
to direct measurement. This changed dramatically in 2015, when the LIGO detectors
observed the first GW signal from a binary black hole merger [5]. This event not only
confirmed the century-old prediction but also launched a new era of astronomy.

Unlike electromagnetic radiation, which can be absorbed, scattered, or obscured, grav-
itational waves travel essentially unhindered through spacetime and carry insightful in-
formation about the systems that generate them. The most luminous sources in the GW
spectrum are compact binary mergers involving black holes and neutron stars. These
violent events produce signals that encode the masses, spins, orbital dynamics, and even
the internal structure of the participating objects.

To date, all observed GW signals have been consistent with GR to high precision (see,
e.g., [6-16]). Yet it remains possible, and in many ways expected, that future observations
may reveal small but significant deviations. The need for extensions of GR arises from
multiple fronts: its incompatibility with quantum mechanics, the absence of a mechanism
for cosmic inflation, and the lack of explanation for dark matter and dark energy. Many
proposed modifications of gravity introduce additional degrees of freedom, most often in
the form of scalar fields [17-23].

This thesis focuses on how scalar fields, whether as mediators of new interactions,
as dark matter candidates, or as components of scalar-tensor theories, can modify GW

signals in measurable ways. Three complementary research directions are explored:

1. A massive real scalar mediating a fifth force in compact binary inspirals.

2. Complex scalar fields forming stable bosonic configurations that combine with neu-

tron stars into hybrid fermion-boson stars.

3. Scalar-tensor theories in the Horndeski class, where tidal deformability is more

subtle to define.

Together, these studies connect theoretical models of modified gravity and DM to ob-
servational signatures that next-generation detectors such as the Einstein Telescope and

Cosmic Explorer will be able to probe.
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Gravitational Waves and Scalar-Tensor Theories. Waves are ubiquitous in physics:
sound waves in air, electromagnetic waves in Maxwells theory, and matter waves in quan-
tum mechanics. Gravitational waves occupy a special place, as they represent oscillations
of spacetime itself rather than a field living within it. Their existence was one of the
most striking predictions of GR, and their eventual detection has transformed how we
test gravity.

From an observational perspective, GWs provide access to dynamical strong-field
regimes that are otherwise unreachable. Binary mergers, for instance, probe spacetime
curvatures vastly exceeding those of the Solar System, where traditional tests of GR such
as planetary orbits or light deflection have been performed. Thus, GW astronomy allows
us to test GR in qualitatively new situations [2,12,24-33].

From a theoretical perspective, scalar fields are especially compelling. They arise
naturally in high-energy physics: the Higgs boson is one example, while moduli fields,
dilatons, and axions appear in string theory. Scalar-tensor theories extend GR by coupling
such fields to, e.g., curvature invariants. Depending on the form of the coupling, these
theories can generate long-range fifth forces, allow neutron stars to spontaneously develop
scalar hair, or screen scalar interactions in high-density regions [34-38].

The importance of scalar-tensor theories lies not only in their elegance but also in
their testability. Scalar fields can alter inspiral dynamics, affect the way compact stars
deform under tidal forces, and contribute additional modes of radiation. Each of these
phenomena leaves a characteristic imprint on the GW waveform, meaning they can be

constrained, or potentially discovered, through precision measurements of GWs.

Post-Newtonian Framework and Effective Field Theory. To interpret GW signals,
theoretical predictions must be accurate and under analytic control. During the inspiral
phase of a compact binary, the orbital velocity is small compared to the speed of light,
and this motivates the use of the post-Newtonian (PN) expansion, which expresses the
equations of motion as corrections to Newtonian gravity in powers of v/c and Newton’s
constant G [16,39-53].

During the last two decades, the Effective Field Theory (EFT) approach to binary
dynamics introduced by Goldberger and Rothstein [54] has become a powerful framework
for PN calculations. In this method, compact objects are treated as point particles with
effective worldline actions, and interactions are calculated using Feynman diagrams, much

like in quantum field theory. The EFT formalism is particularly suited to systematically
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including additional degrees of freedom, such as scalar fields, in a controlled expansion.

In this thesis, the EFT framework is extended to include a massive real scalar coupled
to compact objects, where we build upon previous research in this direction [55,56]. Con-
servative dynamics and radiation are computed at next-to-leading order, corresponding
to the 1PN correction to the conservative sector and the dissipative effect. These correc-
tions directly influence the phase of the GW signal, which is the primary observable for
detectors. Because phase can be tracked over thousands of cycles, even tiny corrections
accumulate and can become measurable.

We further provide ready-to-use templates for data analysis pipelines. By comparing
observed waveforms to these predictions, constraints can be placed on the scalar mass
and coupling constants. In this way, EFT acts as a bridge between fundamental theory

and astrophysical observation.

Dark Matter and Fermion-Boson Stars. Dark matter, which constitutes about 27%
of the energy density of the Universe, remains one of the greatest mysteries of modern
physics. While it has been inferred through its gravitational effects on galaxies and
cosmological structure formation, its microscopic nature is still unknown. Among the
many candidates, ultra-light bosonic dark matter has gained considerable interest [57,58].

A complex scalar field with a global U(1) symmetry can form stable, self-gravitating
objects known as boson stars [59,60]. These stars differ fundamentally from neutron
stars and black holes: their matter content is purely scalar, and their properties depend
sensitively on the scalar mass and self-interaction strength.

If BSs coexist with neutron stars, hybrid configurations can form. These so-called
fermion-boson stars (FBSs) contain both nuclear matter and scalar field distribution.
Depending on how the scalar field is distributed, two qualitatively different scenarios

arise:

¢ Cloud-like FBSs, where the scalar field extends beyond the neutron star surface,

typically increasing the mass, radius, and tidal deformability.

e Core-like FBSs, where the scalar field is concentrated at the center, generically

reducing these observables.

The thesis computes the quadrupolar Love numbers of such objects by solving the
linear perturbation equations for spherically symmetric and static backgrounds. These

Love numbers quantify the tidal deformability, which is a key quantity encoded in the
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GW signal during the inspiral phase [61].

The analysis shows that even small scalar fractions can substantially alter the tidal
response, especially in the cloud-like case. This opens the exciting possibility of probing
dark matter indirectly through GW observations of neutron star mergers. While current
pulsar timing and binary observations are insufficiently precise to detect such effects, the
sensitivity of future detectors will allow constraints to be placed on the scalar field fraction

at the percent level.

Horndeski Theory and Tidal Deformability Ambiguities. The Horndeski class of the-
ories represents the most general scalar-tensor framework with second-order field equa-
tions, avoiding the Ostrogradsky instability [62]. Horndeski theory includes many popular
modified gravity models as special cases, making it a natural setting for systematic study.

A key observational probe of compact stars in this context is their tidal deformabil-
ity. In GR, the extraction of Love numbers is straightforward: they are defined via the
asymptotic expansion of perturbations at large radii, and the coefficients directly encode
the tidal response. In scalar-tensor theories, however, the situation is more subtle. The
asymptotic expansion includes additional terms from the scalar field, which can mimic
tidal effects. This leads to an ambiguity in distinguishing genuine response coefficients
from spurious contamination.

The thesis resolves this issue using EFT techniques. By carefully separating physi-
cal response parameters from scalar-induced terms, the definition of tidal deformability
is clarified. Applied to the DamourEsposito-Farése (DEF) model, this yields corrected
Love numbers that differ by up to O(10%) in some regions of parameter space, though
deviations are generally within a few percent.

While such deviations are marginal for current detectors, they will become crucial
for the precision era of GW astronomy. Next-generation observatories will measure Love
numbers with sub-percent accuracy [63], meaning that even minor corrections can make
the difference between confirming GR and discovering new physics. The analysis also
outlines future directions for scalar GaussBonnet gravity [36-38], where similar contami-

nation issues arise but require further detailed study.

Results, Outlook, and Future Directions. The thesis contributes in three major areas:

1. Extending EFT calculations of compact binary dynamics with an additional scalar

field to next-to-leading order, providing precise predictions for GW phases.
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2. Deriving the tidal deformability of fermion-boson stars, highlighting how even small

DM mass fractions can noticeably change neutron star observables.

3. Identifying and resolving ambiguities in defining Love numbers within scalar-tensor
theories, ensuring that future high-precision GW data can be consistently inter-

preted.
Looking forward, there are several promising avenues:

e Higher-order PN corrections, eccentric orbits, and spin effects could be incorporated

into the EFT framework, enhancing waveform accuracy for scalar-tensor theories.

e Tail effects, nonlinear perturbations, and strong-field scalarization phenomena re-

main largely unexplored and may lead to qualitatively new predictions.

e Systematic studies of Love numbers in odd-parity and higher-multipole sectors

within scalar-tensor gravity could uncover further subtleties.

Gravitational-wave astronomy has transformed our ability to test the fundamental na-
ture of gravity. By combining effective field theory techniques with astrophysical modeling
of compact stars, this thesis demonstrates how scalar fields can leave measurable imprints
on GW signals.

The overarching conclusion is that scalar fields, whether real or complex, whether
mediating fifth forces or constituting dark matter, can significantly influence binary dy-
namics, tidal deformability, and phase evolution. These effects, though subtle, accumulate
in ways that are accessible via precision measurements of GWs.

As the field advances toward third-generation detectors, the potential for discovery is
immense. Gravitational waves may not only confirm Einsteins theory in new regimes but

also point the way toward the next, more fundamental, theory of gravity.
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CHAPTER 1

INTRODUCTION

The story so far: In the beginning the Universe was created. This
has made a lot of people very angry and been widely regarded as a bad
move.

— Douglas Adams, The Restaurant at the End of the Universe

Waves are an ubiquitous feature of nature: from electromagnetic waves that describe,
e.g., visible light, to water waves that can be observed as propagating ripples on any
surface of water. Many physical phenomena can be described, at least to leading order,
as being of a wave-like nature. Einstein showed in 1916 that even gravity—or, more accu-
rately, spacetime itself—allows for the propagation of so-called gravitational waves, which
are generically produced by moving matter and induce motion in objects when passing by.
While GWs have been a robust prediction since 1916 [4], it was long thought that they
are too elusive to be detected in practice; Kip Thorne, who was awarded the Nobel Prize
in physics in 2017 for his work on GWs, labeled the concept of GW interferometers at first
as “not promising” [64]. In order for GWs to be detectable, they need to be sufficiently
strong, and at the moment, only a few sources are known to produce GWs with sufficient
intensity. The most prominent of such sources are compact binary systems, which consist
of two compact objects orbiting each other, such as two black holes. The gravitational
signal of such a system has been shown to carry important information about the behavior
of gravity in the strong-field regime, and current detections have thus allowed us to verify
general relativity in such regimes to high accuracy.

While direct observational tests of GR have not yet revealed any discrepancy, there
are strong indications that it breaks down in sufficiently strong curvature regimes, where
quantum gravity effects are expected to become non-negligible. At the same time, the
elusive nature of Dark Matter and Dark Energy can also be addressed as being due to
modifications of GR. Attempts to construct a quantum theory of gravity, such as string

theory, typically result in additional scalar degrees of freedom being present when tak-
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CHAPTER 1 - INTRODUCTION

ing the low-energy limit of such theories. Therefore, generic theories that contain not
only tensorial, but also scalar degrees of freedom—so-called scalar-tensor theories—have
been a well-motivated modification of GR. The additional scalar degree of freedom gener-
ically leads to a range of testable phenomena, such as spontaneous scalarization, screen-
ing mechanisms, and fifth forces, among others. These phenomena are observationally
testable using GW signals from binary systems, and we will explore several of them in

this thesis.

While GWs from compact binaries allow us to test deviations from GR, they also
encode information about the source system, such as properties of the compact bodies
and their environment. As such, they are a useful tool to investigate the internal structure
of neutron stars and to thus place constraints on the nuclear equation of state. At the
same time, if DM is present in or around NSs, then it also have an impact on the NS
properties and thus also the emitted GW signal, and it is hence possible to also constrain
DM models [65-85]. In general, one finds that DM may exhibit two qualitatively different
morphological distributions. Its distribution may extend beyond the surface of the NS and
thus form a cloud, or, if its distribution is mainly confined within the neutron star, it is
considered to be a DM core. Cloud-like configurations typically enlarge NS observables,
such as their masses and radii, while core-like configurations usually reduce them [86—
88]. Most recent studies have focused on DM candidates that can be described as a
perfect fluid, however, we here consider ultra-light DM in regimes where the classical field
approximation is appropriate. Particularly, we consider DM to be described by a complex
scalar field featuring a global U(1) symmetry. This global symmetry results in number
conservation of the bosons and hence allows for the formation of stable bound objects,
dubbed boson stars [59,60,89]. It is further possible to construct solutions of NSs and BSs
coexisting in the same physical location, which are called Fermion-Boson stars (FBSs).
These were first investigated by Henrique et al. [90,91] and their stability properties were
investigated subsequently [92-95]. We will here expand upon previous results by first
deriving the equations describing static linear perturbations of a isolated FBS, and then

utilizing these to obtain the quadrupolar Love numbers.

In order to properly identify and extract meaningful information from GW signals, it
is paramount to have firm analytical control over the expected signal. To establish such
control, it is important to carefully set up a framework that allows for calculating the
GW signal to a given order in certain smallness parameters. During the inspiral phase,
one finds that the orbital velocity together with Newton’s constant provide natural small
parameter that can be used to systematically construct a series expansion in said param-
eters. This expansion is called the post Newtonian (PN) expansion as it systematically
captures deviations from Newtonian gravity. We can classify PN effects as being conser-

vative, such as Mercury’s perihelion shift, or dissipative, such as energy loss due to the
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emission of GWs. The first conservative PN order was calculated by Einstein, Infeld, and
Hoffmann in 1938 [96] and is known as the Einstein-Infeld-Hoffmann Lagrangian. During
the last decades several frameworks were setup in order to systematically compute the
higher PN orders and we here focus mainly on the effective field theoretical approach
that was originally laid out by Goldberger and Rothstein in 2004 [54]. This framework
has been extensively applied to calculate higher PN order in pure GR [40-48], as well as
modified gravity scenarios [49, 50, 52]. Especially, in [55,56] it was utilized to compute
the LO modifications to the binary dynamics due to an additional massive scalar field
and we will here build upon these results by extending them to the next PN order, which
thus extents previously available results [97-111]. This additional scalar degree of free-
dom does not necessarily arise from modifications to GR and can instead also arise from
standard model extensions [56,112-114].

This thesis is outlined as follows: We begin by reviewing the essential theoretical back-
ground in Chapter 2, where important concepts, such as GWs and compact objects, are
introduced. In Chapter 3, we will begin by introducing the effective field theory approach
to systematically calculate the GW signal from a compact binary system. We will begin
by reviewing the established approach in pure GR and next present the necessary modifi-
cations to accommodate a massive scalar degree of freedom. We will conclude this section
with the calculation of the NLO GW phase in the presence of said scalar field. Chapter 4
will turn toward the impact of DM on NSs by studying how the mass, radius, and tidal
deformability change when one admixes ultra-light DM onto a NS. Next, Chapter 5 is
dedicated to the study of the tidal deformability in scalar-tensor theories. We discuss how
the presence of the additional field increases the number of Love numbers that are neces-
sary to describe the multipoles of an object and further show how these can be extracted
from numerical data. Finally, Chapter 6 will conclude this thesis and list possible future
directions.

Throughout this thesis, Roman indices run from 1 through 3, while Greek indices run
from 0 through 3. We employ the Einstein sum convention and natural units, such that
h = ¢ = 1. The reduced Planck mass is introduced as MSI = 1/(87G) and we mainly
adhere to the mostly positive metric signature such that the Minkowski metric is given
by 7., = diag(—1,4+1,+1,+1). An exception to this is chapter 3, where we instead use
Mgl = 1/(327G) and 7, = diag(+1,—1,—1,—1) in order to stay consistent with the

publication this chapter is based on.






CHAPTER 2

THEORETICAL BACKGROUND

“So schreitet in dem engen Bretterhaus
Den ganzen Kreis der Schopfung aus
Und wandelt mit beddcht’ger Schnelle
Vom Himmel durch die Welt zur Hélle."
— Johann Wolfgang Goethe, Faust I

2.1 Dark Matter

2.1.1 Evidence

In 1933, it was Fritz Zwicky who published the first work indicating that there is missing
mass in the Coma galaxy cluster [115]. In his work, he measured the velocity dispersion,
which gives an approximation of the total gravitational mass of a system via the virial
theorem, which he noted to differ from the luminous mass. Since this missing mass has to
be non-luminous, he named it dark matter. Almost 40 years later, in 1970, two separately
conducted studies on the rotation curves of galaxies were published, the first one being
by Rubin and Ford [116] and the second by Freeman [117]. Both studies concluded that
there has to be additional matter present in a substantial amount to explain the observed
galactic rotation curves. This has further been shown to be a general feature of disk
galaxies [118].

More evidence can be found on the scale of galaxy clusters. For example, in 2006, Clowe
et al. [119] utilized weak lensing techniques to investigate the distribution of gravitational
mass in a system of two colliding galaxy clusters. They found that weak lensing indicates
that the bulk of the gravitational mass has moved further than the luminous mass after
the collision (see Fig. 2.1), exactly what one would expect for the DM components.

Moving on to cosmological scales, the dark matter density impacts the position of the
peaks in the power spectrum of baryon acoustic oscillations. This power spectrum can
be obtained by measuring temperature fluctuations in the cosmic microwave background.

This was done by, e.g., the Planck satellite [120], which gave a high-accuracy measurement
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CHAPTER 2 - THEORETICAL BACKGROUND
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Figure 2.1: Shown is the inferred mass distributions of the bullet cluster (green contour lines)
together with the distribution of luminous matter (color scale). Taken from [119].

of the DM density.
2.1.2 Candidates

Since DM evidence is based on its gravitational interaction with other matter and only
constrains the DM density, there is a plethora of candidates that span a mass range of
more than 80 orders of magnitude. Figure 2.2 summarizes typical candidates for various

regions in the mass range, and we briefly summarize some of their properties.

e Primordial BHs: If a sufficient amount of BHs formed in the early universe, then
these could fulfill various of the desired DM properties [121]. While this seems
to be an attractive approach to explain DM, as it is not necessary to postulate
any additional particle content in this way, the elusive nature of BHs complicates

observational tests of this hypothesis.

o Composite DM: Heavy bound states of SM particles could explain DM [122], thus
also eliminating the need to introduce additional particle species. However, no such

bound state is currently known within the SM.

o« WIMPs: A new particle that interacts with the SM via the weak force (or a new
force that also lies on the weak scale) would match the observed DM abundance if it
were thermally produced in the early universe [123]. This so-called WIMP miracle

has been a strong motivation for this candidate.

o Ultra-light DM: A DM particle with masses of less than ~ 0.1keV has to be
bosonic and exhibits wave-like behavior since the occupation numbers have to be
larger than one. As such, one typically models ULDM as classical fields. One

prominent example is the Axion, which was originally introduced to solve the strong

CP problem.
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Figure 2.2: Taken from [58].

2.2 General Relativity and Modified Gravity

2.2.1 General Relativity

While Newtonian gravity was highly successful in describing planetary orbits, in 1859
Le Verrier showed that Mercury exhibits an anomalous perihelion shift that can not
be accounted for when only considering Newtonian gravity and the known planets. At
first, researchers attempted to explain this anomaly by introducing an additional, up to
that point unobserved planet, dubbed Vulcan. Since this hypothetical planet remained
elusive toward the end of the 19th century, some researchers have instead turned toward
attempting to modify the Newtonian laws of gravitation in order to explain Mercury’s
perihelion shift. Motivation for this was the success of electromagnetism, which was
formulated as a local field theory with propagating degrees of freedom, i.e., photons.
Various attempts were made by, e.g., Lévi in 1890 and Gerber in 1898, but were insufficient
to explain the perihelion shift adequately.

In 1915, Einstein showed that the anomalous perihelion shift can be explained within
the framework of his previously published theory of General Relativity [124]. This theory
generalizes special relativity to curved spacetimes and thus makes heavy use of differential
geometry. One of the central underlying concepts is to consider spacetime to be curved
in such a way that matter moves on geodesics. More precisely, the curvature of spacetime
is described via the metric g, from which one can build any other desired geometrical
invariant, such as the Ricci tensor R, and the Ricci scalar R. These objects have to

further fulfill the Einstein field equations

1 1
R, — §gm,R = M—;TW , (2.2.1)

where T}, is the energy-momentum tensor of matter.

2.2.2 Motivation to go beyond General Relativity

One of the first pushes toward the exploration of beyond GR effects was done by Kaluza [125]
and Klein [126] in the 1920s, where they separately explored the consequences of a five-

dimensional spacetime, where one of the spatial dimensions is compactified. As a result,
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they found that in the low-energy limit, the theory behaves effectively as GR with addi-
tional scalar and vector degrees of freedom, which motivates the attempt to unify gravity
with electromagnetism.

While the original approach by Kaluza and Klein was not fruitful, the general idea
of having compactified spatial dimensions is an important aspect in modern approaches
to quantum theories of gravity, such as string theory. As such, the low-energy limit of a
given string theory generically contains scalar fields, thus strongly motivating studying
the general impact of such additional degrees of freedom.

Apart from quantum gravity aspects, there are additional compelling theoretical and
observational aspects that motivate going beyond GR. As summarized in [127], the ob-
served cosmological constant is unnatural and remains one of the biggest modern mysteries
in cosmology. Further, as explained above, DM has yet to be observed and might not
need to be of particle nature, as modified gravity can also mimic observed effects. The

BH information paradox generically also requires to go beyond GR.
2.2.3 Modified Gravity Candidates

With a lack of observational constraints, one finds oneself in a position that allows for the
construction of arbitrarily complex models and the task of narrowing down this theory
space seems daunting. However, there are a number of important theorems that greatly
reduce the allowed theory space. For example, Deser established in 1970 that any theory
describing a massless spin-2 field that couples to other matters needs to be described by
the Einstein-Hilbert action [128]. In the same year, Lovelock published a proof showing
that a four-dimensional spacetime needs to be described by the EFE if one imposes the
conditions that gravity is described by a metric field which obeys second-order equations
of motion [129,130]. In order to go beyond GR, one of the assumptions of Lovelock’s
theorem has to be broken, i.e., one needs to either consider higher-dimensional spacetimes,
allow for higher than second-order equations of motion, or introduce additional degrees
of freedom.

While there is a plethora of such possible modifications, as mentioned in the previous
section, additional scalar degrees of freedom generically appear and studying their general
properties is thus of interest. Brans-Dicke theory is a prominent of such a scalar-tensor
theory, which Brans and Dicke originally proposed in 1961 [131] with the intent of ex-
tending GR to obey Mach’s principle. While the initially envisioned theory by Brans and
Dicke has been ruled out by observations, it still serves as a prototypical scalar-tensor the-
ory. Another example is f(R) gravity [18], where one replaces the Ricci scalar in the EH
action with an arbitrary function that depends on the Ricci scalar. While the resulting
field equations are higher than second-order, one can show that they are generally equiv-
alent to a scalar-tensor theory that does have second-order field equations by performing

a conformal rescaling of the metric.

10
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2.2.4 Compact Objects

General Characteristics

At the lowest order, we can characterize any object according to a few macroscopic quan-
tities such as its mass M, radius R, etc. We define the compactness C of an object as the
ratio of its mass to its radius, so that C = M/R and denote an object as compact if its
compactness approaches the maximum value of 1/2, which is realized for black holes. As
such, compactness is a convenient indicator for the relevance of relativistic effects.

If we wish to describe the dynamics of an object in a curved spacetime, then this can

be achieved using it geodesic equation that derives from the point particle action

Spp = —M/dT, (2.2.2)

where d7 is the proper time interval along the object’s geodesic.

Due to the effacement principle, we know that information about the internal structure
of an object is strongly suppressed compared to the LO effect due to an object’s mass.
Nonetheless, we know that finite-sized objects deform under the influence of external
gravitational fields. The most prominent example for these deformations are perhaps
the tides in Earths oceans that result from the Moon’s gravitational field. Love was the
first one to quantitatively describe this phenomenon and introduced the so-called Love
numbers that allow to calculate the gravitating response of a body due to a given multiple
moment of an external field.

While a relativistic study of an object’s deformability due to external fields is much
more involved, especially since an object’s response is not as easily identified due to the
non-linear nature of the EFE, it is possible to extent the concept of Love numbers to a

fully relativistic treatment. This was first done by Hinderer in 2007 [61].

Black Holes

The modern history of BHs began with Schwarzschild when he published the first exact
solution of the Einstein field equations in 1916 [132]. Schwarzschild here successfully
constructed a spherically symmetric and static vacuum solution, which he considered to
describe a spacetime containing one point mass. The line element of this solution can be

expressed as

oM oM\
d82 = — <1 — >dt2 + <]. — > dT2 + dQQ y (223)
r T

where M denotes the object’s mass. While being a non-trivial exact solution to the EFE,
it does seem to have various problems: The metric has singularities at »r = 2M and r = 0,
and the time direction becomes space-like for radii » < 2M, while space directions become

time-like. The singularity at » = 2M can be understood as a mere coordinate singularity

11
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that arises due to the particular choice of used coordinate systems, but the singularity at
r = 0 is indeed a physical one. While Einstein argued in 1939 [133] that the singularity
could not be realized in nature, Oppenheimer and Snyder showed in the same year [134]
that gravitational collapse of a spherical gas distribution naturally leads to black hole
formation. Regge and Wheeler further proved in 1957 [135] that black holes are stable
under linear perturbations, and Penrose showed in 1965 that the formation of singularities
is inevitable [136] under generic assumptions, thus establishing that black holes should
exist in nature.

While isolated BHs are fully characterized by their mass, charge, and spin, one gen-
erally expects that a set of Love numbers are required to also describe the gravitational
response of a BH submerged in an external field. Somewhat surprisingly, it can be shown
that all Love numbers vanish for Schwarzschild BHs in GR, which can be traced to the

presence of a non-trivial symmetry in the perturbation equations [137,138].
Neutron Stars

In 1939, Tolman [139] and Oppenheimer & Volkoff [140] derived the necessary equations
to describe a star in a spherically symmetric and static background. To this end, they
employed Schwarzschild coordinates, so that the line element is given by

1

ds? = —f(r)dt* + hr)

dr? + d0? (2.2.4)

and considered an ideal fluid EMT. From this, they derived an equation that allows to

determine the pressure profile that we may express as [141]

P Amr3P 2m,\ !
Pl(r)=-"0f <1 n ) (1 il > <1 - m") , (2.2.5)
r € my r

which is known as the the Tolman—Oppenheimer—Volkoff (TOV) equation and we have

introduced

m, = 471'/ dr'r?e(r'). (2.2.6)
0

In order to close the system of equations, it is still necessary to provide an EOS that
links the pressure to the energy density of the fluid. Oppenheimer and Volkoff in their
1939 paper [140] studied the resulting configurations when employing the EOS for a free
Fermi gas that they used in order to describe nuclear matter. In this way, they found that
the resulting stellar configurations have a maximum mass of around Mp,x ~ 0.7 Mg and
radii of around O(10) km. While these calculations showed that such object are allowed
solutions to the Einstein field equations, it was unclear whether they also exist in nature.

The first evidence for a NS was published by Hewish et al. in 1968 [142].A few years
later, in 1974, Hulse and Taylor published evidence for the first known binary pulsar
system [143], which was subsequently employed for tests of GR [144]. Neutron stars are

12
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nowadays not only of great interest to the GR community, but also the QCD community,

as they allow to derive constraints on the nuclear matter EOS.

Boson Stars and Fermion-Boson Stars

Kaup in 1968 [89] and one year later in 1969, Ruffini and Bonazzola [60] were the first
ones to construct Boson star configurations by solving the Einstein-Klein-Gordon system
of equations. In their studies, they have focused on non-self-interacting particles and
found that for such systems, the resulting objects are greatly extended in space. Colpi,
Shapiro, and Wasserman expanded on these initial efforts in 1986 [59]: They introduced a
quartic self-interaction in the bosonic field and noticed that even a small self-interaction
strength is sufficient to produce compact objects with solar masses and radii on the order

of 10km. They also coined the name Boson star in their seminal work.

Compact Objects in Scalar-Tensor Theories

Adding additional matter fields, or modifying the EFE typically also modifies the Schwarzschild
metric, and there is thus a rich literature of solutions for such models. In general, how-
ever, such models do not possess analytic closed form solutions and one typically has
to resort either to numerical or approximate solutions. Since we are most interested in
additional scalar fields, we briefly summarize additional phenomena that can arise due to

its presence:

e Scalar charge: Spacetimes of an isolated object at rest generally require an addi-
tional parameter to be fully specified that is denoted as the scalar charge, which is
typically given by the r—! coefficient in the asymptotic expansion of the scalar field.

We will define the scalar charge more rigorously in Chap. 3.

¢ Additional Love numbers: The additional field allow for additional deformation
possibilities since now there are four possible scenarios where the scalar or gravita-
tional field of an object is deformed due to externally applied scalar or gravitational

fields. We will study these Love numbers in detail later in Chap. 5.

e Spontaneous scalarization: For a number of models where the scalar field is
sourced by either the trace of the EMT of matter or a non-vanishing geometric scalar
(such as the Gauss-Bonnet invariant), the resulting compact objects might be either
exactly equal or similar to the GR solutions and only significantly differ from GR
in certain density or curvature regimes. A prominent model for this phenomenon
is the Damour-Esposito-Farése (DEF) model, which we will study more closely in

Sec. 5.5.
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2.3 Gravitational Waves

The idea of moving bodies producing GWs already arose in the 19th century, with, e.g.,
Heaviside promoting Newton’s law of gravitation to be analogous to Maxwell’s laws of
electrodynamics and thus also finding propagating degrees of freedom [145]. Our modern
understanding, however, began with Einstein’s seminal paper in 1916 [4], where Einstein
linearized his previously obtained field equations to find that GWs exist and can be
generated by moving masses. Also, Einstein already realized in this publication that, in
contrast to electromagnetic waves, GWs require a non-vanishing quadrupole moment to

be generated.

2.3.1 Linearizing the Einstein Field Equations

We briefly review the derivation of GWs and will follow [146] throughout this section for
this purpose. We begin with the Einstein field equations,

1 1

R;w - ig‘wR = ]‘751

T,

s (2.3.1)

and consider the metric to consist of small perturbations around flat space, such that
9w = Nuw + hyw, where h,, denotes the perturbations. Expanding the EFE to linear

order in hy,, we obtain

2

Ohps + 1y 00 hpy — 0By hysy — 0P8, by = — 7z T (2.3.2)
pl

where [J = 9,0" and we introduced the trace-reversed metric perturbations fLW in order

to express the linearized equations more compactly. This quantity is defined as

_ 1
by = by — §mwh (2.3.3)

with h = n#vh,,,. In the linearized limit, we have that the usual diffeomorphism invariance

reduces to a gauge invariance of the form
hyw = hyw — 0,80 — 0L, (2.3.4)
and we can use this fact to choose the so-called Lorentz gauge, which is defined as
" hyw = 0. (2.3.5)

This now simplifies the linearized field equations to

- 2

Dh/,u/ == _W uv s (236)
pl
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which we recognize as a wave equation for ?LW, with a source term given by T}, and can
thus already deduce that matter sources GWs that propagate at the speed of light. We
can further understand the behavior of GWs by specializing the linearized equations to

vacuum, so that the equations simplify to
Ohy =0, (2.3.7)
which has plane wave solutions of the form

Ry = € €M7 (2.3.8)

where e, is the so-called polarization tensor. Also, the Lorentz gauge condition in

Eq. (2.3.5) further implies that the polarization tensor has to fulfill
ke = 0. (2.3.9)

We can now reconstruct the metric perturbations h,, that we originally introduced by

using
_ 1 _
h,uzz = h,uu - §n,uuh (2310)
and thus find for the plane wave solutions that
hyw = €y €70 (2.3.11)

where we have introduced e, to denote the polarization tensor for h,,. We further note
that the Lorentz gauge does not completely fix the gauge freedom for the source-free
equations (2.3.7) and we can perform an additional gauge transformation to arrive at the

transverse-traceless gauge that is characterized by

" =0, h';=0, and &h;=0. (2.3.12)

)

Applying these constraints to the plane wave solutions in Eq. (2.3.11), we find that the

polarization tensor has to obey

=0, €,=0, and kle;=0. (2.3.13)
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Considering a wave that propagates in the z direction, we find that the polarization tensor

has to take the form of

00 0 0
0 hy hx O

e = M. : (2.3.14)
00 0 0

where we used hy and hy to denote the two remaining free components of e,,,. In other
words, we find that any GW can be expressed a linear combination of two polarization

+ x
modes that we denote as e, and e,,.

2.3.2 Generating Gravitational Waves

The wave equation that describes linearized GWs (2.3.6) including the source term can
be straightforwardly solved by employing the wave equation’s Green’s function G, given

by
1

-
dr|x — /|

Gla —a') = (tret — 1), (2.3.15)

where o =t — | — @'|. The solution for ﬁw, is then directly given by

hyw(x) = ]\;21 /d4$’ G(x — :E/)TW,(I‘ —a')
p (2.3.16)

1
= 4/d3$/ |33 — m/’TMV(treta (I:l) .

Expanding 7}, in multipole moments, one finds that at lowest order and far away from

the source, the solution simplifies to
- 2 .
hij(t, &) = —Aijga Qra(brer) (2.3.17)

where @);; denotes the quadrupole moment, which is defined as

A
Qij(t) = /d3:1: T%(t, ) (:B’:BJ — 3r26”> (2.3.18)
and A;; i projects onto the transverse and traceless gauge. Explicitely, this projector is
given by
; 1 . R
Amkl(n) = j:)ikpjl — ipijpkl N where P”(n) = (52']' — ninj . (2.3.19)

In order to efficiently source GWs, we thus deduce that it is crucial to have time-varying

and inhomogeneous matter sources present.

Since GWs carry energy and angular momentum away from the binary systems, we

have that a binary system can not remain at a fixed orbital separation. More explicitly,
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Figure 2.3: The motion of a ring of test particles under the influence of a GW is illustrated.
Image from [147].

one can show that the energy loss due to quadrupolar radiation is given by
Pro=—F(Mcws)?, (2.3.20)

where w; is the angular frequency of the binary system and

(mama)3

M, = (2.3.21)

1
(m1 4 mg)s
is the chirp mass of the system with mji and mo being the individual masses of each
object. If the energy loss is small compared to the total energy of the system, so that
it only impacts the system after sufficiently many orbits have occurred, then we can
approximate the orbit at any given time to be Keplerian and determine its dynamical

evolution via energy balance considerations, such that

d
—Eio=—PLo. (2.3.22)

In general, one finds that the orbital velocity will thus increase during the inspiral, which

also increases the frequency of the emitted GWs.

Apart from binary systems, there are a plethora of other production mechanisms, such
as supernovae explosions, superradiance, and head-on collisions of compact objects. Non-

local sources, such as phase transitions and cosmic inflation are also viable sources of

GWs.
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2.3.3 Gravitational Wave Detectors

One can show that GWs can locally be treated as a Newtonian force so that a particle of
mass m experiences a force of

F = %}'L;F]ij, (2.3.23)

where 7 are the particles’ coordinates in a local inertial frame. Using this equation, it
is now straightforward to compute the impact of a GW on particles. Considering a ring
made out of test masses that lie in the (x,y) plane and a GW that propagates in the z
direction, we find that this ring deforms as shown in Fig. 2.3. We most importantly note
that while the GW periodically stretches and squeezes the ring made out of test particles.

Similarly, when considering the trajectory of photons, one finds that their travel dis-
tance also gets modified by a passing GW in the same fashion. Modern GW detectors
leverage this phenomenon by considering two separate beams of photons, so that each
beam will pick up a different phase when a GW passes through and thus leads to an
interference pattern when recombining both beams, and therefore allows for the recon-
struction of the gravitational wave strain. In practice, detector noise is larger than the
actual GW strain and thus one has to resort to matched filtering techniques that re-
quire knowing the GW signal at very high precision, i.e., order in the PN expansion. To
this end, one most commonly employs the TaylorF2 approximant that is constructed in
Fourier space.

All modern GW observatories are built on this approach. Currently, there are five
observatories actively in operation for observation purposes: GEO600 in Germany, LIGO
Hanford and LIGO Livingston in the USA, Virgo in Italy, and KAGRA in Japan. All
of these observatories are interferometry-based. Additionally, there are several planned
additional interferometry-based observatories, expected to be built within the next two
decades: LIGO-India, Cosmic Explorer, Einstein Telescope, LISA, Taiji, TianQin, and
DECIGO.

Figure 2.4 presents all currently observed coalescences of compact binary systems

together with mass measurements of BHs and NSs from electromagnetic observations.
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Figure 2.4: A collection of compact objects that have either been observed electromagnetically,

or via GWs. Taken from [148].






CHAPTER 3

BINARY SYSTEMS IN SCALAR-TENSOR
THEORIES

“When we contemplate the enormous revolution in our understand-

ing of the universe that has come from electromagnetic astron-

omy over the four centuries since Galileo, we are led to wonder

what revolution will come from gravitational astronomy, and from

its multi-messenger partnerships, over the coming four centuries.”

— Kip Thorne, [64]

In order to highlight the modifications due to the additional scalar degree of freedom
more efficiently, we will first review the EFT construction process in pure GR and then

afterward go into details on the case of scalar-tensor theories.

3.1 EFT Approach in Pure GR

3.1.1 Setting up the Binary EFT

The pure GR construction was originally laid out by Goldberger and Rothstein in [54],
and we will closely follow this reference throughout this section. We start with the

Einstein-Hilbert action, which is given by!
SEn = —2M§1/dx4\/?gR. (3.1.1)
We further add a gauge fixing term to impose the harmonic gauge, which results in
Sar = Mgl/dx‘*\/?gw TG - (3.1.2)
The total action thus takes the form of

Stotal = SEH + SGF + Smatteh (313)

'We remind the reader that we are working in units with # = ¢ = G = 1 and define M2 = 1/(32n).
Further, we use the metric signature (+1, —1,—1, —1).
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where Spatter denotes the matter action, typically assumed to be that of a perfect fluid.
In principle, one could directly vary the total action with respect to all involved degrees
of freedom and then attempt to find an analytic solution that describes the dynamics of a
binary system. However, this is—in practice—not feasible since it would be necessary to
model not only the gravitational dynamics but also the matter dynamics simultaneously.
Due to the highly non-linear nature of the equations, this seems like a hopeless endeavor.
While numerical simulations do provide a way of directly solving the equations, these
simulations are quite time demanding and are thus not efficiently utilizable to study the
inspiral phase of compact objects for many different binary configurations. During the
inspiral phase, however, there are three length scales present that show a clear separa-
tion hierarchy: The size of an individual object R, the separation distance between the
two objects r, and the wavelength of the emitted gravitational radiation Agw. Having
these separated scales now allows us to construct an analytic expansion that allows for

perturbative control. More explicitely, we have

Ry ~2M | (3.1.4)
M Ry
T o~ 7,[}2 = 2U2 5 (315)
r R
A ~ — -1;
GW v 2/1)3 ) (3 6)

where we assumed that the compact object’s sizes are close to their Schwarzschild radius
and that the virial theorem is Newtonian at leading order. From the above relations, we
can infer that the hierarchy Ry < r < Agw is manifest as long as the orbital velocity v
is small, which is given during the inspiral. The general strategy is now thus to integrate
out energy scales that live on the scales of the size of the objects R and afterward
further integrate out the scale r, thus arriving at a theory that describes the gravitational

radiation.

Point-particle action

As a first step toward constructing the binary EFT, we will thus integrate out the internal
matter degrees of freedom in a bottom-up approach by replacing the matter action with
a world-line action in a way that allows to systematically capture finite-size effects, which
appear in the world-line action as couplings of the worldline to higher-order operators.
In general, one has to include all operators that fulfill all necessary symmetries, which in
our case is reparametrization and diffeomorphism invariance. We thus deduce that the

world-line action needs to take the following form

Smatter — Spp = — Z /dT <Mn + Cn,RR + ... >, (317)

n=1,2
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where M,, denotes the gravitational mass of the nth object, ¢, r denote the Wilsonian
coefficients to the operator R and the ellipses denote higher-order operators which can be
built from contractions of the Riemann tensor, its derivatives and the objects 4-velocity.
In general, one can remove all operators from the effective action that are zero on-shell,
which in our case means that we can drop all operators from the world-line action that

vanish in vacuum [149]. As an example, as shown in [54], defining a new metric g with

4 T —x(T
g,uz/($) = §W(x) |:1 + i dTM] s (318)

2M§1 V9

where ¢ is an arbitrary parameter, will transform the Einstein-Hilbert action such that
—2M§1/d4:m/?gR[g] = —2M§1/d4x\/—§R[g] +£/d7R[§] +0(&%).  (3.1.9)

Choosing { = c¢;,gr will thus eliminate the term proportional to R in the PP action of
object n = 1. We can likewise remove any other operator that vanishes on-shell from
both worldlines. Since we have R = 0 and R, = 0 on-shell, we thus find that the first
non-redundant operator must be constructed from the Riemann tensor. Including this

operator, we find that the PP action reads at NLO

A
Spp=—Y /dT (Mn T ”f’"b Eu EM + ¢y pBu,B™ + ... ) (3.1.10)
n=1,2

where E,,, and B, are electric and magnetic type projections of the Riemann tensor,

respectively. They are defined as
B 1 a, B ppo
B =u"u"Ryap, and By, = 5 Cuapas U R, . (3.1.11)

The corresponding Wilsonian coefficients, A, 55, and ¢, p, are denoted as the even-parity
and odd-parity quadrupolar Love numbers, respectively. For the remainder of this section,
we will not further investigate the role of these Love numbers, but will investigate them

more closely in Chapter 5 and 4.

Orbital scale

We next turn to the orbital separation scale r. Gravitational interactions that bind the
binary system live on this scale. In order to separate this scale from the radiation scale, it
is first necessary to expand the Einstein-Hilbert action around vacuum. To this end, we
introduce the metric perturbations hy,, such that g,, = 7, + huw/Mp and then further
separate h, into an off-shell component H,,, which we are aiming to integrate out, and
an on-shell component }_LW,, which represents the gravitational radiation. This distinction

is now useful since we can mathematically separate them by how their derivatives scale,
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since we have that

V=

On-shell modes: 9oy ~ —hy, (3.1.12)
r

1
Off-shell modes: 9y Hy ~ —Hyy, 0iH,y ~ —Hyy . (3.1.13)
r T

Put differently, we have that the components of the four-momentum each scale as

v v

On-shell modes: k%~ =, k~ —, (3.1.14)
T T
1

Off-shell modes: k" ~ g , k~ - (3.1.15)

Now, inserting this metric decomposition into the Einstein-Hilbert action together with

the gauge-fixing term results in
Sen + Sar = /d% (LW) + L) Ry ) , (3.1.16)

where, e.g., L£(P*) denotes all terms that are quadratic in ITLW and the ellipses denote

higher-order interactions terms. Explicitly we have for the lowest order terms

_ 1. - 1 7

E(hQ) = /d4.’E iaahpo' <T,upnua - 27]/14117790'> 8ahﬂ” ’ (3117)
1 1

£ = /d4x §3aHpa <77“p77w - 277W77pa> O“Hpy, - (3.1.18)

These two expressions enable us to define the propagator for both on-shell and off-shell

gravitons. We find that the on-shell propagator is given by

_ _ d4k Z'efik(x—y)
where
1
Puvios = 5 (Muatlvs + MvaTlus = NuwTlas) (3.1.20)
and we will diagrammatically represent the on-shell propagator as
_ k)
On-shell: (hy(2)has(y)) —— UV ~avanaanaan a3 (3.1.21)

The terms in the Action that are quadratic in H,,,, as shown in Eq. (3.1.18), are formally
the same as those of the radiation field Ay, (given in Eq. (3.1.17)) and thus one might be
tempted to use the same propagator we just defined for the radiation gravitons also for

the potential gravitons. However, note that the Fourier space propagator takes the form
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of
L. ! (3.1.22)
k2 +ie  (K9)2 — k2 + e "

and we have discussed around Eq. (3.1.13) that k° and k scale differently for potential
gravitons. More explicitly, we have that k¥ is suppressed by v relative to k, which allows
us to expand Eq. (3.1.22) in powers of (k°)?/|k|?, such that

1 1 (kY)?
- =——— |14+ "5 +... 3.1.23

K2 1 e \k;|2< TR T ) (3.1:23)
where we dropped the € since it becomes irrelevant for the off-shell propagator. We define
the potential graviton propagator to be given by the leading-order term in this expansion
and treat the higher-order corrections as propagator insertions. The off-shell propagator
is thus explicitly given by

d4]€ ,L'e—ik:(x—y)
<HMV(I')-HQ (y)> - _Puy;aﬁ/ (277')4 |k§|2 (3124)

and we will use double squiqqgly lines to represent this propagator in Feynman diagrams,

such that

k

—_—>

Off-shell: (H,,(z)Hap(y)) —— pv af. (3.1.25)

We can alternatively understand this choice for the off-shell propagator as constructing it
by only using the terms in Eq. (3.1.18) containing spatial derivatives, and we thus have to
treat the remaining term containing temporal derivatives of H,,, as perturbations. This

term is given by
(H?) 4 1 W Vo 1 uv ., po 0
L D | d*zx iﬁgﬂpg e — o0t 0"H,, (3.1.26)

and we will diagrammatically represent this interaction as insertions of crossed circles in

the off-shell propagator, so that at LO we have
LO propagator correction: AR NN (3.1.27)

Having obtained the propagators for the potential and radiation gravitons as well as their
interaction terms, we next have to identify how these modes couple to the worldline of
each point-particle. To this end, we first expand the point-particle action in terms of the

metric perturbations A, such that

Spp = /dt <£(0) + L0 4+ £@ 4 > : (3.1.28)
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where £ denotes all terms that contain n powers of hy and we explicitly have

1 1
£0) — —M(l — 5’02 — §v4 + O(UG)) , (3.1.29)
A . h ,
£ — hoo + 2hoiv" + hijv'v’ + “02 4 hoiviv?
20M,,
hij 5 5.9, 3, 4 6
+ E v + ghoo’v + (’)(’v ) , (3.1.30)

M , . .3

£® = VA (hgo + dhoohoiv! + (hoiv') + 2heohijviv? + §h30v2
pl

+ 4h0ihjkvivjvk + 6hoohgiviv? + (hijvi'vj)z

. o 15
+ 6(h0i’01)2’02 + 3h00hijvzv‘7v2 + §h00U4 + O(’UG)> . (3131)

Power counting

While we now have all the necessary ingredients to perform calculations, it is still necessary
to introduce power counting rules that allow us to systematically organize all resulting
diagrams in a fashion that allows us to clearly identify which diagrams are necessary at
which order in the post-Newtonian expansion.
First, we again utilize the virial theorem to note that
9 M

~ . 3.1.32
ngl ( )

v

At this point it is convenient to introduce the angular momentum L of the system, which

is defined via L = Mvr. Combined with the virial theorem we thus find

M
My

N

vz . (3.1.33)

Next, we find that the radiation and potential graviton propagator, defined in Eq. (3.1.19)
and Eq. (3.1.24), scale as

_k UNA vy —2 v\ 2
On-shell:  pv amananmnnn aff ~ (;) (;) = (;) , (3.1.34)
Off-shell: v : aff ~ <£) <i>3r2 = :—2 (3.1.35)

From this, we can now infer that

Py ~ % (3.1.36)
1
2

Hpyp ~ 2 (3.1.37)
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Next, for the propagator insertions, defined in Eq. (3.1.26), we find that

o v 1\* v3

v AARRELAAAAS (3~ <7) <> r2? = <. (3.1.38)
r/ \r

It is straightforward to analyze the scalings of arbitrarily many insertions and one finds

that generally, n insertions carry along a scaling of v?" relative to the potential graviton

propagator.

With this, we have now all ingredients to lay out the general recipe for obtaining the

power scaling of a given diagram:

Virial theorem: M/M,; —— L2v? (3.1.39)
Insertions: MRy 2 (3.1.40)
Graviton factors: by ——— Y (3.1.41)
r
1
V2
Hy — = (3.1.42)
Integrals: /dt s I (3.1.43)
v
/ Pz — P (3.1.44)

While the above-presented recipe requires fully writing out the mathematical expression
that corresponds to a given diagram, it is also possible to derive scalings for the individual
components of a diagram. For example, we find that the first term in Eq. (3.1.30) cor-
responds to a single potential graviton coupling to the worldline. Applying the obtained

power counting rules, we get

M 1
— dtH, ~ L2, 1.4
2Mp1 00 —_— }‘V\NA‘» 2 (3 5)

Similarly, we can investigate the power counting rules for graviton self-interactions. Con-

sidering a 3-point vertex of potential gravitons, we find that

A ~ L7202 (3.1.46)

In App. 3.B we summarize the scalings for various couplings and self-interactions. As

a specific example, consider the exchange of a single potential graviton, which couples to
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Hyg

(a) The LO interaction diagram that scales with Lv° and hence contributes to the OPN order.

v2 v

Hyo Hy;

Hy

Hoyg

(b) The five interaction diagrams that scale with Lv? and thus contribute at 1PN order.

Figure 3.1: All diagrams diagrams in pure GR that contribute to the binding Energy up to 1PN
order. Diagrams were created by D. Schmitt.

Hyp at both worldlines and features one propagator insertion:

. ~ (}wg)z X (w@w) ~ Lv?. (3.1.47)

In general one finds that all conservative diagrams scale with Lv?" for some integer n and

we therefore identify n to be counting the post-Newtonian orders, i.e., the above diagram
would contribute at the first post-Newtonian order, while a diagram that scales with Lv

contributes at the zeroth post-Newtonian order.

3.1.2 Conservative Dynamics

Having the power counting rules in our hands now, we are ready to categorize the Feynman
diagrams depending on which PN order they contribute to. We will illustrate this in the
following by computing the LO contribution to the binding energy, i.e., the Newtonian
potential. We find that at the lowest order in the expansion, i.e., at OPN order, we only
have one interaction diagram, which is shown in Fig. 3.1a. Writing out this diagram’s

contribution to the effective action explicitly, we find that

. . My Moy d3k e*ik(w(tl)*y(b))
e 310 = 1F0000 3 - (314
0 Seft g, 310 = 1500500 0 /dt1/dt2 6(t2 t1)/ @n)? e (3.1.48)
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While the integral over ty is easily evaluated thanks to the Dirac delta function, the
momentum integral—albeit a standard calculation in every QFT book—requires a bit
more care, and we will go over it for instructive purposes. Also, we will introduce the
orbital separation vector r(t) = x(t) — y(t) and denote its length by |r(t)| = r(t). Next,

focusing on the momentum integral and introducing spherical coordinates, we find that

d3k5 e—ikr iulklr
[ s = e e i
(3
_ dlk —ilklr Z\k|r
7’(27‘()2/0 | ‘]k:] ( ) ’

where in the second line, we have solved the angle integrals such that only the radial

(3.1.49)

integral remains. By substituting |k| — —|k| in the first term of the above integral, we

can extent the integration limits to (—oo, 00), so that we obtain

/ d3k e—tkr _1 — /oo d’k’€l|k|r
@2m)3 |k r(2m)? ) K] (3.1.50)

1
dmr

Putting this result back into Eq. (3.1.48) we find

iSeff\Fig. s 1a = inO;goj\ﬁi/%[f/dt;W = iGMlMQ/dti, (3.1.51)
where in the last step we have used the definition of the Planck mass and reinserted
powers of G. At this point, we can already recognize the well-known Newtonian potential.
However, we also still need to find the diagrams that contribute the kinetic terms to the
effective action. We find that these diagrams are given by just the worldline of each object
without any interactions happening between them. Looking at the corresponding terms

in Eq. (3.1.29), we find that these diagrams contribute with
. : Lo 1. 9
iSeg D4 [ dt §M1v1 + §M2112 . (3.1.52)

Putting these results together, we find at OPN order

My My
r

1 1
ecgn — /dt <2M1’U% + §MQU% -G ) —|—/dt£1pN -+ O(QPN) . (3153)

=LopN

Thus, we successfully derived Newtonian gravity to be the LO approximation to GR.

Going to 1PN order is now straightforward, and the necessary diagrams are already

presented in Fig. 3.1b. Without calculating each diagram explicitly, we note that the final
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result is given by

1 1 M, M. ' '

Lem == Mo + = Movs + G2 3(v} +v3) — 7(v1 - va) + w
8 8 2r " (3.1.54)
2 MiMy (M, + M)

272

The effective Lagrangian up to 1PN order was first derived in 1938 by Einstein, Infeld, and
Hoffmann [96] and is thus also known as the Einstein-Infeld-Hoffman (EIH) Lagrangian.

Having obtained the 1PN conservative Lagrangian, we are now in a position to study
the 1PN corrections to, e.g., the Kepler relations. To do this, we will now specialize to

circular orbits and parameterize the worldlines as

cos(wt) cos(wt + )
x1(t) =71 | sin(wt) | , and x2(t) =72 | sin(wt +7) | - (3.1.55)
0 0

Substituting this parametrization into the conservative action, we find that only the
parameters r1, 7, and w remain as degrees of freedom. Since each one is time-independent,

we find that the Euler-Lagrange equations simplify to

cons
a‘Cle

0= N = 27711 4+ rriw? + 6GMor + GMyry,
8£7’1 (3156)
0= p 271y 4+ rriw? + 6GMyr + GMr .
T2
Combining these equations we can solve for ry in terms of r = ry 4 ro:
My VoM (. riw? + O(2PN) (3.1.57)
po — Lo - 1.
2 M 9 M ’

where we have introduced v = M1]\42/]\42 and 6M = My — Ms. The first term simply
reproduces the Newtonian result and the second term introduces corrections due to the
1PN effects. Likewise, we use the Euler-Lagrange equations to obtain a relation between

w and r:

, GM G*M?
="—+

-—(v—3) + O(2PN). (3.1.58)

w
T T

For future convenience it is useful to express w and r in dimensionless quantities. For this
purpose we introduce
GM

x:(GMw)%, and T=— (3.1.59)

Expressed in these quantities, we find that the Kepler relation takes the form of

z* =+ + (v —3)y* + O(2PN). (3.1.60)
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It will later become relevant to also have an expression for v in terms of x, which we

obtain by inverting the above expression:
y=a+(1- g) 2% + O(2PN). (3.1.61)

The final quantity of interest is the system’s binding energy F, which is readily ob-

tained from the Lagrangian via
oL
E=)_ w@’; —L. (3.1.62)
n=1,2 n

For the circular orbits considered here, we find that

1
B L L voeey), (3169

where we have used the previously obtained Kepler relations to express the result in terms

of 7. Equivalently, we can express the binding energy in terms of x, such that

Ji — —%x + <2V4 + Z) 2% + O(2PN). (3.1.64)

The steps presented here can now be readily generalized to go beyond the EIH La-
grangian by first identifying all necessary diagrams for the 2 PN order and then evaluating
them. However, at 1.5 PN order the procedure becomes more complicated since tail effects
become relevant. We will not discuss these effects here since they will not be relevant to
the 1PN dynamics in scalar-tensor theories that we will derive later on. Instead, we refer

the reader to [41] for more information on these effects.

3.1.3 Radiation

In order to investigate the radiation produced by the binary system, we again start out
by collecting all diagrams that are relevant up to 1PN order. We find that at lowest order
the diagram given in Fig. 3.2a and it is straightforward to show that this diagram scales
with L33, Going to NLO, we find that there appear two additional diagrams, shown in
Fig. 3.2b. The left diagram of this figure has an unambiguous scaling of L%vg, however,
it is not clear how to assign a scaling to the right diagram right away. The problem here
lies in the interaction vertex of two potential gravitons coupling to the radiation graviton.

Making the momentum flow explicit, we find that

(3.1.65)
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Fal

(a) The LO radiation diagram that scales with L2z,

h
H H &~~AA~AAnAn

3
2

(b) Next-to-leading order diagrams that scale with Lzv
Figure 3.2: All diagrams in pure GR that contribute to graviton radiation at 1 PN order. Dia-

grams were created by D. Schmitt.

so that the outgoing onshell graviton will have a momentum space propagator given by

1 1
I . 3.1.66
2 (0 TR0 (o ko) (8.1.66)

While the first term in the denominator scales as (kY + k9)% ~ v?/r? we have that the
second term in the denominator scales with (k1 +k2)? ~ 1/r? and it is thus not possible to
assign an overall scaling to the above-presented vertex. In order to remedy the situation
we wish to expand the problematic propagator in powers of |ky + ko|/|kY + kY|, which we

can achieve by performing a multipole expansion of ﬁu,, at the level of the action.

Multipole expansion. Before introducing the multipole expansion formally, it is worth
to first take a look at what we ultimately wish to compute. In order to calculate the
emitted radiation, it is necessary to identify the terms in the effective action that sources

the radiation gravitons. These terms can generically be expressed by

1

Sut 2 S = =531 / A T (2) hy () (3.1.67)

where we have introduced the effective energy-momentum tensor T'', which we can de-
termine from the Feynman diagrams. From this it becomes clear that the above-described
problem—that the given radiation diagram has no clear scaling—arises for any diagram
in which T'§ has non-local contributions. To resolve this situation, we can expand h(z)

in its spatial coordinates locally, such that
_ _ - 1 .. _
By (20, ) = hy (20, X) + 82" 0;h,,, (20, X ) + idzv’(izv]@iﬁjhw(wo, X)4+0(6x%). (3.1.68)
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We have here introduced dx = & — X, which denotes the distance to the expansion point
X, which we will set to the origin from now on such that X = 0. For future convenience,

L

we will also introduce the multi-index L that is defined via &% = & - .. . Leveraging

this notation we can write the expansion more compactly as
=1
=> l— ALl (3.1.69)
1=0

with the derivatives evaluated at (¢, = 0). From this, we now have the great advantage

that the scaling of each multipole moment is unambiguous.

As an example, we will calculate the LO power loss due to graviton emission. At LO,

the quadrupole moment reads

1= 3" M, [rird]>. (3.1.70)
n=1,2

Using the obtained expansion for r; we get

19 = p [rigd)51F (3.1.71)
The energy loss is now given by
. 2 2
Pio = % <(a§’f“)2> 5 GM2 20 = :Gu2m5, (3.1.72)

where in the last equation we have utilized the Kepler relations to eliminate r in favor
of x. This is the famous quadropolar power loss, which was first derived in 1918 by
Einstein [150].

As shown in [54] we have that the power loss at 1PN order is given by

32 1247 35
P, =201 (== + = . 1.
IPN = V0 [ ( 336 + 121/) m] (3.1.73)

3.1.4 Gravitational Wave Signal

In order to calculate the gravitational wave signal, we will work in the adiabatic regime,
where the momentary orbit can always be assumed to be Keplerian. We will here focus

on the gravitational wave phase, which the ground based detectors are most sensitive to.

TaylorF2 Phase. In the time domain we can generally express the gravitational wave
h(t) as
h(t) = A(t) cosp(t), (3.1.74)

33



CHAPTER 3 — BINARY SYSTEMS IN SCALAR-TENSOR THEORIES

with A and ¢ being, respectively, the time-dependent amplitude and phase. Applying the

stationary phase approximation we can rewrite h in Fourier space, such that
h(f) = A(f)e™). (3.1.75)

Further, ¥ needs to fulfill the following differential equations

_dt | GrM E'(f)

0=+ 30 B0 (3.1.76)
4w
0= 7~ 2t (f), (3.1.77)

where primes denote differentiation with respect to v. In order to obtain the GW phase,

we thus first need to calculate E'(f)/P(f).

It is useful to restate the differential equations in terms of the expansion parameter z,

which is straightforwardly done to yield

At 1dE

1
dv  3z2
0= P GMt' (3.1.79)

Focusing only on the LO effects by using Eq. (3.1.64) for the binding energy and Eq. (3.1.72)

for the powerloss, we first obtain

LdE _ 5MG

Pdr = 6w (3.1.80)

Solving for ¢(z) we thus find

BMG [* . 5MG/ _,
t(z) iy /xo dz z 5560 (;1: x ) (3.1.81)

Inserting this result into Eq. (3.2.103) and solving for ¥ we find that

15 RN a1 3 _s _3 5 _, 3 5 _3
¥(z) = _256V/ dz <x ’ _“704”) ~ 1230 <x * %o 2) + 125550 7 ~ Tagy 0

zo
T 3 s
= 27ngwtc - gbc - Z + @LE 2 4 O(lPN) 5
(3.1.82)

where in the second line we have introduced ¢, and t. to write the constant term and the
term linear in fgy more compactly. In total, we thus found that at LO the GW phase is

given by a term proportional to z~%/2. Going to higher orders in the PN expansion will
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add terms with increasingly higher powers in x to the GW phase, such that

o0

3 n
\I’(.I‘) = 27ngwtc - d)c - % + 128]/177% chmf, (3183)

n=

for some real coefficients ¢,, and terms proportional to powers n = 2¢ of x are denoted as
the iPN order. Suppose we want to calculate the GW phase up to order iPN, then how do
we know how many PN orders we need for the binding energy and power loss? Working
through the integrals backward, we can see that one would need to determine E’/P up to

order 2=, Expanding the binding energy and power loss in a similar fashion, such that

32 n m
P = €V2 z° Zanm2 , and E = —%x Z bz, (3.1.84)
n=0 m=0
then we find
L_ > —5i~ 5, and FE Mib (m+1) % (3.1.85)
= =— n =—-= — . 1.
T g 2" \g T )"

Hence we have that

g ~ a:5< 3 ang;Z) < i b (% + 1) x’é‘> . (3.1.86)
n=0

m=0

5 we need to know E

From this we can conclude that in order to know E'/P at order z'~
and P up to ¢PN order. In other words, upon obtaining the binding energy and power loss
at order ¢PN, one can also calculate the TaylorF2 GW phase at the same PN order. Since
we presented the necessary 1PN results above, we are thus in a position to determine the

1PN GW phase, which reads

3 20 /743 11
\I/(l') = 27ngwtc - ch - % + @m_g [1 + j <336 + 4l/> x + O(mg)} . (3.1.87)

3.2 EFT Approach in Scalar-Tensor Theories

Having reviewed the EFT construction and its applications in the pure GR case, we are
now well-prepared to tackle scalar-tensor theories. In the following, we will first go over
how the construction is modified and then calculate the modifications to the conservative

dynamics, the radiation, and the GW phase at NLO in the scalar parameters.

3.2.1 Setting up the EFT

We mainly focus on scalar-tensor theories whose total action can be written as

Stotal = SEH + SGF + S(j) + Smatter ) (321)
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where we assume that all interactions between ¢ and the other fields can be absorbed into
Smatter (we will come back to this point later in this section). The scalar field action is

thus of the form

1
Sp = /d4$\/jg [2@@0’% —V(p)|. (3.2.2)
Here, V(¢) denotes an arbitrary potential that we expand around ¢ = 0 with
mZ o €33, A4
V(@) = 579" + Mpi¢” + 107+ (3.2.3)

where mg is the scalar field mass. We also introduced c3 and A as self-interaction coeffi-
cients and will later discuss the role they play during the inspiral. Also, note that we have
introduced a factor of My, in the cubic interaction term so that c3 itself is dimensionless.
Choosing My, to normalize c3 is at this point arbitrary, and one can always change to
another normalization, say M, by substituting ¢3 — ¢3 M/Mp). Only when introducing
the power-counting rules later on, the normalization will indeed become relevant, and we

will discuss it in more detail at that time.

Relevant scales

Before going on to construct the PP action, it is useful to discuss the new scales that enter
the system due to the additional dimensionful parameters we have introduced along with
the scalar field. Most notably, due to the mass mg of the scalar field, we have introduced
a new length scale: the Compton wavelength A, = 1/ms. In general, we expect that the

scalar field will have at LO a Yukawa-type falloff, such that

e—msr

o(r) = Q +o. (3.2.4)

at large distances for some constant ). From this, we can see that at radii larger than the
Compton wavelength, the exponential function will rapidly suppress the scalar field. On
the other hand, for radii smaller than the Compton wavelength, we have that the scalar

field behaves essentially massless, i.e., expanding around mgr = 0, we have

o(r) = QL. (3.2.5)

r

This leads us to conclude that A. sets the length scale at which the scalar field can
effectively act. In general, one would need to decide how the scale A, relates to the other
scales in the system before constructing the EFT. More explicitly, suppose that A, &~ Ry,
then the scalar field would effectively be confined to solely act within the object under
consideration. If one now constructs the PP action for such an object, then one would
completely integrate out the scalar field at this step so that its impact would only lie in

modifying the PP action’s Wilsonian coefficients, such as the mass of the object. Similarly,
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if Ac < r, then one would integrate out the scalar field’s dynamics completely when
constructing the radiation EFT. Throughout this section, we will assume that A\, > R;
but will not impose any additional hierarchy between neither A. and r, nor between A,
and Agy. We will see that this will inhibit us from assigning unambiguous power-counting
rules that are valid for each step in the calculations, with the upshot that the results will
be valid for a broader range of scalar masses ms. We will highlight this issue whenever it
arises during the EFT calculations.

Further, we will treat all other coefficients that appear in the expansion of V' (¢) pertur-
batively. Since these coefficients carry along an additional dimensionful parameter (apart
from A), they potentially introduce additional length scales that we have to consider.
Their discussion is not as straightforward as the one concerning the scalar mass mgs and
so we will postpone the discussion for later when we can diagrammatically investigate

their behavior.
Point-particle action

Analogous to the pure GR case, we will construct the PP action from the bottom up. In
pure GR this meant that we will couple any operator that is invariant under diffeomor-
phisms to the worldline of the point-particles. In our current setup we do not introduce
any additional symmetries that would need to be respected?, meaning that any operator
that was allowed in pure GR is still allowed in the current setup. In general, we can split

the PP action into three sub-actions with
Spp = Spp,h + Spp,¢> + Spp,hq5 ) (3'2-6)

where S captures all terms that are purely built from geometric invariants, Spp
contains all terms build from ¢, and S, 1,4 contains couplings of ¢ to geometric invariants.

More explicitly, we have

Soph=— 3 /dT <M +enrRA+ .. ) (3.2.7)

n=1,2
¢)2
Spps=— D /dT<Qn Doy +) (3.2.8)
n=1,2 pl
Spp,hep = Z /d7< npR+ .. > (3.2.9)
n=1,2

where we introduced the coeflicients ¢, p,, and d,,. For reasons that will become obvious

later, we will denote ¢,, as the scalar charge and p, as the induced charge. Also, we have

2If one was to only consider even-powers in the scalar field potential, then the total action would be
invariant under ¢ — —¢. One might wonder whether this would inhibit a linear coupling in the PP
action, but instead, this would rather imply that the scalar charge transforms as ¢ — —q under such a
transformation.
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normalized powers of ¢ in Sy, 4 so that each accompanying coefficient has mass units.
Choosing My, here is again at this point—just as discussed above for cz3—arbitrary, and
we will discuss the consequences regarding the power-counting rules later in this section.
In pure GR, we argued that we can drop any operator from the PP action that vanishes
by virtue of the vacuum field equations, which turned out to be the Ricci scalar R and
Ricci tensor R,,. In the present case, however, we have that these quantities do not

vanish identically in vacuum. Instead, we have that the vacuum field equations now are

v
09

1 1
—RW+2mM;WW<_f%w%+vw0+@@@¢zm@ (3.2.11)

O¢ = (3.2.10)

where we have defined the scalar field’s energy-momentum tensor T[fy. Tracing over uv
results in

R = —0,00% + V(¢). (3.2.12)
Inserting this back into the field equations, we obtain

1
Ry = =39V (9) — 046006 . (3.2.13)

Next, we wish to perform field redefinitions that allow us to transform away redundant
operators. In order to illustrate this procedure, suppose that we had an action that only

depended on a single field ¥, then we have

S|V +eI(P)] = S[¥] —i—eI(\I/)g—g + O(€) (3.2.14)

Thus, consider changing from the metric g,, to the new metric g,, such that

Juw = Gy [1 + 521\1@1 /d754(x\/__i;(7))] , (3.2.15)

then
Sald] = Sunls +€ [ [R T 9up0 6 — v<¢>} | (3:2.16)

Hence, we can eliminate the term proportional to R in the PP action in favor of terms
involving 9,00%¢ and V' (¢). We thus use these relations to again remove all occurrences
of R and R, in the bulk action, however, in contrast to the GR case, this will generate

corresponding terms in the ¢ part of the action. More explicitly, we can simplify the
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above-presented PP action decomposition to

Swa=-> [ dT(M + (tidal) + > (3.2.17)

n=1,2
Spp.bp = n§;2/d7' (an : + pn—5 M2 + dpOn 0 ¢ + . ) (3.2.18)
Sops =— Y /dT( (tidal) + ) (3.2.19)
n=1,2

Orbital scale

In order to separate out the orbital scale, we again split the fields into on-shell and off-
shell components. We hence decompose h,,, in the same fashion as in pure GR and apply
the same treatment to ¢, so that we write ¢ = ® + ¢, with ® the off-shell and ¢ the

on-shell components, which have the following scaling behavior:

On-shell modes: 6a$w, ~ E(EW , (3.2.20)
r

1
Off-shell modes: 09p®,,, ~ BQW, 0i®puy ~ =Dy . (3.2.21)
r r

Inserting this split into the bulk action, we can decompose the resulting scalar field part

in the bulk action such that
Sy = /d4 < )4 £ 4 L®h) @) 4 £ 4 ) . (3.2.22)

Note that all terms in £(®*" vanish by performing a field redefinition involving the LO
EOM of ¢. We can now directly read off the propagators for ® and ¢:

_ _ 4 ,L'efik(zf )
@2)i) = [ G (3.2.23)
4 Z'e—ik(x— )
@@ = - [ G (3.2.21)

where we only used the spatial momenta to define the off-shell propagator and treat the

time derivatives as propagator insertions, just as in the pure GR case.

We next turn to the PP action, which we decompose as
Spp = /dt (ﬁgf} + LW 4 £@) 4 phd) 4 £ ) : (3.2.25)

with, e.g., Elgp ) denoting all terms that are linear in h and ¢. We note that 51(313) is already

given in Eq. (3.1.29) and L'l(op) in Eq. (3.1.30). The other relevant terms are explicitly given
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by
0 = oty Lz Ly O(v%) (3.2.26)
PP M) 2 8 ’
2 9 Pn 1o 14 6
L) = —¢ Mz [1 - vt - gt O(v )] , (3.2.27)
n i i, N i
ﬁl(;f)h) = _¢2;]Wpl [hoo + 2hgiv" + h,'jv vl + %UQ + hg;v v?
hij i 5.9, 3, 4 6
+ vv? + ghoov +0(v°)]. (3.2.28)

Power counting

We impose that the corrections due to the scalar field are small enough, so that the

Newtonian virial theorem still holds at LO, so that

2 M

v~ —— (3.2.29)
7‘M§1

which together with the definition of the angular momentum L = Mwvr again implies

M
= ~ L

My

V2 (3.2.30)

N

Next, we will investigate the scalar propagators. While the procedure so far was com-
pletely analogous to the GR case, we now arrive at the first conceptual difference, arising
due to the scalar field mass mg, which we already alluded to earlier. Simply applying the

scaling we have obtained so far, we note that

k
On-shell:  pV cacceeees af ~ <:)4(v)21+2 (3.2.31)
v m?2
_k o (11
OH—SheH: UV ========== 04/8 ~ (;) </)"> W (3232)
1 m?2

In order to obtain unambiguous power counting rules, we would now need to define a
scaling for ms. Since we already assumed that 1/mgs > R,, we have essentially two

choices if we do not want to introduce an additional scale:

1. mg ~ % : The Compton wavelength is on the order of the binary separation, and
we can expand the on-shell propagator in powers of k2 /mg, treating the higher-
order terms as insertions. The off-shell propagator would not need any additional

treatment.

2. ms ~ 7 : The Compton wavelength now is much larger than the binary separation

and thus the scalar field seems effectively massless to the binary constituents. While
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the power counting is now manifest in the on-shell propagator, we find that the off-

shell propagator can be expanded in powers of mgr.

If we were to assign such a scale, then we would arrive at results that are also only valid
if the mass lies on the specified scale. This is quite inconvenient for us since the orbital
separation will scan over several orders of magnitude during the inspiral, and we do not
know the size of mg apriori. We will instead proceed by introducing worst case scalings:
Any time that we have to assign a scale to mg, we will assign the most conservative
scale in order to arrive at results that are applicable during the entire inspiral. This
ultimately implies keeping the scalar propagators presented in Eq. (3.2.24) as is without
performing an additional expansion. To see why this is sensible, consider the case where
initially mg ~ % If we were to impose strict power counting rules, then we would
expand the on-shell propagator in powers of k?/m? and carry on with the calculations.
At some point during the inspiral, however, we will find that the orbital separation has
decreased and 1/mg approaches the radiation scale, such that mgs ~ v/r. In this regime,
we would now expand the off-shell propagator in powers of m?2/|k|? and only consider
the necessary amount of insertions. If we don’t expand the off-shell propagator, then
we would essentially end up with a result that contains higher-order terms of the PN
expansion that would not be necessary anymore at this stage. This does not invalidate
the result itself since it still is accurate to at least the desired PN order during the entire

inspiral.

We next turn to the scaling of the worldline coefficients. We find that for the LO

coupling of the potential scalar field to the worldline is given by the scalar charge with

—]\jpl/dw — F:

We thus see that couplings to the scalar charge are suppressed by ¢/M relative to couplings

~

N|=

L (3.2.33)

4
M

to the object’s mass. In order for Newtonian gravity and hence the Newtonian Virial
theorem to describe the binary dynamics at LO, we thus impose that |¢|/M < 1 and will
again work with a worst-case scaling, which here assigns |¢|/M ~ 1. The PP action also

contains terms quadratic in ¢, which scale as
b /dt 2 Fi, ~ %v? (3.2.34)

In order to treat this coupling perturbatively, we impose |p|/M < 1 and thus a worst case

scaling of [p|/M ~ 1.

Turning to the interaction vertices in the bulk action, we first note that the cubic
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scalar self-interaction scales as

C3 _1

—Mplgl/dllx P — /,}'\\ ~ 03M317‘2L 202 (3.2.35)
and we thus impose \03\M§17’2 < 1 in order to maintain perturbative control. Note that
this constraint explicitly depends on the orbital separation of the binary system, while
the previous constraints on ¢ and p did not explicitly depend on quantities that change

during the inspiral. Restating the constraint on c3, we have

2

les|l—5 <72 < 1, (3.2.36)
M2

so that |c3|M? /lel < 1 in order for the inspiral to allow for perturbative control during

0780, which was

some stage of the inspiral. For a system with M =~ M, this implies |c3| < 1
also noted in [151], where it was argued that this implies the need for unnatural fine-tuning
on c3. However, we need to keep in mind that this constraint on cg is conservative in the
sense that it was derived assuming the scalar field acts massless, and hence that mgr < 1.
The scalar field mass will introduce additional exponential suppression on any quantity
calculated from the cubic interaction vertex, which will restore perturbative control (as
we will see more explicitly further below). Also, in certain scalar-tensor theories, such as
f(R) gravity, the derived bound on cj3 is naturally fulfilled since in this case c3 ~ m? /Z\Jg1
and thus only requiring ms < 10713 eV, which is the mass range that is most relevant to

the inspiral. Lastly, we have the ¢? — h interaction vertex, which scales as

m2

g [ttt — K wiche a2
pl //’,

implying that msr < 1, which is, however, naturally fulfilled as per our initial construction
we have mgr ~ 1.

With this we have established all necessary power counting rules, which we also sum-
marized in App. 3.B. We are thus now ready to the collection of the necessary diagrams

for the conservative dynamics.

3.2.2 Conservative Dynamics

We are now ready to investigate the conservative dynamics. Figure 3.3 presents all dia-
grams that are necessary to calculate the 1PN conservative Lagrangian®, where we identify
the diagrams in Fig. 3.3a and Fig. 3.3b being the 0PN and 1PN pure GR contributions,
respectively, that we already calculated in Eq. (3.1.51). Since we have to linearly add

3We have not presented mirror diagrams, as well as diagrams that result by couplings to the worldline
that carry powers of the object’s velocity.
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Hyg
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(a) Binding energy dia- Hoo Hyo
grams at 1PN order in pure

GR.

(b) 1PN diagrams in pure GR.
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Figure 3.3:

(d) 1PN pure scalar diagrams.
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(e) Mixed contributions to the binding energy.

All diagrams contributing to the binding energy at 1PN order. Diagrams were

created by D. Schmitt.

the diagrams in order to obtain the effective action, we can simply reuse the previously

obtained 1PN results in pure GR and add all diagrams that arise due to the additional

scalar couplings. Before going over the 1PN results, it is instructive to only consider the

0PN sector.

0PN

In order to obtain the 0PN dynamics, we have to calculate the diagrams given in Fig. 3.3a

and Fig. 3.3c. While the former diagram simply reproduces the Newtonian potential, the

latter diagram results in

. —1q1 ZqZ dk3 —1e” ik(z—y)
ZSeH’Fig. 3.3¢c <M >< >/dt/ 3 k2—}—m2 (3238)

3A3 e~ ms"
Combining this result with the kinetic terms we obtain
1 1 My M-
Lopn = §M1v% + §M2v§ Nl St Y 8quq2 e T, (3.2.40)
r r
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Introducing circular orbits and using the Euler-Lagrange equations, we find a relation

between r9 and r:

M 1/5M
ro = ﬁl r+ G

(8Qe™™" + 1) + O(1PN), (3.2.41)

where we have introduced Q = ¢1¢» /(M1 Ms) . We further also obtain a modified version

of the Kepler relations, such that

w? = Gr—]g” [1 +8Q(1 + myr)e —’W} + O(1PN). (3.2.42)

Introducing the same PN expansion parameters as before, z = (GM w)% and v = GM/r,

we can rewrite this expression as
23 =3 [1 - 8Q<1 + ms)e—ms/”] + O(1PN). (3.2.43)
v
Inverting this expression for v we find

y—z— Qg(ms +2)e /T 4 O(IPN). (3.2.44)
1PN

We now turn to the 1PN calculations and begin with the pure scalar contributions, which
are depicted in Fig. 3.3d. The first two diagrams are straightforwardly evaluated using
standard techniques. We find that

; —iq1\ ( —iq2 —1 k(e
iS5 3a(3) = 5(t — t) / il )
5340 < > ( >/t fis Pk (k2 m2)? 0n0t

_ ;1 // i RiRj k(@)
k2+m2)

7m57' A i
24&”‘12/ r <“1 vz W(Hmsr)) (3.2.45)
t
. —1ip1 —1q9 —1iq9 —zk1(931 2) 7i6—ik2(m1—m2)
iS3.3d(1) = Z <M2 ) < >< > // 2 5 2 -
142 pl k1 1+ mg k2 5 +mg
3232 —ip1g3 /G_Qmsr
emesr
= —Z'64G2(p1q% +pQQ%) /7"2 (3.2.46)
t
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Figure 3.3d(iii) is more tedious to evaluate due to the cubic self-interaction. We here find

that

‘ 3! [(—igy 2 —iq1 —icg My
153 34(iii) = ( > /////
(iii) 1;22 M, My 3! tJry Jki Jkay Jk3

_Z'e—’ikl (’I"l —'I’U) _Z'e—ikg (7‘1 —'I’v) _ie—ikg ('I’v —7’2)

Haml Raml K
G —msT

3.;182.7(]1(]2((]1 + @2)cs /e |:_ Ei(_gmsr)e2msT + Ei(—msr) + ln(3)] .
2 ms t T

(3.2.47)

Before continuing with the remaining diagrams, it is worth investigating the mass-
less (msr < 1) and super-massive (mgr > 1) limits. While the contributions from
Fig. 3.3d(i)&(ii) simply reduce to a polynomial in 7, just as is the case for the graviton
contributions, we find that Fig. 3.3d(iii) diverges in this limit. This can be seen by first

noting that we can expand the exponential integral around x = 0 and = = co as
Ei(—z) = yg + log(z) — z + O(2?), (3.2.48)
1
Ei(—z) = e—f”< -=+ O(x_2)> : (3.2.49)
x
Hence
1S3 34 (i) X 03<10g(3m57“) + g — 1) + O(myr). (3.2.50)

The cause of this divergent behavior can be traced back to the discussion surrounding
the power-counting rules of the cubic scalar self-interaction, which begins at Eq. (3.2.35).
The resolution is that the higher-order contributions due to c3 generically become non-
perturbative in the massless limit. As previously noted, c3 itself is often not a free

parameter, but also depends on the scalar mass in a way that the limit is well-defined.

Continuing with the mixed contributions, we find that the first diagram in Fig. 3.3e

easily factors to give

; —iqq —iq2\ [ —iM> _ie—ikn'/ _je—ikar
10O3.3e(i) Z 0000 <2Mgl> (Mp1> <2Mpl > /t/k1 k:% oo k:% +m2

12
3232 _; q1q2M> /emsr
— 128m2My J; r?
] e—msr
= —i8G*quqa (M, + Mz)/t 2 (3.2.51)

The diagrams in Fig. 3.3e(ii) and (iii) are again more tedious due to the cubic interactions.
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Starting with (ii), we find

—1
) (o) G [ L L
iS: e(ii) " Pooyuw
3.3e( Zn ok (Mpl 2My) ) \ 4My ro Jir iy Js

1+2

e—z‘kl (r1—mv) *Z'e_“@ (r1—ry) 7i€—zk3 (rv—m2)

k2 + m? k3 + m? k32

PR 4G (3 My + ] Ms) /ms [1 — 2mrEi(—2mgr) — 6_2msr} : (3.2.52)
t 71

The last necessary diagram is given by Fig. 3.3e(iii) and we find

, —iga ) (—iqu\ ( —iMz\ [ —im // / / /
S e(iil) " P v
103 3e(iii) 277 00;4 <Mpl)<Mp1><2Mpl>< 1> k1 Jko Jk3

12

_ie*ikl(h*'r‘u) _Z'efikg(mf'rv) _iefikg('ruf'r'g)
2 2 2 2 2
ki + mj k3 k3 +m;

PEi8G?quga(My + Ma)m /e |:’YE + log(2mgr) — Ei(—Qer)EQmsT] :
t

(3.2.53)

—msr

It is worth noting that the mixed diagrams all behave well in the massless limit, so that
no divergence appears, as was the case for the diagram containing c3. Also, one can easily
see that taking the super-massive limit will eliminate all diagrams that contain scalar

contributions.

Shifting the worldline coefficients

Before writing out the complete 1PN result, we want to note that several terms in the
effective action can be eliminated by shifting the scalar charges. More explicitly if we only

consider all terms in the Lagrangian whose functional dependency is given by e™™<" /r we

obtain
G + c e~ MmsT
Lo = (3G + o DI RIE 14y 620,000, 4 M)y |
(3.2.54)

and it is easy to see that these terms can be removed—at the 1PN order—by shifting ¢;

according to
G gics

4 = qi —qi5—
21 myg

In(3) + 8G2q; Mym i . (3.2.55)

Further, we have again omitted all diagrams that contain pure-self force sub-diagrams,
such as the ones shown in Fig. 3.4, whose effect can also be trivially shifted away by

performing a shift in the scalar charges and masses of the objects.

46



3.2 EFT APPROACH IN SCALAR-TENSOR THEORIES

LU
4 4
\\§~_¢// w * 4

a/ms ="

Ak

(a) Diagrams contributing to the renormalization (b) Diagrams contributing to the renormalization
of the mass with no external vertices.

of the mass vertex with one external graviton.

Figure 3.4: Diagrams that contribute to a shift in the object’s mass.

The 1PN Lagrangian

Collecting the obtained results and dropping all terms that are trivially removed by
redefinitions of the ¢;’s and M;’s, we find that the 1PN Lagrangian can be expressed as

LipNn = LEmn + ﬁ(pr ;

(3.2.56)
with Ly given in Eq. (3.1.54) and
—mar 2 2
b . e Ms M1 + M2 (2 + 25 (Ul . 7"1)(’02 . 7‘2) V1 - Vg
Lipn =8Gq142 - [1 -G . e 52 (L +mgr) + 5
—2msr M 2 M 2
— 64G% (P13 + p2q?) ¢ 2 + 4mSG2—1q2 —: 241 [e_QmsT + 2erEi(—2msr)}
M
— 8mGq1q2 — {log(Qmsr)emsr - Ei(—2m5r)em“} (3.2.57)
T

+ Gesqigo @t g [Ei(—msr)e_ms’" — Ei(—3msr)em5r} .
2mmegr

Circular Orbits

Following the same procedure we applied in the OPN case it is now straightforward to
obtain the modified Kepler relations at LO in the scalar field parameter, so that
2_

s 3m m
2d = ’Yis {ev (ms — ) Ei (— s
2T

) +e 5 (s +7) Ei (—mﬂ — 128730
v v

(Mg + )
P s — _ms s 2m
+ 47‘3§qnﬁse_2w +8v*Qe” { msezv (ms — ) Ei ( s ) +v(Bv —4)ms (3.2.58)
Y

o
— g (s +7) log (T ) + s + 292 (v — 2) +7] +72 (v =3) + 1) .
—_———

= TGR
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Similarly, we can invert this expression to obtain 7 in terms of x at 1PN, such that

C ms ms _ s ms 12 _2ms
" % e () e e (5] e

g 8  m, Mg 2M _ _
_ gqumsejw + §Qe*7 |:3m3621 (ms — x) Ei <— 7; > + v (—dam, +m: — z°)
= —2 | — 2 o 2m 1 9
— 3 (zms + m3 + ms + 2% + x) + 3m, (M, + z) log . —3(1/—3)90 +z. (3.2.59)
—_————

=TGR

Likewise, the binding energy can now be expressed in terms of x as

E ey ma |, . 2ms [ 3ms 64 Com.
m :67WTLS€ = {(Qms —x)Ei (—;) +e = (2ms+x)Ei <— . )} - gajﬁpe = (4ms + x)
4 _ 2mg I 2Mmy 4 __  my _ omg . 2m
+ gfqms [m (—e E ) — 6msEi (— . ﬂ + §Qe E [—6mse = (2ms + x) Ei (— . )
2m,
—4(v = 3)m2 + 4((v — 3)x + 3)ms + 6ms (v — 2m;) log (7:) +z((v—3)r — 6)]
(3.2.60)

n V2 n 32 =z
24 8 2

and in terms of v as

ke

o - ATim s

E C m Mg : . 3Mmg _ _2mg
s [ew (s — ) Ei (—m> +e (s +9) Ei (— 7: )] — 64yE e 5 (3.2.61)

2mg s _ _ms s 2my
+ &, {—Sngi (— mn ) N }JFQ@ g [—4mse2v (ms + ) Ei (— mn )
Y Y

3.2.3 Scalar Radiation

Having obtained the binding energy of the binary system, the next objective is to de-
termine the power loss. Due to the additional scalar degree of freedom, there is now an
additional channel through which energy can leave the system. In the following, we will
only consider linear emission diagrams, allowing us to classify each diagram by whether a

graviton or a scalar is being emitted. We will begin by investigating the scalar radiation.
Scalar Radiation

Starting out with the scalar radiation, we first have to identify the linear source term,

which is defined via

My

Seff D Sgre, g = = / d*zJ(z)p(x) . (3.2.62)

Similarly to the pure GR case, it is necessary to perform a multipole expansion of ¢ in
order to obtain clear power counting rules. The multipole expansion for massless scalar

and non-interacting scalar fields was done in [152], which found that the source term can
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be rewritten as

1 1 _
Sge = — [ dty =Tlo 3.2.63
src Mpl / ; l' L(b ) ( )

where the d1¢ are evaluated at (t,x = 0) and the Z* are denoted as the multipole
moments. For the massless and non-interacting case that was considered in [152], the

authors find the following expression for the multipole moments

o0

20 +1)!! )
7L _ ( d3x r2Pxk P .2.64
Z(zp)!!(2z+2p+ 1)!!/ xrxsre 07 (3.2.64)

however, as was also noted in [114], this expression is not valid in the massive and self-
interacting case. In order to see more closely why this is the case, we can follow the
derivation of [152] until the point where the equations of motion become relevant. First,

expanding ¢ in the spatial coordinates around the origin we have
_ 1 _
dla) = Ha;Lam. (3.2.65)
n

Inserting this expression into Eq. (3.2.63) and expressing the result in STF representations
of SO(3), we have

1 Sy e (20 + 1) _
Ssrc = 37 /dt ) /d3$<]7‘2p93L <v2)paL¢ . (3266)
M, lzg I = (2p)1(20 + 2p + 1! ST

Next, outside the source, we can use the LO equations of motion to replace the gradients

acting on ¢. We have at LO

Op =026 — V2h = —V'(¢) = —m2¢ (3.2.67)

and therefore
V2 = (0f + m2)é. (3.2.68)

Inserting this relation into Eq. (3.2.66) and performing partial integration to move the

time derivatives acting on ¢ to J we arrive at a modified version of the multipole moments

o0

204+ 1)1
=2 @p)1(2 + 2p + DI / Py (O +mi) T (3.2.69)

Power Loss From Multipoles

Having expressed the source term in a multipole expansion, it is now straightforward to

calculate the power loss in each multipole. To this end, we consider the diagram shown
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Figure 3.5: Leading-order self-force diagram that contributes to the scalar radiation starting at
—1PN order.

in Fig. 3.5, which evaluates to

11 - d4k  etko(ti—t2) ~
Spy = i dto TV ()T (¢ k k"
’LSﬁg lMgl i /dtl/ 2 ( 1) ( 2)/ (271.)4 k2 —m?2 +ie

4 - -
L / 'k ! TE (ko) T (ko)* kX k" (3.2.70)

TMEnn ) CnTR = m t e
L1 [dko > dlk| g oovd L I 1 .
ZMgl l'l‘/ 27 / /0 (27‘()3‘ | nmn k,g_ ]k:]Q—mQ—{—ie (ko)Z™ (ko)™ ,

where we introduced n = k/|k|. Also, we used the time integrals to express Z%(t) in
terms of their Fourier transform Z%(k). In the last line we have switched to spherical
coordinates. The df2 integral can be evaluated to give

i i 4m
Qninl =5 . 2.71
/d n'n” =94 (2l—|—1)!!l (3.2.711)

Inserting this back into Eq. (3.2.70) we obtain

1 1 1 oo 2 1
Sy = —i—n———— | dk dlk| k22| ZE(k .
tofig ZJ\4§11!(2z+1)!!4w3/ 0/0 el 1227 (o) k2 — k|2 —m2 + i
(3.2.72)

We can solve the dk integral by closing the contour in the upper complex plane. We

first extend the integration limits to (—oo,00) and then pick up the residue at |k| =

k3 —m2 — ie. This results in

1 1 1 9
Sty = =~ — | dko (k3 — m?)FV2 | 7L (k 3973
RV l!(2l—|—1)!!87r2/ o (kg —m®)" 1 {25 (ko) (3.2.73)
Leveraging the optical theorem we thus obtain the power loss as
1 1 oo m2\ 1/2 )
Fi= dw {1—— 221l (W), 3.2.74
"7+ D) ar2M2T /m “( w2> w2 T (w))| ( )
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where we have replaced kg — w and introduced T' = 27§(0). An important remark is in
order. When going from Eq. (3.2.73) to Eq. (3.2.74) we only keep the imaginary part of
the effective action and we see that only frequencies with w? > mg thus contribute to the
power loss. All frequencies with w? < m? instead contribute to the conservative part of
the effective action. However, since this contribution only enters at a PN order higher

than what is considered here, we will not investigate it further.
Power Counting Rules

Before calculating the diagrams, it is useful to review the power counting rules in the
current context, which will make it easier to identify the relevant contributions. From

Eq. (3.2.69) we find that a general multipole scales with

U2 p
TE(t) ~ r2p+l+3< +m§> J (3.2.75)

r2
and its Fourier transform hence scales with

v\ r2

L oprtal (02 0\
% (w) ~ 1P — +ms.) J (3.2.76)
A diagram contributing to the effective action will thus scale as

2 p1+p
S ~ T2p1+2p2+61}21+1 (112 n mi) 1 2J1J2
r (3.2.77)

+
-~ T6U2l+1(v2 +m2r2)PP g g,

We thus only need to determine the scaling of J for a given diagram. Also, in Eq. (3.2.74)
we can see that scalar radiation at a frequency w can only occur if w > ms. We will later
see that a general multipole [ will have a frequency of w; = lw and hence it only radiates
if lw > mg. Hence, if we only consider low multipolar numbers [, then we can apply the
scaling mg ~ w = v/r in the current calculations.

As an example, consider the diagram shown in Fig. 3.6a(i). We find that J ~ r=3 and

thus this diagram contributes at lowest order with
83.6(1(1') ~ L’U2l+2p+2 . (3278)

We will see in the next section that the [ = 0 mode does not radiate on circular orbits,
so that the lowest order contribution arises due to dipolar radiation and scales with L v?,

which corresponds to —1PN order.
Collecting the Diagrams

From the previous discussion, we find that at order L v* we need to calculate the (I,p) =

(1,0) contribution from the LO scalar emission shown in Fig. 3.6a(i). At order Lv®°, we
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@) (i) 1 G gl g

S
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(1) d :: QZ_) (i) Y
------- 00

(b) Modified scalar emission.

Figure 3.6: All emission diagrams appearing at 1PN, except for the last diagram in Fig. 3.6b.
Figure 3.7a shows all emission diagrams appearing in pure GR, while Fig. 3.7b displays the new
graviton emission diagrams appearing due to couplings with the scalar field. Similarly, Fig. 3.6a
shows pure scalar emission diagrams. Fig. 3.6b shows all scalar emission diagrams that also contain
graviton interactions. Diagrams were created by D. Schmitt.

need to additionally calculate the (I,p) = (1,0) for the diagrams in Fig. 3.6a(ii-iii) and
Fig. 3.6Db, together with the (I,p) = (2,0) component of the LO emission in Fig. 3.6a(i).

Starting out with the LO emission diagram in Fig. 3.6a(i), we have

iS3at) = = Y 11 i /dt(l - v1><;_5 (3.2.79)

1<—>2

We thus find that the source term is given by

1 1
J3.6a()) = —Q1 (1 — 212%)53(33 —x1) — @ <1 — 205)63(33 —x2). (3.2.80)

Inserting this into Eq. (3.2.74), we find for the dipole moment

L3 6a(i) Z ¢ K >m1+ 110 (m2+0}) { (1—;v%>m1m1}+(9(p > 1)] . (3.2.81)

1+2

where we use O(p > 1) to denote the p > 2 terms. The quadrupole moment is given by

STF 1
5 ()a(z - Z it mlml = - Z q1 <m1m1 $%> (3282)

12 12

The diagrams in Fig. 3.6a(ii) and Fig. 3.6b(ii) are similarly evaluated in a straightforward

manner, yielding
—msT

pb1g2 €

Ié.Ga(ii) = 2
12 27rMpl

xi +O(p > 0) (3.2.83)
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and

piMs 1
Z $on02 7 ~z' +O(p > 0). (3.2.84)

6b(ii) —

The 3-point vertices in Fig. 3.6a(iii) and Fig. 3.6b(ii) require a bit more care. We start
out by noting that the full diagram in Fig. 3.6a(iii) contributes to the effective action with

zkl (r1—mrv) eikg(’l‘g—'f‘v) (5
1S = —iq1qacC /dt/ / / 3.2.85
3.6a(iii) 1492¢€3 . k2 +m2 o k:% +m§ Mpl ( )

and thus contributes to the source with

tk1(r1—x) tko(ro—x)
J a(ii\ L) = — . 3286
i) (%) Chc'mcg/kl k3 + m2 /kzz k3 +m? (3:2:50)

The (I,p) = (1,0) contribution to the multipole moments is thus

A zk:l (r1—x) ika(ro—x)
Ty = — '
3.6a(ii1) q1q203/ /k1 k:2 + m2 /kz ki% + m? v (3.2.87)
q192C3  _.r
B 16ms7re " (rl * r2) '

Likewise, we find for Fig. 3.6b(ii)

%
Id 6b(3

M. mr—2 +2e ™" (mgr + 1 ] — e ™MsT
= 2[ ) (msr +1) | g (3.2.88)

e T

drr
1+2

4drm?2r3

Leading-Order Power Loss

Having collected all necessary multipole moments to calculate the power loss up to NLO,
we start out by investigating its LO behavior. The lowest order dipole moment can be
read off from Eq. (3.2.81), so that

T =~ <q1x§ + qy:é) +.... (3.2.89)

We next introduce circular orbits with

cos(wpt) cos(wpt + )
x1(t) =71 [ sin(wpt) | , and @a(t) = ra | sin(wpt + ) | - (3.2.90)
0 0

Going to Fourier space, we now find

0(w — wp) + 6(w + wyp)
TH(w) = m(qara — qir1) | i6(w — wy) — i6(w + wp) | - (3.2.91)
0
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M T v H v Q @ Mg c3 &g &p
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v M | M| M | MM MM, My MM, M,
v oq oM = Ze Ey N 92
1| Magy — Mige | Mipaqi — Mapigs . | c3Q5Méq | M3qu + Mgy | Miq — Miqp | Miqn — Mg
Muw)b | 220" 292y gy , :
(GMw)s M2 1R MP % =1 ME M3 M

Table 3.1: Overview of the parameters introduced in our work. Besides the typical PN expansion
variables, we rescale the EFT parameters for convenience.

We therefore have
IT8(w)|? = 72(qare — qu71)? [((5(w —wp) +0(w+ wb))2 + (6(w — wp) — 6(w + wb))2
2

= 27T2(q2?”2 — qlrl) |:5(w — wb)2 + (S(W + wb)Q] .

(3.2.92)

Due to the delta functions, we have that the integral in Eq. (3.2.74) is straightforward to

evaluate, giving

(q2r2 — q1r1)? m; 302 4
PPoy="—FF75—(1—— . 3.2.93
=1 6w M2, w2) (3.2.95)
At LO, we have that
M M.
Ty = ﬁlr, and 7o = MZT’ (3.2.94)

which we can insert into Eq. (3.2.93) to obtain

2 3/2
(QQM1 —CJ1M2) m? 2 4

P, = 12 O(wp — ms) . 3.2.95

=1 127 M2M, ( z ) T Ol ) ( )

Higher-Order Power Loss

The generalization to higher-order diagrams and multipoles is now straightforward. We
have already obtained the necessary multipole moments in Eqgs. (3.2.81), (3.2.82), (3.2.83),
(3.2.84), and (3.2.87). Inserting them into Eq. (3.2.74) and expanding up to NLO, we
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3.2 EFT APPROACH IN SCALAR-TENSOR THEORIES

obtain for the dipole radiation

I=1,L0 _ 25,2124 m§ 82

P; GM Sr?uwt (1 - =) (3.2.96a)
Wy
3/2
P(%=1,P1,P2 _ 256 G2M3_,p7“w (1 _ Tn;) , (3.2.96Db)
Wy
_ GM MM _ 2 3/2
(%—1,03 _ 31 2 Ee(mgr — 1) (1 _ Tn;) 7 (3.2.96¢)
TMg Wb

pI=LNLO _ 8GM?
15

3/2
(5q[— 10g1G M + gor3(m? — 6w )} 4( - m§> . (3.2.96d)

and the single quadrupolar contribution is given by

2\ 5/2
Pé—)zz _ 11258GM2~2 4,,6 <1 Z:’Z;) . (3.2.97)

Using the Kepler relations, we can eliminate r in favor of w and then express the result

in terms of the dimensionless PN parameter x, which results in

Ppl=1.10 _ i5q2x4 1_ @ o2 (3.2.98a)
¢ 3G z3 ’
o\ 3/2
I=1.p1, 256 _ m?
prhpnp2 @:p 21— ?; , (3.2.98b)
— __o\ 3/2
pl=les _ My My mi xEc 3 _ M 7 (3.2.98¢)
¢ 37 Ms x3
_ 16 8
pl=LNLO _ 3 5a2 5
9G( +v)oq” 2° + 15Gm g2 0qz” 52950
16 m2\*? -
15G<591 +3g2)0q2”| (1— 3 )
and for the quadrupolar contribution
_, 128 m2 \ "/
=2 _ =2, 5(1_ Ms
qu = 50 x (1 4$3> . (3.2.99)

3.2.4 Gravitational Radiation

The necessary diagrams to calculate the gravitational radiation at 1PN order are shown in
Fig. 3.7, and we note that the diagrams in Fig. 3.7b provide additional graviton emission

diagrams due to the coupling of gravitons to the scalar field. However, as was noted in
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f:./"f h
(1) (ii) (iii) A
H H &dAA~Anan.

(a) Pure GR radiation diagrams.
h(i‘)-r‘_r’

i s i
W I hoo, hij @ l
[0} :vavvvvv» [0} ::

(b) Modified graviton emission.

Figure 3.7: All emission diagrams appearing at 1PN, except for the last diagram in Fig. 3.6b.
Figure 3.7a shows all emission diagrams appearing in pure GR, while Fig. 3.7b displays the new
graviton emission diagrams appearing due to couplings with the scalar field. Similarly, Fig. 3.6a
shows pure scalar emission diagrams. Fig. 3.6b shows all scalar emission diagrams that also contain
graviton interactions. Diagrams were created by D. Schmitt.

the previous section, we found that scalar emission already begins at —1PN order, and it
is thus sufficient for our purposes to calculate the power loss due to graviton emission at
OPN order. In Sec. 3.1.3 we have noted that this LO power loss is given by

G » 32G
Inserting the modified Kepler relations and expanding up to LO in the scalar field cou-

plings, we arrive at

32 1024
02 2,5 1042

27, —Ms/T (= 4
el el Qe (ms + x)z™. (3.2.101)

Po=

In Fig. 3.8, we are displaying all obtained components of the power loss as a function
of z for two scenarios. In the first scenario, we have a binary system in which both
objects carry a (differing) scalar charge and induced charge, thus finding that all computed
components contribute to the power loss. In the second scenario, only one object has
non-vanishing scalar couplings to its worldline. We therefore have that, for example, the
lowest-order contribution due to the modified Kepler relations (as seen in Eq. (3.2.101))

vanishes since it depends on the product of both scalar charges.
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3.2.5 Gravitational Wave Phase

We now turn to the calculation of the GW phase. In Sec. 3.1.4, we already noted that

the phase can be calculated via

dt 1dE
1
dv  3z2

where we can now directly insert the obtained results for the modified power loss and
binding energy. When calculating the phase, we first expand in the small scalar quantities,
such as @Q, €3, etc., before expanding in the PN parameter z. In this way we treat the
modifications due to the scalar sector as perturbations around the LO GR effects and
the quadrupolar GR emission is therefore assumed to be the dominant channel for energy

loss?. In this way, we find that the resulting GW phase can be separated, such that
Vot = Ver + Ysr, (3.2.104)

where Wggr denotes the usual GW phase in GR, and WYgr denote the corrections due to
the scalar degree of freedom. Next, we can further decompose Wgr into components that
arise due to the emitted scalar radiation in a given multipole mode I, ¥;, and due to

modifications of the binding energy, ¥ g. We thus write

v3 v3 1
\I/ST - \IJE + 9 - — 1 \Plzl + 9 - — = \Ijl:2 (32105)
mg mg 2

and have here made explicit that dipolar scalar radiation only occurs for v3 > m, and
quadrupolar scalar radiation for v> > /2 by using the Heaviside step function 6.

We find that the phase contributions due to the modified binding energy begins to
contribute at OPN order, while the phase contributions due to dipolar scalar radiation
enter at —1PN order. The explicit contributions are given by

5Q 5 m 7 m 9 m
OPN __ s s s
Ve = 5 {F <Qv U2> +I <Qv 1)2> +2r (27 1}2)} (3.2.106a)

6vms
5Q m m m
_ 3 ms ms ms
P T(4 5 )+ (3 ) +er (052 )|

gors e 5 [ (3578 13wy 0028 T () 6T (d)’
=1 T 8068 | T w72\ 72737673 6 of 247 rii 073 956 - 21/3m /3 |

(3.2.106b)

We have here expressed the results by using the generalized hypergeometric function 3%

4n [109], the authors also consider a regime where the scalar dipole radiation is the LO energy loss.
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and the upper incomplete gamma function, which is defined as I'(a,z) = ffo te—le~tdt.
Note that these LO contributions only depend on the scalar charges ¢; and ¢s. Corrections
due to the induced charges p; and po, as well as the self-interaction parameter cs, arise
at NLO (OPN) with respect to the scalar radiation. Explicitly, these terms are given by

\IJOPN’q:f —_ =, 5
I=1 98561311 272\ 27376737 6 oS

L 45T (2)% 8¢ (~1680g1 — 96692 + 5(1064 + 659)3q)
1605632 22/37137m2/°

5ga6qm> < 3711 10 17_m§)

., (3.2.107a)
L8 (1680g; + 1008g2 — 5(1064v + 659)3q) 345711 m
860161305 3721723767376 7 o
. 5v/30°T (1)° 6q (772891 + 43684, — 23(1064v + 659)5q)
30829568 ¢/2mv3ms > ’

OPNp _ = 9 1 345711 m? 6 - 22/331/243T (%)3 1351“(%)3
V" == - Fy s ) ,

T TPI6L3 | 0P 2737673 6 v° 187xmS/3 56 - 22/3;m>/?
(3.2.107Db)
oo _z SGML [1 (03578 13 mty 902983 (3)' esr(3)”
=1 “T1687mv3 | v7 2376’3 6 v° 2477m L0/ 256 - 21/3 i/
BGM My [ 1 3 3.5 m? 240 3r
B o |~ 582 (—5:2 538 55— ) — a5 + =5 | » 2,
55206713 [ 9 2( 27727797 6 35mi | 8m? (3.2.107¢)

PN — =
- 13203 43017 11272/

(3.2.107d)

N_ o 1 [1 ( 5457 11 m§> | 720-2/331/25T (;)3+405r(§)3]

We here denote the contribution to the phase that arises due to a certain coupling
parameter with a corresponding superscript, such that, e.g., the contributions that arise

at LO due to p; and ps are denoted as ‘IJ?E\I’p.

We further note here that we have checked that our results properly reproduce the
known results for massless BD theory. More explicitly, our expressions for the binding
energy, power loss, and GW phase match those given in [100,109] when taking the limit
ms — 0 and setting ¢z = 0. Also, the LO massive case was also considered in [56], and

we have verified that our LO results are identical.

The obtained phase corrections can now readily be combined with the already known
GR phase at any desired order. To utilize our results more easily, we have prepared a
repository [153] that contains a Python implementation of the phase corrections given in
Eq. (3.2.106) and Eq. (3.2.107).
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3.3 Conclusion

We have leveraged the PP EFT formalism to obtain the conservative and dissipative
dynamics of a compact binary system. In this way, we have obtained the conservative
Lagrangian and power loss at NLO, i.e., 1PN for the conservative Lagrangian and 0PN
for the power loss. We have further utilized these results to obtain the TaylorF2 phase of
the emitted gravitational wave signal at NLO and presented it in a format that is ready to
use to perform, e.g., Bayesian inferences. In the EFT framework, it is straightforward to
generalize and expand upon our calculations by introducing additional operators into the
PP and bulk actions, or by pushing the calculations to higher orders in the PN expansion.

In our approach using the PP action, we have kept the setup largely model-independent
by choosing a generic polynomial potential for the scalar field, and we have kept the
necessary worldline couplings up to the desired order. This allows us now to apply the
obtained results to a multitude of models.

As the next steps, the goal is to utilize the TaylorF2 template by performing Bayesian
inferences, which will allow us to put general constraints on the model parameters. Also,
by matching the worldline coefficients to a specific model—such as f(R) gravity—it is
possible to obtain more refined constraints from the inferences. Also, it would be in-
teresting to extend the calculations to non-circular orbits, which would also allow us to

utilize binary pulsar data.
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3.A Integral Identities

The most commonly encountered integral is given by (see App. B of [41])

dd_lk eikr B 1 I—\(% . Oé) Lz a—%
/ @m* (k)" 4m)T T <4) : (3.A.1)

It is straightforward to derive further solutions of related integrals by taking spatial

derivatives, so that

dd—lk kmkneikr dd lk eik:'r'
Jf= 5an

1 d+1 2 a*% d+1 Mopan
- K% O‘)<r> [5m”+2<a—+ >r ;]
(4m) =2 QF( ) 4 2 r

Integrals that are regularized by the scalar field mass typically do not need to be

evaluated using dimensional regularization and we thus present their result directly in

three spatial dimensions. We have

d3k eikr B 1 2 Ka—% (msr) - a—3
/(277)3 (k2+m§)a = (4%)% () <2ms> ) (3.A.3)

where r = |r| and K denotes the modified Bessel function of the second kind. We further
find that

Njw

/ R
(

B PMpn
TMsT Y — (1 s . 3.A4
e et U S

r2
Diagrams involving cubic self-interactions further require solving integrals consisting
of three propagators, and we will thus solve the integral that generically appears, which

has the form of

I(m S /d3 / d3k1 / d3k2 / d3k33 eikl(rl—rv) eikg(rl—m) eik3('l‘v—’r‘2)
1, mz, ms) (2m)? k3 +mi k3+m3 k3+m3

(3.A.5)

Since the calculation is more involved than the integrals presented above, we will present

a step-by-step calculation here. We begin by noting

1 ik:gr
I(myi, mao,m :// 3.A.6
(ma, ma, ms) i iy K2+ m2 (ks — k1)% +m2 k2 +m2’ (3-2.6)

where we have first integrated over r, to obtain a delta function of the form &3 (k1 +ks—k3)

and then integrated over ko. We first focus on the k; integral and denote it by

1 1
T E/ . 3.A.7
! &, k2 +m3 (ks — ki1)? + m3 ( )
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Using Feynman parametrization, we can rewrite the integral as

1 1 _
Ilz/ / da/ " é(a+b-1) :
k1 /0 0 [a(k%+m§)+b(k3—k1)2+bm§}

Next, we carry out the integration over b and complete the square in the denominator to
find

1 1
- “ . (3.A8)
' /kl/o [(k1 — (1 - a)ks)? +a(l — )k +am? + (1—“)7”5]2

We can simplify the integral by shifting k1 — k + (1 — a)ks and thus have

1
1
T = / / da . (3.A.9)
k1 70 {k% +a(l —a)k3 +am?+ (1— a)m%}

It is now straightforward to evaluate the integral over k; and we find
1 [t 1

Ti=— | da . (3.A.10)
87 Jo \/a(lfa)kquam%qL(lfa)m%

We can solve the da integral exactly to obtain

1 |ks| 2|k3|mo
= t — ) —at —_— . 3.A.11
47T\’<?3|[aan <m1m2> aan <k§+m%—m3 ( )

Inserting this back into Eq. (3.A.6), we arrive at

; L ezkr
T - _ dk at A2
(m1, m2,m3) 16737 /R atan (m1 — m2> k2 + m% . )

Io=

n 7 / dk at 2k mo etkr
atan :
1673r Jr k2 4+m3 —m3 ) k? +m3

I3E

We have here defined Z, and Z3, which we will next evaluate separately.
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Im k Im k

Cs i (my+mp)
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Figure 3.10: Contours used for calculation of the integrals Zo and Zz, which are defined in
Eq. (3.A.12).

We continue wth the first integral and use the contour given in the left panel of
Fig. 3.10. For the further calculations we will assume that m; > me + m3. We note that
the contours Cs and Cj give a vanishing contribution to the integral, so that only C3, Cy,
and the pole at k = img contribute. Next, arctan jumps by a shift of 7 when going across

the branch cut, so that it is straightforward to find that the integral is given by

o) —kr .
I = iw/ dk ¢ + mem”arctanh(m)

mi1—ma W ms3 my —ma
- _2:;3 ™ Ei( — (m1 — ma +mg)r) + 2:;3 e B ((—ma +ma +mg)r) (3.A.13)
+ me_m3rarctanh<m3> .
ms mip —ma

The second integral in Eq. (3.A.12) uses the contour presented in the right panel of
Fig. 3.10. We here find by the same arguments that

mi+ma efkr
Zg = iT[‘/

mi1—ms2 m% — k?
= —;—nle_mWEi( — (my +mg —m3)r) — %em:‘rEi( — (m1 —mg + ma3)r)
(3.A.14)
U —— T eyt
o Ei((— 0 emsTRi(
+ 2m3€ i((=my1 + ma + mg)r) + 2m36 i(— (m1 +ma +ms3)r)
] 2
_ T e=mamarctanh 5 mQTZ?’ 5 ] -
ms —mi +m5 + mj3

Combining these results, we hence find

1 1
39,2 m—gre*m” [El( — (m1 +mg — mg)r) + log <

m1+m2+m3>

Z(m1, mo, m3) = TR p——

_ e2m37”Ei( — (m1 + mo + m3)7’):| . (3.A.15)
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From this, it is now straightforward to derive the following limiting cases:

1 1
T(ms, ms,0) = I e [1 — e ImsT _ QmSTEi(—Qmsr)] , (3.A.16)
S
1 1
Z(ms,0,mg) = 52 Te*m” [’yE + log(2msr) — eQmsTEi(—2msr)] , (3.A.17)
S
1 1
T(ms, ms, ms) = 22 m re—msr [log(?)) + Ei(—mgr) — eQerEi(—ZSmsr)] . (3.A.18)
S
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3.B Feynman Rules

Diagram Scaling Expression
~ L i/dt%vz
2
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e P 2 p / / .
Se ~ U —i— [ dt exp (i(k + q)x)
% A M Mgl k,q
Se ~ %’Uz i1 5 /dt/ exp (i(k + q)x)
S, 2Mp1 k.q
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Table 3.2: Feynman rules necessary to compute the binding energy diagrams at 1PN order.
Tables were prepared by D. Schmitt.
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Diagram Scaling Expression
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Table 3.3: Feynman rules involving the radiation modes, up to 1PN order. Tables were prepared
by D. Schmitt.
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CHAPTER 4

DARK MATTER IMPACT ON BINARY SYSTEMS

We begin by constructing isolated systems of FBSs in spherical equilibrium and then

move on to the construction of their quadrupolar Love numbers.

4.1 Constructing Isolated Systems

We consider a system consisting of a minimally coupled complex scalar field and additional—
also minimally coupled—matter fields that describe nuclear matter. The total action for
this system is thus given by

M2 _ _
S = /d4x\/—g TPIR — VodVOD — V(D) + Loy, | (4.1.1)

where R is the Ricci scalar, £,, is the Lagrangian describing nuclear matter, and V (®®)
is the scalar field’s potential. We note that the action is invariant under a global U(1)
transformation of the form ® — ®¢e', with o a real constant. Applying Noether’s

theorem, we thus find an associated Noether current
ju=1i(®V,® — ®V,D) . (4.1.2)

Since by construction V#j, = 0, we can use it to define the Noether charge on a given

spatial hypersurface X

sz/2d3m\/—ggo“ju, (4.1.3)

where we have denoted the Noether charge with My, and identify it as the total rest mass
of the bosonic subsystem!. Varying the action with respect to the scalar field results in

the Klein-Gordon equation

v
d|o?

V., VP = oV (d), with V'(9D)= (4.1.4)

'One can also define the total number of bosons Ny, = My, /m. However, this quantity is not relevant
for the further disccusion.
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Varying the action with respect to g, we retrieve the usual Einstein field equations

1 1

R, — zguwlR=—
M2

5 [Tﬁ’) + Tlgﬁﬂ : (4.1.5)

where R, is the Ricci tensor, T;Eg)) the scalar field’s EMT, and TSJS) the matter EMT.

We explicitly obtain the scalar field’s EMT as

T® = g, [0.80® + V(<I><1>)] + 8,80, + 0,90, . (4.1.6)

uv

Note that the Klein-Gordon directly implies that the scalar field’s EMT is conserved by
itself
P) _
VATR) =0 (4.1.7)

and we can thus deduce that the matter EMT is also conserved individually
VrTI®) = 0. (4.1.8)
For the matter sector we assume an ideal fluid, which is characterized by its EMT

Tlgljs) = e+ Pluyuy + Py, (4.1.9)

where e is the local energy density, P the pressure and u,, the fluid’s four-velocity. We can
further decompose the energy density by expressing it in terms of the rest-mass energy
density p and the internal energy per particle €, such that e = p(1 + €). Particle number

conservation of the perfect fluid is then expressed as
Vu(pu") =0, (4.1.10)
which allows to calculate the baryonic restmass on a given spatial hypersurface as

M = / dBzy/—gpu®. (4.1.11)
X
Spherically Symmetrical Systems

We now specialize to spherical coordinates by adopting Schwarzschild coordinates with

the line element given by

ds? = —f(r)dt? + h(r) " dr? + r2d6? 4 r?sin(0)%d? (4.1.12)
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and further also impose an ansatz on ® that respects the spherical symmetry
= p(r)e ", (4.1.13)

The matter fluid’s four-velocity is expressed as u, = (v/f,0,0,0) and we thus find that
the matter EMT is simply expressed as

— 0 0 0
0 P 0 0

T+ (NS) = v o P oo (4.1.14)
0 0 0 P

We insert the metric, matter EMT, and scalar field ansatz into the Einstein field equations

and use their tt and rr components to arrive at differential equations for f and h:

' __f(h—l) rf 2,2 2 2

Fir)= M/*J%h+w%Jw¢+ﬂW fW¢ﬂ (4.1.15)
! _1—h_ r.r 2,2 2 2

W) =— Mgle Mglf[qu +fheT+fV(e )]. (4.1.16)

We further obtain a differential equation for ¢” by utilizing the Klein-Gordon equation

r  2f  2h

2 W
|o+ 75

o) =24 L+ i+ Al vien s, (4.1.17)

Finally, the matter continuity equation gives us an equation for P:

Plr) = —2fj:(e +P). (4.1.18)

We thus arrived at a system of four coupled partial differential equations for the five
unknown quantities P, e, f, h, and ¢. In order to close this set of differential equations,
it is still necessary to provide a fifth equation, which links P and e. This is the equation
of state (EoS) which arises from microphysical considerations and is, for our purpose,

expressed as e = e(P).

Numerical Solutions

We solve the given system of differential equations by integrating from the spacetime’s
center outward. To this end it is necessary to specify w together with the behavior of all
involved functions around the origin, i.e., it is necessary to specify w, P(0), f(0), h(0),

#(0), and ¢'(0). Additionally, these initial conditions have to be chosen such that the
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spacetime is asymptotically flat, i.e., we require

lim ¢(r) =0, lim f(r)=1, and lim h(r)=1. (4.1.19)

r—00 r—00 T—00

In order to simplify the initial conditions, we first note that by imposing regularity at the
origin, we automatically find that ¢/(0) = 0. Further, the differential equation system is
invariant under

f—=adlf, w—aw, (4.1.20)

where « is a real constant. We can leverage this symmetry by shifting f — f = f /£(0),
so that we automatically have f(0) = 1, thus fixing one more initial condition. One
has to keep in mind that this rescaling also changes w and the spacetime does not seem
asymptotically flat anymore since we now have lim, o, f(r) = 1/f(0). However, we can
always retrieve f together with the physical value of w by first extracting f(0) from the
asymptotic behavior of f and then using it to reconstruct f and w. Lastly, we note that
R/ (0) = 0 in order to ensure that the spacetime is regular at the origin and combining this
fact with Eq. (4.1.16) we thus find that also h(0) = 0. In total, we thus find that there
are three remaining free parameters—w, ¢(0), and P(0)—that have to be chosen in such

a way that asymptotic flatness is achieved.

In practice, one is free to specify P(0) and ¢(0) and then has to fix w in order to ensure
asymptotic flatness. As discussed in [90,154], this condition indeed allows for a countably
infinite family of possible values w,,, which can be labeled by how often the corresponding
function ¢(r) changes its sign in the interval r € (0, 00), such that for wy we have ¢(r) > 0
everywhere. The n = 0 solution is also referred to as the ground state and solutions with
n > 0 as radially ezcited states. If one expands the here-presented setup to non-spherical
systems, then one also finds that the angular directions similarly admit discrete solutions
that fulfill the same boundary conditions. These excited states are generically unstable
to perturbations (aspects of stability will be reviewed in the next section) and we thus

limit our analysis here to the ground state of the system.

It remains to establish a procedure that allows for the efficient determination of wy
for a given choice of ¢. and P.. If one solves the differential equations by choosing an
arbitrary value for w that does not result in an asymptotically flat spacetime, then ¢(r)
will generically diverge either to +o00 or —oo at large radii. Crucially, this divergent part
in ¢ experiences a sign flip whenever w € {wp,w1,...}. In other words, if one constructs
a solution for ¢—denoted as ¢.—by choosing a value w < wy and another solution—
denoted as ¢~—Dby choosing a value wy < w < w1, then one finds that either ¢ or ¢~ has
to diverge to 400 at large radii, while the other diverges to —oo. This particular behavior

provides a convenient binary criterion that we use to perform a bisection search for w;,.

While the above-described bisection method allows for the construction of approxi-
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mations of wy efficiently, one will find that the resulting scalar field profiles will always
diverge at sufficiently large radii. The radial onset of divergence depends on how close
the numerically constructed approximation is to the physical value of wq, so that—due to
the limited numerical accuracy—one finds that the divergence is inevitable. For pure BS
systems, this is not typically a hindrance, since one always finds that there is a region in
spacetime that is sufficiently well converged to the desired solution, and one can extract
all desired information, such as the total mass of the system, from this particular region.
For FBS systems, however, one finds that the scalar field might already start to diverge
inside the neutron star since wy can not be determined accurately enough for particular
configurations. In order to mitigate this problem, we truncate the scalar field profile to
zero for radii r > r};, where r}; is determined by the condition ¢(r};)/¢. = ¢* with ¢*
a positive constant and choose ¢* = 10~ for all subsequent results. This truncation is
motivated by the fact that ¢(r) will decrease faster than exponentially at large radii, thus
rapidly approaching zero. Also, we have verified that choosing smaller values for ¢*, i.e.,

larger truncation radii, has an insignificant impact on the derived observables.

Stability

In the previous section, we have established that the solution space for FBSs in the ground
state is two-dimensional, with each solution being characterized by ¢., P., and have also
presented the general procedure that allows us to find wy. While we are thus able to now
numerically construct FBS solutions, we have to note that not all possible configurations
are generally stable against small perturbations and do thus not present viable solutions.
In order to discriminate stable from unstable configurations, it is generally necessary to
perform a perturbative analysis: for an unstable solution, at least one of the oscillation
eigenmodes will present exponential growth. If all perturbation modes are of an oscillatory
nature, then we can call the configuration stable. In general it is not feasible to investigate
each oscillation mode separately and typically only radial oscillation modes are relevant
to study the stability of an object. In what follows, we will thus focus on radial oscillation

modes.

In [91], the authors outlined a general argument that allows one to determine regions in
the ¢.-p. plane that are potentially stable without having to calculate the eigenfrequencies
explicitly. We will briefly review their arguments here. Suppose one introduces linear

perturbations, such that we schematically have

E(ryt) = Epg(r) + 0&(r,t) (4.1.21)

with -
SE(r,t) =Y Apsin(vpt) 66,(r) . (4.1.22)

n=0
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We have here introduced £ as a placeholder for any background quantity, such as ¢, and
have decomposed its perturbations 6§ into its eigenmodes 0§, that are labeled by n. Since
we are working in linear perturbation theory, we must have that such perturbations do
not change the total gravitational mass M., the baryon rest mass M), and the fermion

rest mass M;. Also, one generally finds that the squared eigenfrequencies v/2

“ are real-

valued numbers and we can thus infer from Eq. (4.1.22) that if 2 < 0 for a particular
value n, then the corresponding mode exhibits exponential growth, while v2 > 0 results
in a purely oscillatory behavior. Suppose we perturb the system by adding only one pure
eigenmode to it. We could then determine the onset of instability for that particular mode
by determining the line of 2 = 0 in the ¢.-p. plane. These particular perturbations are
neither oscillatory nor growing and are instead static perturbations that only shift the
background quantities £. As such we find that £ + §¢ has to again fulfill the background
field equations and is such also to be found in the ¢.-p. plane, but with a different pair
of values, which we denote by (¢¢1 + 0¢c1,pe,1 + 0pe,1). As previously mentioned, the
perturbation has to conserve Mo, My, and M, meaning that taking the directional
derivative of any of these quantities in the direction of (6¢c1,0p. 1) has to vanish. For
practical purposes, it is easiest to determine the direction in which M;.; remains constant
and then calculate the directional derivatives of My and M}, in the same direction. We

thus arrive at the condition
dNy dN,
—=—=0 4.1.23
do do ’ ( )
where d/do denotes the derivative in the direction of constant gravitational mass. We

can write out this directional derivative explicitly, such that, e.g.,

de x _8Mt0t 8Mf 8Mt0t aMf
do Ope Opc ~ O0pc Opc

(4.1.24)

Before continuing with our exploration of FBSs, it is important to stress a few points

about this approach to the stability analysis:

1. Any line that is found in this way is not necessary a point at which an eigenmode

actually becomes unstable.

2. All points within a given stability region have to be either stable or unstable. As
such it is sufficient to explicitly check the stability of a single point in the region in

order to conclude that all points in the given region are stable.

3. While we have argued that stability borders can be found by using Eq. (4.1.23),
the reverse implication is also true: Every point in the ¢.-p. plane that fulfills
Eq. (4.1.23) has to be part of a stability border. This is easy to see since Eq. (4.1.23)
directly implies the existence of a static perturbation and is therefore an exhaustive

criterion to identify stability borders.
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Figure 4.1: Left panel: Density plot that displays the total gravitational mass as a function of
the central rest-mass density (p.) and central value of the scalar field (¢.). Additionally, it displays
the stability curve as the solid black line calculated using Eq. (4.1.23), i.e., all configurations that
lie within the bottom left parameter region that is bordered by the black line are stable against
linear radial perturbations. Right panel: Mass-radius diagram displaying the fermionic radius
vs. the total gravitational mass for configurations that are within the stable region displayed in
the left panel. Each point corresponds to a single configuration and is color-coded according to
the rest mass fraction of the dark matter component. The solid black line shows the mass-radius
curve for pure fermionic matter. For both plots a massive scalar field with no self-interactions and
the mass set to m = 1.3 x 10719 eV was considered in addition to the DD2 EoS.

4. It is important to keep in mind that the presented argument only works for linear
perturbations. Indeed, one finds that the n = 1 excited BS are generally unstable,

while they seem to be stable according to the here presented argument.

The last point highlights the necessity to investigate found configurations non-perturbatively,
in order to ensure that higher-order effects do not spoil the configuration’s stability. This
is done by utilizing the full Einstein field equations to dynamically evolve a background
solution in time. This was done in, e.g., [155], where it was shown that the above-described

stability argument is appropriate to identify stable ground state configurations.
4.1.1 Background Solutions

Figure 4.1 presents a density plot of the the gravitational mass in the ¢.-p. plane for the
case of m = 1.34 x 1071% and Aj = 0. Additionally, the stability curve was calculated
using Eq. (4.1.23) and is shown a the black solid line, so that all solutions within, i.e., the
bottom left, are stable?. We note that the stability line reproduces the expected results
for pure NS in the limit ¢. — 0 and pure BS in the limit p. — 0. Also, we note that
¢. and p. can exceed the maximum allowed value one would expect from pure BS and
pure NS, respectively, without destabilizing the FBS. The right panel of the same figure
presents the resulting masses and radii as a scatter plot, such that each individual point

corresponds to one FBS configuration. Also, each point is colored according to the dark

2We have to keep in mind that there are additional stability lines that delimit, e.g., unstable white
dwarf configurations. These lines appear for rather small values of p. and are thus not shown.
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matter mass fraction of that configuration. We here note that larger dark matter fractions
typically decrease the overall gravitational mass and fermionic radius.

In order to further study the impact of varying the scalar field mass and self-interaction
strength, we present the mass-radius scatter plots for the cases m € {1.34 x 10711, 1.34 x
10719,1.34 x 107} and Ajy € {0,10,100} in Fig. 4.2, where we again only plot stable
configurations. We generally observe that larger scalar field masses typically result in a
smaller impact on the gravitational mass and fermionic radius, while smaller masses lead
to greater variation. More specifically, we note that smaller masses seem to generally
decrease the mass and radius, while larger masses generally increase these observables.
We further observe a similar trend with the self-interaction strength, such that larger
values of Ajy generally lead to larger masses and radii, when compared to the Ay = 0
case. We can understand this phenomenon qualitatively by also considering the effective
gravitational radius, which we define to be the radius within 99 % of the total mass lies.
We present the scatter plots that compare the total gravitational mass to the effective
gravitational radius in Fig. 4.3. By comparing it to Fig. 4.2, we note that the smaller
scalar field masses typically lead to configurations with effective gravitational radii that
are larger than the fermionic radii, meaning that a significant portion of the DM exists

within the so-called cloud configuration around the NS.
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Figure 4.2: The relation between total gravitational mass M and the fermionic radius Ry
for the FBSs with different DD2 forms mass fractions. The rows correspond to three different
bosonic masses m = {1,10,0.1} - 1.34 x 10719 eV, while the columns correspond to three different
Ainte = {0,10,100}. The EoS we employ for the fermionic part is the DD2. Notice the different
scale of the bottom plots. Observing only the fermionic radius of these systems would appear to
violate the Buchdahl limit, even though the whole FBS does not.
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Figure 4.3: The relation between total gravitational mass M and the effective gravitational radius
R, for the FBSs with different DD2 forms mass fractions. The effective gravitational radius is
the radius at which 99% of the rest mass is contained. The rows correspond to three different
bosonic masses m = {1,10,0.1} - 1.34 x 10719 eV, while the columns correspond to three different
Aint = {0,10,100}. The EoS we employ for the fermionic part is the DD2. In the case of pure
neutron stars, the crust has comparatively low density, which makes this effective gravitational
radius significantly smaller than the fermionic one. Notice the different scales of the bottom plots.
For low masses, the bosonic component forms a core and the total compactness of the object
increases. For higher masses, the bosonic component forms a cloud and can significantly decrease
the compactness of the object.
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4.2 Quadrupolar Love Numbers

The Love numbers are defined via the asymptotic behavior of linear perturbations around
the background solutions. As a first step, we will therefore introduce metric and scalar
field perturbations. Starting out with the metric perturbations, it was shown in [135] that

the most general even-parity metric perturbations can be written in the form

fHO Hl hova
haw=7_ | H h'H Vs Yim (6, 0), (4.2.1)
m \ Ve Ve Kgap+1r2G VoV,

where Hy, Hi, ho, h1, K, and G are functions that depend on the radial coordinate and
the numbers ¢ and m. Further, V, with a € {0, ¢} denotes the covariant derivative on
the 2-sphere. In order to simplify calculations, one typically exploits the gauge invariance

to choose the Regge-Wheeler gauge, which is characterized by
ho=0, h1=0, G=0. (4.2.2)

In this way, the metric perturbations are simplified to

fHy H 0 0
Hy h7'Hy 0 0
by = Yim (0, ¢) . 4.2.3
” ;; 0 o0 K . 6,%) (4.2.3)
0 0 0  Kr?sin?(9)

Next, we introduce scalar field perturbations and also decompose them into spherical

harmonics with '
—iwt

60 =3 61— V(6. ), (4.2.4)
lm

r

where ¢; depends on the radial coordinate and (¢, m). Finally, we are introducing matter

perturbations as
—de 0 O O
0 6P 0 O
5T/AV —_ Ym 97 , 4.2.5
> N (60, 0) (4.2.5)

0 0 0 P

£m

where, again, de and 0P are radial functions that depend on (¢,m). In what follows,
we will—without loss of generality—focus on the (¢/,m) = (2,0) case. This is justified
by noting that, at linear order in the perturbations, the different multipole moments
decouple and can thus be treated individually. Since each ¢ = 2 moment will carry

the same information about the quadrupolar Love number, we choose to set m = 0 for
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convenience.

Also, we generally note that, due to the linear nature of the perturbation equations,
we will find that an externally applied quadrupolar field &;; will result in a linear response
Qij = —Midai€i; with the quadrupolar Love number Aijga1 being the proportionality con-
stant. As discussed in [156], these quadrupolar moments enter the ggg component of the

metric at large radii as

2]wtot

- 3
goo = —1 + — &t (1 + ;‘;E"l) Fo.. (4.2.6)

Before tending to the calculation of the FBS’s quadrupolar Love numbers, we first
briefly review their calculation for a pure NS, which will allow us to highlight the simi-

larities and differences in the procedure more efficiently.
Pure Neutron Stars

The perturbation equations are now obtained by inserting the perturbed metric together
with the metric perturbations into the Einstein equations and the continuity equation.

The procedure is as follows:
1. From the tr component we deduce that H; = 0.
2. Substracting the ¢y from the 80 component reveals Hy = Ho.

3. The rf component allows to solve for K':

K'(r) = H{(r) + Hy(r) J;C/((:)) ) (4.2.7)

4. The 6 component of the continuity equation reveals that
1
5P(r) = 5 Ho(r) (P(r) +e(r)) (42.8)

5. Substracting the rr from the ¢t component now results in a differential equation for

Ho:

2 K -1 8+3rh'  rf'(rf —5f) 2
Hi+|=4+—+—|H - | —=— P ——|Hp =
0+[r+2f+2h} 0 [2M§1hc§(e+ )+ r2h + r2f2 r2 |0 0

(4.2.9)

From the and we further note that the 60 and ¢¢ components reveal that Ho = — Hy.

Next, adding the 86 component to the ¢¢ component allows to obtain an expression for

dP. We utilize this expression to obtain a differential equation for Hy, which reads
h+1_, 4(1+h>+4h)M)

H H
0o+ o o

T Hy=0. (4.2.10)
p
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Inserting h = 1 — 2M /r we further obtain

2M M M 2M? oM\ !
r2<1—)Hé’+2r<1—)H6—2<3—6+ >(1—> Hy=0. (4.2.11)
T T r

r2 r

As discussed in [61], there exists an exact solution to this differential equation in terms

of associated Legendre polynomials, such that

Ho(r) = ¢1Q2 <AZ - 1) + ey P2 (AZ - 1), (4.2.12)

with ¢; and ¢y being real constants. Expanding this solution for large radii, we then find

Ho(r) = 3¢ (&)2 (1 - 254\4) + clg (%)3 + cl(’)(r*‘*) . (4.2.13)

Comparing with Eq. (4.2.6) we can identify

15 1

L
= §W’\5’ and ¢ = gM E. (4.2.14)

Since Eq. (4.2.12) is valid for the entire vacuum spacetime, i.e., the star’s exterior, we can
use it to match Hy and H), at the star’s surface in order to obtain an exact expression for

A. Doing so results in

A :%M5(1 —20)*[2+2C(y — 1) — y] {20[6 — 3y +3C(5y — 8)]
+4C?[13 — 11y + C(3y — 2) +2C*(1 + )] (4.2.15)

+3(1-20)*[2—y+2C(y — 1)] log(1 — 20)}_1 ,

where y = RH{(R)/Ho(R) and C' = M/R, with R denoting the star’s surface radius. In
order to obtain the desired Love number it is thus necessary to integrate the obtained
differential equation Hy from the center of the spacetime up to the star’s surface, where
then Eq. (4.2.15) is used to calculate A\. Having reviewed the calculation of X for a pure

NS, we will next turn to the case of FBSs.
Fermion-Boson Stars

We use the same ansatz for the perturbed metric and matter perturbations and addi-
tionally obtain the perturbed energy momentum tensor of the scalar field by utilizing
Eq. (4.2.4). Due to the involved nature of these equations, we refrain from explicitly
presenting them here, but note that the construction is straightforward. Similarly to the

outlined procedure above for pure NS, we next perform the following steps:

1. From the tr component we deduce that H; = 0.

2. Substracting the ¢ from the 86 component reveals Hy = Ho.
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3. The rf component allows to solve for K':

K = HO + HOJ;C/ — 4¢1ﬂ, (4216)

4. The 6 component of the continuity equation reveals that
1
6P = S Hy (P + e> : (4.2.17)

5. Substracting the rr from the tt component now results in a differential equation for

Ho:
fon 2 -1 842  8+3rh/  rf'(rf' —5f) 2
1 J !/ _ s - _ =
Ho+ { N 2f o HO 2M 2 he? (e+P)+ M2 R—T * r2 f2 72 Ho
_ [ AV (¢2) —8w®  4f'¢’ (4.2.18)
- ¢) 2 - 2 ¢1 .
Mplrfh Mplrf

6. Expanding the Klein-Gordon equation to linear order in the perturbation, we also
obtain a differential equation for ¢1:

= f’ n 49 202V"(¢%) | V(¢ f —w? | 12f +r(fh' + ['h)
ot [ 2f }bl {Mgl + h + fh + 2r2fh 2
_|re 2 2 77“f'¢/
- [Frlven-2) -

(4.2.19)

While in the pure NS case we were able to construct an exact solution for Hy in the exterior
spacetime, this is no longer the case for the FBS system, and we can thus not apply the
previously obtained expression for A that was presented in Eq. (4.2.15). Instead, since the
bosonic field decays exponentially at large radii, we find that at the exterior spacetime
rapidly approaches a pure vacuum spacetime, meaning that Eq. (4.2.12) still describes the
behavior of Hy, but only for asymptotically large radii. We now leverage this knowledge
by matching Eq. (4.2.12) to Hyp and H|, at what we denote as the extraction radius rext,
so that the obtained A is again given by

16

)\ T5M5( Cext)2 [2 + 2Cext (yext - 1) - yext} {QCext [6 - Byext + 3(jext(5yext - 8)]

ngt [ 11yext + C’ext (3yext ) Ce2xt (1 + yext)]
-1
+3(1 = 2C0x0)*[2 = ot + 2Cexi (et — )] 1og(1 = 2Cext) |
but with yext = rext H{)(Text)/Ho(rext) and Cext = M /rext. For sufficiently large rex; we
will thus have that the above equation converges to the desired Love number.

We obtain the necessary profile of Hy by first preparing a background solution and
then integrating Eq. (4.2.18) and Eq. (4.2.19) radially outward. To do so, we need to
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specify the boundary conditions of Hy and ¢, at the origin. We obtain the behavior of

the fields by expanding Hy and ¢; in a power series around the origin with
H() = Z H(]ﬂ' 7’2, and ¢1 = Z ¢1,i 7’1 (4220)
i=0 i=0

and then insert this expansion into Eqs. (4.2.18) and (4.2.19) in order to determine the
coefficients ¢1,; and Hp ;. Doing so, we find that that

¢p1=¢137° +O(r!), and Hy= Hoar*+O(r?). (4.2.21)

Next, we note that the perturbation equations ((4.2.18) and (4.2.19)) are invariant under
a rescaling of the form
o1 — adr, Ho— aHy, (4.2.22)

with o a real constant. We leverage this symmetry in order to set Hpo = 1 and we
thus find that the perturbations are entirely determined by ¢ 3. Further, we also define

appropriate boundary conditions at asymptotic large radii as
Hy == 0(r?), ¢1 —>0(r Y. (4.2.23)

We find that these boundary conditions now uniquely fix ¢7 3. Similar to the discussion
on w, choosing a value for ¢; 3 that slightly deviates from the one that would fulfill the
conditions in Eq. (4.2.23), we obtain a profile for ¢; that will either diverge to +oo or
—oo and changes its direction of divergence when ¢; 3 passes the desired value. We use

this fact to again perform a bisection search that allows us to efficiently determine ¢1 3.

4.2.1 Numerical Results

While the discussion up to this point was done for a general scalar field potential V', we

now specialize to a potential that is quartic in the field and explicitly given by
5 25 A a2
V(®P) = m*dd + §(<I><I>) , (4.2.24)

where m is the scalar field mass and A the quartic self-interaction strength. As was shown
in [59], it is convenient to introduce the effective self-interaction strength A = A Mgl /m?.
In general, one finds that for Aj,y < 1 the gravitational mass of the boson star scales as
M Mgl/m, while for Ay > 1 it scales as M Mg’l/mQ.

Further, in order to ensure that the self-interaction strength does not violate con-

straints from, e.g., the bullet cluster, we impose [157,158]

2
T 1 (4.2.25)
m g
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and since o = \?/(64mm3), we can directly follow that

1.34-10-10
gy < 1070,/ 1321077V (4.2.26)
m

This constrain is readily satisfied for the self-interaction strengths we consider here, which
are in the range of Ajy < 100.

In Figure 4.4 we present the extracted dimensionless Love number A = \/M?® for the
cases of m € {1.34 x 10711,1.34 x 1071°,1.34 x 1072} and Ay € {0,10,100}. We first
generally observe that the obtained Love numbers smoothly transition between pure NS
and pure BS configurations when varying the dark matter mass fraction. We next note
that the impact on the Love numbers generally diminishes when the scalar field mass
increases, as can be seen in the m = 1.34 x 10~? eV case, such that the deviations from a
pure NS only become pronounced when the dark matter mass fraction is close to 100 %.
Contrarily, light scalar field masses, as is the case with m = 1.34 x 10~ eV, typically
impact the deformability quite significantly by increasing the Love numbers multiple
orders of magnitude. We can qualitatively understand this behavior being due to the
scalar field arranging itself in a core configuration for large scalar field masses and cloud
configuration for lighter scalar field masses. Since a DM cloud extents far beyond the NS,
it is typically only weakly bound and thus more easily deformed. The core configuration,
on the other hand, is more tightly bound, harder to deform, and hence only marginally
modifies the deformability.

Increasing the self-interaction strength has a similar qualitative impact as decreasing
the scalar field mass. We can understand this influence with the same reasoning, as larger
self-interaction strengths lead to greater extended DM configurations, which then are

more easily deformed.
4.2.2 Comparison to Observational Data

The left panel of Fig. 4.5 compares the masses and radii of obtained configurations with
fixed scalar mass and self-interaction to observational data on masses and radii of pulsars.
For this purpose, we have chose one scalar mass that results in a core configuration and
one that results in a cloud configuration and plotted lines of constant dark matter mass
fractions with the percentages denoting each used value. The object HESS J1731-347
typically requires DM core configurations in order to reach the required radius. On the
other hand, pulsar mass measurements favor DM cloud configurations in order to reach
the observed gravitational masses.

Further, the right panel of Fig. 4.5 similarly presents the tidal deformability and com-
pares it to the constraint obtained from GW170817 [164]. We observe that light scalar
field masses can enhance the deformability by multiple order of magnitude, even if the

dark matter fraction is only 0.5 %. This is in contrast to the left panel of the same figure,
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Figure 4.4: The relation between dimensionless tidal deformability Aiqal = Aidal/M?> and total
gravitational mass M for the FBSs with different DM mass fraction. The rows correspond to three
different bosonic masses m = {1,10,0.1} - 1.34 x 107 1% eV, while the columns correspond to three
different interactions strengths A,y = {0, 10,100}. For the fermionic part, we employ the DD2
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Figure 4.5: Left panel: Resulting mass and radii of FBS for the two cases of m = 1.34x 1070 eV
and m = 1.34 x 1071 eV shown together with constraints from HESS J1731-347 [159], PSR
J0030+0451 [160], PSR J0740+6620 [161], PSR J1311-3430 [162] and J0952-0607 [163]. In both
cases, the self-interaction was set to zero and the percentage number denotes the DM mass fraction.
For the NICER and HESS measurements, dashed lines display the 1o, while straight lines show
the 20 regions. Right panel: Dimensionless tidal deformability for the same set of parameters
shown together with the constraint coming from the GW170817 event [164].

where a mass fraction of 60 % was necessary to impact the mass-radius curve significantly.
At the same time, the core configuration also requires much higher DM fractions to impact
the deformability. We find this to be a strong indicator that measurements of the tidal
deformability can put significant constraints on the presence of light DM clouds around

neutron stars.

4.2.3 Effective Equation of State

It was noted in [59] that the energy momentum tensor becomes isotropic in the limit

Aint > 1 and one can hence construct an effective EOS that is given by

1/2 2

P:i)n;\ll[(l—i—;n;e) / —1] . (4.2.27)
This effective EOS was used in [165] to investigate the tidal deformability of DM ad-
mixed NS using a two fluid approach. We here follow their construction and compare the
resulting Love numbers to those we obtained by solving the full system.

In order to compare both approaches, we calculate the resulting FBS configurations
for various values of Ajy; and then consider the relative differences in the obtained masses
and tidal deformabilities. From this, we further obtain the relative differences of the
bottom 50 %, 68 %, and 95 % of configurations, which we plot in Fig. 4.6. As an example,
the straight line shows what fraction of obtained configurations has a relative error of less
than 50 %. We generally observe that increasing Aj,; overall improves the accuracy of
the effective EOS, but generally find that even for Ay = 300 there remain configurations

that deviate by more than 1000 %, indicating that one has to be cautious when employing
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Figure 4.6: Relative difference between the full and effective systems for the dimensionless tidal
deformability Atigal (upper panel) and total mass M. (lower panel) as a function of Aj,. The
lines show the relative difference for a given fraction of configurations. For example, 50 % of
obtained configurations have a relative difference that falls below the straight line. Only stable

FBS were considered for the relative error at a given A,y and computations were performed for
m=6.7x 10" eV.

this effective EOS.
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4.3 Conclusion

We derived the quadrupolar perturbation equations of a system that consists of a min-
imally coupled complex scalar field and nuclear matter in a spherically symmetric and
static system. We were further able to numerically construct solutions to these perturba-
tion equations and relate their behavior for asymptotically large radii to the quadrupolar
Love numbers. We then numerically constructed background and perturbation profiles
for FBS configurations and analyzed their behavior. We here found that core-like con-
figurations typically decrease the value of observables, such as the mass, radii, and tidal
deformability, while cloud-like configurations increases them.

Having obtained the Love numbers, we next compared them to observational data of
pulsars, where we noticed that observational uncertainties are too large to make conclu-
sive statements about the presence or nature of DM. We noted, however, that already
small fractions of DM in cloud-like configurations can significantly enhance the tidal de-
formability and thus be a potential smoking-gun signature for DM clouds. Additional
observations of NS-NS inspiral events will here help to bring more clarity, especially by
testing EOS-insensitive relations that can give strong hints on the presence of DM in NS.

In addition to our analysis of the Love numbers resulting from the full system, we also
studied the deviations that arise when utilizing an effective EOS together with a two-fluid
approach. This approach is expected to be valid in the limit where Aj,¢ > 1 since the EMT
of the scalar field becomes isotropic in this limit and can thus be described by an ideal fluid.
We found that the tidal deformabilities obtained from both approaches indeed typically
agree for Ay > 1. However, certain configurations still result in significantly different
values, with a relative difference of ~ 100 % in the tidal deformability at Ay, = 300, which

signals the need for caution when using the effective EOS.
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CHAPTER 5

(QUADRUPOLAR LOVE NUMBERS IN

HORNDESKI THEORY

“We wondered who would be crazy enough to work with
such equations. Then crazy showed up! And is still here
today.”

— Gregory W. Horndeski, 50 years after

discovering Horndeski’s Theory

The previous chapter introduced the PP action that encodes finite-size effects via
Wilsonian coefficients. While we were able to connect the Wilsonian coefficients to ob-
servable quantities, such as the power loss and the GW phase, it remains to establish a
procedure that allows us to derive the Wilsonian coefficients themselves for a given theory.
While this is most easily done for the gravitational mass, which can be extracted from the
asymptotic behavior of the metric fields in a gauge-invariant way, the procedure is not as
trivial for, e.g., the Love numbers, which quantify the deformability of the gravitational
field due to an external gravitational field.

The aim of this section is to outline the general matching procedure for Horndeski
Theory, which is the most general scalar-tensor theory that has at most second-order

equations of motion. The total action can be written as

S = /d%ﬂﬁH + Sm(gw) (5.0.1)

where g, is the spacetime metric, g its determinant, Ly the Horndeski Lagrangian, and
Sy, the matter action, which is minimally coupled. The Horndeski Lagrangian can be

expressed as

Ly = Gy — Gs0¢ + G4R + G5G VIV 6 + Gy x [(D¢>)2 - (v#vm)(v“vuqs)} (5.0.2)
1

£Go.x[(00)* = 3(06) (V,9,6) (VA V") + 2(VVad) (VV36) (V/V,.0)]
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where Ga, G3, G4, and G5 are functions that only depend on the scalar field ¢ and its
kinetic term X = 0,¢0"¢/2. Further, R denotes the Ricci scalar, G, the Einstein tensor,

and [J = V,V# the d’Alambert operator. Also, in order to simplify notation, we denote
partial derivatives with respect to X with a comma in the subscript, such that, e.g.,
G4, X = axG4.

We model the matter sector as a perfect fluid that is minimally coupled to the gravi-

tational sector, such that its action can be described by the Schutz-Sorkin action

S = — / A\ g e(n) + T4 (@t + Ai0,B)] (5.0.3)

where e denotes the total energy density, J* is related to the fluid’s four velocity via

JH
_n =

uM

(5.0.4)

and the remaining quantities — ¢, A;, and B* — are Lagrange multiplier. It is straight-
forward to see that varying the Schutz-Sorkin action with respect to the metric g,,, one

obtains the usual EMT of a perfect fluid
T = (e +P) upty + Py, (5.0.5)

where P = nej, — e denotes the fluid’s pressure. As usual, we have that the fluid’s EMT

is covariantly conserved with

vV, T" =0. (5.0.6)

5.1 Background Equations

In order to construct spherically symmetric and static background configurations, we

consider the usual Schwarzschild coordinates, so that the line element is given by
ds? = —f(r)dt® + h= 1 (r)dr? + r2d0?, (5.1.1)

where f and h are functions of the radial coordinate r only. Also dQ = d6? + sin(0)*de?
is the usual line element on the two-sphere. In order to derive the background equations,
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we now vary the total action first with respect to the metric, which results in

A A / As A A
Eoo = A1+—2+—3 o+ ¢A1+—+— W+ Ag+ =L+ =2 =p, (5.1.2a)
2h r 72
/ ! / /
5115 ¢A1—|—é—|—7 ﬂ%—/h)—%z‘ll—i 2A2—|—(h—1)144 :1:)7 (512b)
f r2 | 2h
_ (2h — 1)@’ A3 + 2h A5 i’ Al .,
822 = |:{A2 + hgﬁ’r 4f + Al —|— ¢ (5120)
1 , 2hAs — ¢’ As g f’2
4f<2hA4—¢A2+ " f ~9F
2h(2h +1)A5 — ¢’ A3 'R [Ar A f
+ |:A4 + 2h2 4f + — + T 7
¢’ h' A7
(hA1+ 5 TAs+ 5 =-P,

where A; to Ajg denote functions that depend on f, h, ¢, and X. Their explicit ex-
pressions are given in App. 5.A. The continuity equation further provides a differential
equation for P
!/
SPEP’+2ff(p+P) =0. (5.1.3)
Lastly, varying the action with respect to the scalar field ¢ we obtain the scalar field’s
equation of motion that we can conveniently express as
f! f!
5¢E ¢ [2f€00+gll (2f >511+ &9+ Ep| =0. (5.1.4)
Upon specifying an equation of state together with boundary conditions at the origin, we
can integrate the above-presented set of equations outward in order to solve for the fluid’s

density profile, the scalar field, and the metric functions.

5.2 Perturbation Equations

The general equations describing perturbations were presented in [166] and we will here
briefly review the most important steps that the authors took. We start out by introducing
metric perturbations by splitting the metric g,, = g + hu, so that g, denotes the
background metric—with the line element given in Eq. (5.1.1)—while h,, denotes the

perturbations. As was discussed in [135], h,, can generally be decomposed into

fHO Hl hova
Py = Z Hy ™ 'Hs h1V, Yem (0, 9), (5.2.1)
bm hova hlva Kgab + TQGVaVb

where Hy, Hy, ho, h1, K, and G are functions that only depend on the radial coordinate

and the numbers (¢,m), which characterize the spherical harmonic Yp,,. We similarly
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split the scalar field into

¢ =d(r)+ D 5(r)Yom (6, ), (5.2.2)
Lm

where ¢ denotes the background solution and d¢ the perturbations, which we also decom-
posed into spherical harmonics. We also introduce perturbations into the number density

and four velocity of the fluid via

o= 3 P 0,0), (523)
l,m i

U = Z Sur(r)Yim (0, ¢) (5.2.4)
Im

e = Y 0(r)VaYim (6, ¢) (5.2.5)
lm

The authors of [166] next inserted the perturbed quantities into the action in Eq. (5.0.1)
and expanded it up to second order in the perturbations. In this way, they arrive at
an action that describes the linear perturbations, and they obtain their equations of
motion by varying said action with respect to the perturbed quantities. While the authors
performed these calculations without specializing the perturbations to a gauge, we find it
most convenient to choose the Regge-Wheeler gauge in order to simplify the equations.

This gauge is characterized by
ho =0, h1 =0, G=0. (5.2.6)

Also, we can make one further simplification before presenting the full set of equations.

Varying the second-order action with respect to Hi, we obtain

r2(p+ P)Vh

Lb; —
2Lby T

Hi +r%(p+ P)Vhou, =0, (5.2.7)

where L = ¢(£+ 1) and the definition of b; is given in App. 5.B. Varying S with respect
to d.A1, we further obtain

Hy =\/féu,. (5.2.8)

Combining these two equations we deduce that
2Lb1H1 =0 (5.2.9)

and since generally by # 0, we must have that H; = 0.

The general perturbation equations of motion that result from varying S@ with respect

to the metric and scalar field perturbations are given in Eqgs. (4.30) to (4.37) in [166]. In
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our gauge choice together with H; = 0 and specializing to static perturbations we find
that

0 = a10¢"” + axd¢’ + asH) + (as + Lag)d¢p + (a7 + Lag) Ho (5.2.10a)
r2VF
+ dp —2g2 K" — 2g13K' + (L — 2)k1 K,
i p— 292 913 ( k1

0 = c20¢' + (c3 + Leg)d¢ + 2c6Hy — azH{ + (Las + a7 — as)Hy (5.2.10b)
— 2914K, + k‘Q(L — 2)K,

0= d25(;5/ + dsdp — a4H6 + (ag — aﬁl)Ho + csHy — glﬁK/ , (5.2.10¢)

0= —2goH{ —4gsK" — 49y K’ + 2g126¢" + 2(g13 — 295)H{) + 2914 H}) (5.2.10d)
+2(g15 + 912)0¢" + [(L — 2)k3 + 2g15] 6¢
+ [(L = 2)k1 — 295 + 2g13] Ho + [(L — 2)k2 + 2¢14] H2,

0= (L —2)(k1Ho + ko Hy + k369) , (5.2.10e)

0= —2e200¢" + 2(e3 + Leq)d¢ + a1 H) + (2a) — az) H), (5.2.10f)
+ (af — a3 + as + Lag)Ho — coHy — (¢ — ¢3 — Leg) Ho
—2e56¢" + 2g12K" — 2(g15 — g12) K’ + k3(L — 2)K,

where the functions a;, as, etc., are defined in App. 5.B. Also, varying S with respect

to de we find
p+P
op = H, 5.2.11
1Y 263 0> ( )

where ¢, is the matter fluid’s sound speed, which is defined via ¢? = 9P/de.

In order to numerically solve the above-presented system of differential equations, we
find it convenient to rearrange them by eliminating K, Hs, and de and thus reducing the
system to only two coupled differential equations for Hy and d¢. The procedure is as

follows:
1. We use Eq. (5.2.11) to eliminate all occurrences of de.

2. According to Eq. (5.2.10e), we find that for ¢ > 1

Hy = —@Ho s

- 2.12
s 00 (5.2.12)

which allows us to eliminate Hs in favor of Hy and d¢.

3. Next, Eq. (5.2.10c) and Eq. (5.2.10b) provides us with expressions for K and K’ in
terms of Hy and d¢. From these expressions, it is straightforward to also obtain K"

in terms of Hy and §¢.
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4. Inserting the expressions of K, K’, and K" into Eq. (5.2.10a) and Eq. (5.2.10f) we

obtain two coupled differential equations that we can solve for Hy and d¢.

Since the resulting differential equations are quite lengthy for the general case, we will
refrain from presenting them here. We will instead study them more closely upon spe-
cializing to specific models later. Before continuing on with our discussion on the pertur-
bation equations, we will take a moment to review the point particle action approach and

construct the relevant worldline operators that will describe quadrupolar perturbations.

5.3 Point Particle Action

While the PP action was already extensively discussed in Sec. 3.2.1, we will here briefly
review the most essential parts. When constructing the PP action in pure GR, we are

free to add any curvature invariant quantity to the action, such that we may write, e.g.,
Spp = —/dT (M + cgrR+dputu" Ry, +...) (5.3.1)

where we have added the Ricci scalar R and Ricci tensor R,,. When considering an
additional scalar degree of freedom, then we may further consider couplings of the scalar

field to the PP worldline, so that the PP action becomes

¢ ¢*

Spp:—/dT <M+Q]\4I)1+p]\421+ s (532)
P

where @ and p are denoted as the scalar charge and induced charge, respectively. In order

to incorporate quadrupolar tidal effects, we need to introduce curvature invariants that

contain second derivatives of the metric and scalar field at quadratic order. For example,

in pure GR we know that the even-partiy quadrupolar tidal deformability is captured by
S Anh v
pp O [ dT TEWE , (5.3.3)

where
Euw = vt Rpnp (5.3.4)

is a even-parity projection of the Riemann tensor. From these considerations it is now
straightforward to introduce the additional operators that appear due to the presence of

the scalar field. We find that there are in total three possible terms given by

A A A
Spp O Spy = / df(j;"EWE“” o BVaVio+ o Vmw*‘qub) , (5.3.5)
p pl

where we have introduced Apg and Ay that are the Wilsonian coefficients of the two addi-

A

tional operators. Also, we use S7, to denote all operators in Sy, that encode information
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about the quadrupolar and even-parity Love numbers.

While we will later see exactly how the Love numbers impact the asymptotic behavior
of the perturbations, we can intuitively understand their role as follows: Suppose one
applies an external gravitational field to the PP, then the PP’s own fields will deform as a
consequence and App, and Ay quantify the strength of the quadrupolar deformation in the
metric and scalar field, respectively. Note that this means that an external gravitational
field will thus generally source a scalar field perturbation, even if the background scalar
field vanishes. Instead of an external gravitational field, one may apply an external scalar
field, which will then, again, source a quadrupolar reaction in the metric and scalar field,
quantified by Apg and Ay, respectively. One important note is that a scalar field response
due an external gravitational field and a gravitational response due to an external scalar

field are both quantified by the same parameter .

5.4 Minimally Coupled Scalar Field

As a first case study to apply the so-far outlined methods, we will study the behavior of
a minimally coupled and massless scalar field combined with the usual Einstein-Hilbert

action. The total action is thus given by

M? 1
Spulk = SEH + Sp = /d4x\/—g (;IR — 2VM¢V“¢> . (5.4.1)

We can arrive at the same action by setting

2

M,
GQZX, G3:0, G4:T, G5:0 (542)

in the Horndeski action and can hence apply the previously presented perturbation equa-
tions.

While this setup seems overly simplistic at first glance, it is important to note that
the asymptotic behavior that we derive for this model will be identical to any model that
reduces to Eq. (5.4.1) in vacuum and is thus directly applicable to any such model. As a
specific example, one may consider a model in which the scalar field couples to the trace of
the EMT. Also, the background field equations can be solved in an analytic closed form by
using Just coordinates with the solution known as the Janis-Newman-Winicour spacetime.
However, since there is no general closed-form solution for Horndeski theory, we will only
work with asymptotic expansions that we construct in powers of the radial coordinate.

In this way, we can present how one would perform the analysis for an arbitrary model.
5.4.1 Asymptotic Expansion

We begin by deriving the asymptotic expansion of the background fields using the in

Egs. (5.1.2a) — (5.1.3) presented background equations. By inserting the expressions for
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the G; functions of Eq. (5.4.2), we find that the background equations simplify to

1—h rhg”? " 2 h+1
rhé - f _r g iy, (5.4.3)

h = — =
r 2M§1 " f h Mgl ’ rh

Next, we use the following ansatz for the asymptotic behavior

F=YfrTh h=) T = i, (5.4.4)
1=0 =0 1=0

where the f;, h;, and ¢; are real coefficients. Note that we require fo = hg = 1 in order

to arrive at an asymptotically flat spacetime. We insert this ansatz into the background

equations and then solve these order by order in 7. Up to to order r—* we obtain
2 2,2
2 2 2.2
h=1- ¥ - 21\%7«2 - 2%5;3 + gﬁgﬁi +0(r "), (5.4.5b)
2772 2 2772 2
b= o+ % " Mrfl ¢1(16£MA§Z13_ 1) M¢1(6£4§;[ZI —¢1) OG0, (5.4.50)
where we have identified hy = —2M. In general, we find that every coefficient is com-

pletely determined in terms of M and ¢;. We will later see that we can identify (up to
a constant factor) ¢; with the scalar charge that appears in the PP action. Also, even
though ¢y appears as a free parameter in the expansion, we note that it can not have
any impact on observables since the total action is symmetric under shifts of the form
¢ — ¢ + « for any real o and we may thus set ¢y = 0 for convenience. We have in total
derived the background expansion up to order »—? and present the obtained coefficients

explicitly in App. 5.C.1.

Having obtained the background expansion, we can now similarly construct an asymp-
totic expansion of the perturbation fields. We first note that the perturbation equations

simplify to

rh 4M§1'f‘2h2
(5.4.6a)
¢'[2M2(h — 1) — r*h¢'?] 5
- Mérh ¢
2ho'? 2 / 2 25 2
0:(5¢”—|—h+15 ,_27’ ho —|—LMpl ¢[2(1—h)Mp1+7« he ]HO. (5.4.6b)
rh M§1r2h 2Mp217“h
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We now use the following ansatz for the asymptotic behavior of the perturbation fields

o0
Hy= > Hoir™', 0= 6¢ir ", (5.4.7)
i=—2 i=—2
where the Hp; and d¢; are real coefficients. We insert this ansatz into the perturbation
equations together with the previously obtained expansion of the background fields and

again solve them order by order in 7. Up to order —3 we find that

Hy _ —20¢p_oM
Ho(r) = Ho—or* — 2Ho _oMr + ¢1(Ho.—2¢1 92 M)

302,
Ho_oM¢? Hy _oM?¢?  Hos »
: ; -+ 0 5.4.8
6M§1T 3M§l'r2 T r3 + (T ) > ( a)
MQ2Md¢p_o9 — Hy —
5p(r) = 6p_or* — 20¢_o M1 + ( ¢ 23 0,—291)

5¢—2M¢%+5¢—2M2¢% dp3

—= 4+ 0. 5.4.8b
HOVEr sMZr2 s ) (5.4.8b)

In total, we have derived the expansion up to order r—® and present the obtained co-
efficients in App. 5.C.1. We note that the asymptotic series is completely determined
by Ho 2, Ho3, 0¢—2, and d¢3. Intuitively we can expect Hp _o and d¢p_o to quantify
the strength of the externally applied quadrupolar field, while Hp 3 together with d¢3
quantify the object’s response due to the external fields. At this point, we do not have
the means to make this separation between external and response field rigorous and will
instead leverage the PP EFT approach in the section for this purpose. However, due to
the linear nature of the perturbation equations, we can already deduce that it is possible

to express Hp 3 and d¢3 as
Ho3z = cpnHo,—2 + cpgdp—2, 0¢3 = cppdd_2 + conHo, 2, (5.4.9)

where cpp, chg, Con, and cge are real coefficients that we will later relate to the Love

numbers.
5.4.2 EFT Side

We now wish to investigate how exactly the Love numbers impact the asymptotic space-
time and will, in this way, understand how exactly we can extract the numerical values
for a given spacetime. We will use the PP EFT approach as it was originally laid out by
Kol and Smolkin in [167]. The general idea in this approach is to directly calculate the
asymptotic behavior of the metric and scalar field by evaluating the path integral of the
bulk and PP action at the classical level in terms of Feynman diagrams. In this way, we
can directly relate the asymptotic expansion to the Wilsonian coefficients that appear in

the PP action and thus can identify their impact more easily. Since these calculations are
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most conveniently performed in isotropic coordinates, we will follow [167] and decompose

the metric as

doo = —eV2P@)/ My (5.4.10a)
Goi =0, (5.4.10b)
gij = €_ﬁ¢(ii)/Mpl lﬁ(.ﬁl) 5z'j , (5.4.100)
where have introduced the metric fields ¢ and 1/3 Also, we use overhead hats in or-
der to distinguish all quantities that are obtained in isotropic coordinates from those in
Schwarzschild coordinates. Inserting this metric decomposition into the bulk action we
find that

M2 . N R R N
S = [ ' [;lw/?(aw)? — SOM0p) — L0677 (5.411)

We now wish to expand the bulk action around flat spacetime, which corresponds to ¢ = 0
and 7]) = 1. To this end it is convenient to introduce &, such that
. V2

b=1+"Y"6 (5.4.12)

M,

and flat spacetime now corresponds to & = 0. Using &, we can express the bulk action as

Spulk = / d'z [;@@_3/2(66—)2 - %1/31/2(&@)2 - ;12}1/2((992))2} . (5.4.13)

Expanding the bulk action around ¢ = 0 = 6 now results in

1 , 1 . 1+
where the ellipses denote higher-order operators. From this it is now straightforward to

read off the propagators, such that

eik(m_y)
P@o) =i | e (5.4.150)
~ ~ elk(m_y)
Gy = +i [ o (5.4.15b)
~ ~ eik(m_y)
(d(2)o(y)) = _i/k K2 1 ie (5.4.15¢)

We next turn to the background action. Inserting the metric decomposition results in

pl

bg) _ V2¢/(2M, ¢
S}()pg) — _/dte @/( pl) <M+ QM) . (5416)
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M Q

~

o K

Figure 5.1: Leading-order contribution to the asymptotic expansions of ¢ (left) and ) (right).

Expanding the action around flat space, we find

S(bg):—/dt M- 0 4 , 5.4.17
PP \/éMpl QMpl ( )

with the ellipses denoting higher-order operators that contain higher powers of ¢. These

operators are not relevant for the problem at hand since it can be shown that their effect
falls in one of three classes: (1) generating a monopolar perturbation as a response to an
external field, (2) generating a quantum loop diagram that will contain powers of & and is
thus not relevant to classical physics, or (3) generating a scale-less divergent integral that
vanishes in dimensional regularization. We will therefore only consider the linear-order

operators in the background PP action.

Background

Having prepared the bulk and PP actions, we are now ready to utilize these in order
to calculate the background field expansions. While we are mainly interested in the
perturbations, it is instructive to showcase the procedure by calculating the LO correction
to flat space due to the presence of the PP. The necessary diagrams are shown in Fig. 5.1

and we will start out by calculating qg at linear order in (). We find that

(&) pig 51 = i ]5 [ at@@io)

/ / d4k eikm
i (2m)4 K2 + e

d?’k: zk: x
= — 5.4.18
Mpl r3 (2m)3 k2 + ie’ ( )

where we have carried out the dt and dkg integrals in the last line. Changing to spherical

coordinates and extending the integration range to (—oo, +00) we obtain

R lQ il%f
g5l = dk: i

(5.4.19)
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Figure 5.2: Leading-order contributions of tidal Love numbers to the asymptotic expansion of
the perturbation fields. The crossed circle denotes the external field.

This integral is now easily carried out using the residue theorem, which results in

. Q
A My

(0(2))Fig.5.1 = (5.4.20)

Turning to the left diagram of Fig. 5.1, we can similarly calculate ¢ at linear order in M,

which results in

VoM
8w Mpy7 '

(P(7))rig.51 = — (5.4.21)
As a consistence check we can plug this result into the metric decomposition to find for

the 00 component

LM M (5.4.22)
STMZP P o

(Goo(z))Fig.51 = —1

which agrees with the expected result at this order in M.

Perturbations

We now turn to the tidal parts of the PP action. Inserting the metric decomposition into
Eq. (5.3.5), we find that

)\hh AL AT A Ah(;ﬁ RPN Ad)d) A A
Spo = / dt [&@«pf‘?@% + 2 0,0,00'07 g + —22-0,0;00'0 o+ ... |,

o 8M, 2v/2M2 Vel
(5.4.23)

with the ellipses denoting higher-order operators. These operators are negligible for the
here-considered effects by the same argument that was provided for the background PP

action, and we will thus not consider them further here. We introduce perturbations by
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splitting the fields ¢ and ngb according to

@ - @ + 5@ + 5¢ext ) 5Saext = @zgilij (5424)

Qg — Qb + 5(25 + 5§£ext ) 5(£ext (251] AZ AJ (5.4.25)

where peyt denote the externally applied quadrupolar perturbations, §¢ the response, and
¢ij a symmetric and traceless tensor. The decomposition for gZ; is analogous. Inserting
this split into the tidal PP action we arrive at

Ahh A A N
A _ i i hé 7 aingsa
8pp—/dt [2 2<pzj<9 op + 7 2<pm(9 8]&]5—1— 21@]8 8]&,0—1—

V2M

p.

M2 26100076 .

(5.4.26)

At leading order, these operators will generate the four diagrams shown in Fig. 5.2.
It is straightforward to evaluate these diagrams and find that they have the following
contribution to 64 and d¢

. 3Anh . g o\ 27
) B 5.4.27
v (87rM21s0]+4\/§7rM2¢] T ( )

~ 3>\h¢ A 3 o ztzd
5 y ; , 5.4.28
°e (4f M2 T an M2 Z 75 ( )

In order to express these contributions in terms of spherical harmonics, we follow [168]

and first rewrite ¢;; and qgij as

(PZJ = Z @mmea (bz] = Z ¢my2m, (5.4.29)

m=—2 m=—2

where yfjm is related to the usual spherical harmonics via

237
Yam(0:0) = V5" =3 (5.4.30)
With this decomposition it is now straightforward to identify
Gijd'd = > emi?Yom(0, ), (5.4.31)
m=—2
Gijd'd! = Y i Vom(0, ). (5.4.32)
m=—2

Without loss of generality, we will from now on focus on the m = 0 mode and absorb Y3 ,,

into a redefinition of ém We can justify only considering this mode since the different
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modes decouple at linear order in perturbation theory and since every mode carries the

same information about the tidal Love numbers, we are free to choose the most convenient
ne'. Also, we will relabel ¢,,,—¢ as ¢_o and émzo as (ﬁ_g, which will allow us to compare
this expansion more easily to the previously obtained expansion in Sec. 5.4.1. We thus

find that the contribution in Eq. (5.4.27) and Eq. (5.4.28) are expressed as

R 3Anh .. 3Ang 1

) ——0p_ ) — 5.4.33
¢D<8WM31¢2+4WM2¢2>723, ( )
A 3Ans . 3Ape 2 1

0p D | ————=0p_o+ 0p_o | —= . 5.4.34
¢ (4\/§7rM51 o2 47TMp21 ¢-2 73 ( )

Together with the externally applied quadrupolar perturbation, we thus find that the

total perturbation contains

A . A 3\uh o 1
8P + 0Pext D 0p_of? 5o ) — 5.4.35
P+ 0Pext 2 S02T+<87TM§1902+4\/>M2¢2>7§3 ( )
~ N ~ . 3)\h¢> R 3)\¢¢ ~ 1
8 + Opext D 0_oi? + | ——L—5¢p_ 8p_o | —=. 5.4.36
¢+ dext D ¢2T+<4\/§FM§1<P2+4WM§1¢2 3 ( )

Contamination

With the above given equations, it now appears to be straightforward to obtain the
Love numbers for a given Model. In order to do so, we would numerically construct a
perturbation profile and then first extract the coefficients of the #2 and #—3 terms. From
these coefficients, it is then straightforward to obtain the Love numbers. However, in
order to properly apply this procedure we have to be sure that there are no additional
contributions to the #73 term in the form of terms that are independent of the Love
numbers. More explicitly, due to the interaction vertices in the bulk action, we find that
there are diagrams that do not involve the Love numbers (i.e., no coupling to the Love
operators is present) but would still produce a contribution to the #~3 coefficient. From
dimensional analysis, we find that such a diagram would require five couplings to the
worldline and thus needs to be of the form presented in Fig. 5.3.

To determine whether such a contribution is present, we can now calculate each dia-
gram individually. However, it turns out that there is a certain symmetry present in the

system that will help us to simplify the problem at hand.
A Neat Symmetry

We know that any term that may contaminate the #~2 term in the expansions of 6(%

and d¢ can not contain the Love numbers and must thus be generated from interaction

We may also imagine starting with a perturbation qgij that is already constructed in such a way that
only ¢m=0 is non-vanishing.
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Figure 5.3: Two exemplary diagrams that would also contribute to the asymptotic perturbation
field with the same radial dependency as the Love numbers, i.e., the diagrams in Fig. (b). The
gray shaded area is a placeholder for any allowed interactions between the perturbations and the
five couplings to the worldline.

vertices that are contained in the bulk and background PP action. We will thus consider

a system where the total action is given by
S = Spu + Ségg) . (5.4.37)
We now note that this action is invariant under the symmetry

b —p, -9, (5.4.38)
Q—--Q, M—-—-M.

Due to this symmetry, we find that the expansions of dpyo; and 0Proy can only contain
terms where the combined powers of M and () have to be even. Since each power of M
and @ results from a coupling to the worldline of the PP, we thus have that only diagrams
with an even number of such couplings are allowed, so that the expansion needs to take

the form of
5@ = Z 5([322 pr , (5& = Z (5(232Z P2 (5439)
1=—1 1=—1

Further, as already previously mentioned, a contamination would result from diagrams
that feature five couplings to the worldline and we can hence conclude that there can not

be any contamination in the isotropic coordinate system we used throughout this section.
5.4.3 Matching

We next want to relate the expansion ansatz we obtained in isotropic coordinates to the
expansion in Schwarzschild coordinates. To this end, we will explicitly construct the
necessary coordinate transformation for the background fields. We begin by expressing

the spatial part of the isotropic metric in spherical coordinates, so that
ds? = — f(#)di + h2(7) (de + f%i@?) . (5.4.40)
Comparing this to Schwarzschild coordinates we find that

f(r)y=f#), h7Y(#)di* =hr~r)dr?, and ATHR) P2 =12, (5.4.41)
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Dividing the second by the third equation and taking the square root gives

di = ——dr. (5.4.42)

Integration further results in

In(7) = / L g (5.4.43)

and hence

P = exp < / T\l/ﬁdr> . (5.4.44)

When evaluating the indefinite integral, one has to be careful to choose the integration
constant such that both radial coordinates—# and r—agree at radial infinity. For a
Schwarzschild black hole, it is possible to carry out the integration analytically, but in the
present case, we only have the asymptotic expansion of h available. Nevertheless, we can
insert this expansion into the above expression and then carry out the integration order
by order. Doing so and expanding the exponential function accordingly, we find that the

first few terms of this transformation are given by

) 1 ¢ M2 »
—r— M+ - 2 44
F=r +r <8M§1 1 +0O(r =), (5.4.45)

which now allows us to relate the background fields in both coordinate systems at asymp-

totically large radii.

Relating the perturbations is more difficult since we would first need to transform
the perturbations we obtained in the isotropic coordinates to the Regge-Wheeler gauge.
Instead, it is more convenient to utilize gauge-invariant quantities that allow one to relate
both perturbations directly. For this purpose, we will first express the obtained metric
perturbations in the standard metric decomposition. Denoting the metric perturbations

in isotropic coordinates with h,, we can write

A~

goo=—f+ho=—f (1 - ffo) : (5.4.46)
At the same time, we can express oo using Eq. (5.4.10a) such that

oo = —c V2GR M B9y (5.4.47)
Comparing both expansions, we deduce that

1 — Hy = V200/Mp (5.4.48)
and since we are only interested in linear perturbations, we can safely drop all non-linear
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terms on the right-hand side, thus arriving at

Hoy(r) = —A\gw(m . (5.4.49)

We can also decompose Hj into a power series with

o0
Ho() = Z Ho;i™ (5.4.50)
i=—2
and can use Eq. (5.4.49) now to relate it to the expansion of 6. For the growing mode,

we thus find
/3

X 5
H07_2 = —Mil(sgD_Q (5451)
p

and we can express the tidal contributions to ¢ and 5(]3 as

. 3Anh - s - ) 1
H ———Hy_9— —%00_o | = 5.4.52
0~ <87rM21 02" 02 ) (5:4.52)
P b
) SAns - s o ) 1
60D | — Hy _ 0d_o | —. 5.4.53
¢ ( 81 My 0-27F 47ngl ¢-2 73 ( )

As already mentioned above, these expressions are not yet in the Regge-Wheeler gauge.
In order to relate them directly to the expansion in Eqs. (5.4.8), we will utilize gauge-
invariant quantities. To this end, consider a general infinitesimal coordinate transforma-

tion of the form z, — z, + £, with

ft = Z T(tv r)}/lm(‘ga (p)v (5454&)
l,m

& =Y R(t,)Yim(0, ), (5.4.54D)
Im

€= 0(,7)VaYim (0, ¢), (5.4.54c)
lm

with 7, R, and © being arbitrary functions and a € {6, ¢}. Under such a transformation,
one finds that the perturbations Hy, d¢, hg, and G transform as

2. f'h
Hy — Hy + ?T — ffR (5.4.55a)
5¢ — 6¢ — ¢'hR, (5.4.55b)
ho = ho+T +0O, (5.4.55¢)
GG+t %@. (5.4.55d)
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From this we thus find that the combination

, . 2 ..
56— Zho+ & (5.4.56)

\I/EH()—W f f

is invariant under infinitesimal transformations. Since we only consider static perturba-

tions, we can simplify this expression to

_g_tL
U = H, 7 ¢,5¢ (5.4.57)
and thus have
V2o S s gy O
21,770 Fe @0 =0 R ) (5459

where we have used Eq. (5.4.51) to replace Hy in favor of 6¢. Next, we will isolate any

contamination by separating Hp 3 and d¢3 as

Hojs = Hys+ Hyjs, (5.4.59)
b3 = 0y 3+ 00 3, (5.4.60)

where the superscript 0 denotes the contamination terms, while A denotes the pure tidal
contributions. We now first consider the case of vanishing Love numbers, which will allow
us to determine the contamination in Schwarzschild coordinates. To this end, we insert
the obtained background expansion together with the perturbation expansions into the
matching condition above, expand it around spatial infinity, and then match it order by

order. At the various orders we find
1. O(r?): We solve for 6p_s.

2. O(r!'): The equation at this order is automatically satisfied if we use the above

solution for d¢p_s.
3. O(r%): We can solve the equation for §¢y.

4. O(r71): The equation at this order is automatically satisfied if we use the above

solutions for §¢_o and dpg.
5. O(r=2): We solve for §ps.

6. O(r~3): At this order, the above pattern breaks. The coefficients dp9; and 5@321- do
not appear after using the solutions at previous orders, but we still find an equation

which we can solve for Hy 3 in terms of Hy 2, 6¢_2, and d¢3.
7. O(r=*): We solve for §p4.
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8. O(r~°): Finally, at this order, we find an equation similar to that at O(r~3), which
we can solve for d¢3 in terms of d¢_o. Using this solution for the equation of Hy 3

derived in step 6 above, we find that the dependence on d¢_o cancels.

In this way, we are able to uniquely determine the coefficients H873 and §¢3:

3M3¢?  3Mo}
HQ 3 = Hy_o L L, (5.4.61)
, 5MZ 80Mp,
3M3¢p?  3Mof
0 1 1
=5¢_ - 4.62
53 = 5¢p 2< A2 80D (5.4.62)

In order to match the tidal contributions we consider the limit M — 0 together with
@ — 0. In this limit we find that the coordinate transformation in Eq. (5.4.44) becomes
trivial, such that # = r. Further, since we have ¢ = 0 and f’ = 0 in this limit, we find
that d¢ and Hj are unaffected by the infinitesimal transformations in Eqgs. (5.4.54). We
can thus identify

Ho(f) = Ho(r) and 66(7) = do(r). (5.4.63)
In this way, we directly find that the tidal contributions are

A 3Ann 3)\h¢

= 20hh o 5b_ 5.4.64
03 7 8 M2 02 ax M3 -2, ( )
p b
3)\h¢ 3)\¢¢
Sdr = — _ 8o . 5.4.65
95 8TMp 2+ 4r M2 -2 ( )

In total we thus conclude that the coefficients Hp 3 and d¢3 are uniquely determined to
be

3M3¢2  3Mo? 3\ 3\,
Hys = Hy _ 1 _ 1 Hy o — —21 56 5.4.66
03— 0 2( BMZ SOMY ) T 8rMZ TP dAnb b2, (5.4.66)
3M3¢2  3Me? 3\, 3\
53 = 0o 1 _ L) _ 2%h g 9 5b_s. 5.4.67
#3= 092 < BMZ SOMY ) 8rMy 2t 4r M3 b2 (5.4.67)

It is important to note that this result is universal for any scalar tensor theory that reduces

to a minimally coupled and massless scalar field in vacuum.

5.5 Damour-Esposito-Farese Model

To apply these results to a specific model, we now turn to the study of the Damour-

Esposito-Farése model. This model is specified by the following action in the Jordan
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frame

SDEF = /d4$\/ 5 ¥

1 3M,F 2F ¢
“BF(R -5 [ 1- =552 | F(@)V V6|, (5.5.1)
where
F = e 09 /M) (5.5.2)
and (3 being a real constant. The same action can be obtained by choosing

2

3M2 E¢ Mpl

in the Horndeski action, and we can thus apply the results of Secs. 5.1 and 5.2 here.

5.5.1 Expansion in the Jordan Frame

We begin by preparing the background expansions. For this purpose, we choose the same

ansatz as in Sec. 5.1, which is given by

F=Y fir™ h=Y hrh, 6= ¢ir, (5.5.4)
1=0 =0 1=0

with the coefficients f;, h;, and ¢; being real constants. We insert this ansatz into

Egs. (5.1.2) and solve them order by order in r thus finding up to order r—2

o) =24+ B2 4 09), (5.5.50)
IR (R

M) =1-=1 o o3, (5.5.5b)
_ 2M Bp?

) =1-=2+ T O3, (5.5.5¢)

In total, we have calculated the expansions up to order 78 and present them in App. 5.C.2.
Turning to the perturbations next, we also follow the same strategy as in Sec. 5.4.1 in

order to expand the fields around asymptotic infinity and choose the following ansatz

(e.] o
= Z H[)J'T'_Z, (5¢(7’) = Z 5@-7"’, (5.5.6)
i=—2 i=—2
with Ho; and d¢; also being real constants. We determine most of these coefficients by
inserting this ansatz into Egs. (5.2.10) and solving it order by order. Doing so, we find
that, just as in Sec. 5.4.1, all coefficients are completely determined in terms of Hy o,
Hy 3, 0¢_2, and d¢3. We have obtained this expansion up to order r~8 and present the

obtained coefficients in App. 5.C.2. Since the expansion is quite involved, we refrain from
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presenting parts of it here explicitly.
In order to obtain numeric results, we first have to determine the field behaviors around

the origin. To this end, we expand all fields around the origin using the following ansatz
P(r) =P+ Y Pri,  pr)=pc+> pir',
i=1 i=1
(0.9} ) o )
G(r) =g+ ¢r',  h(r)=he+ Y hir', (5.5.7)
i=1 =1
0 .
fr)=fo+ > fir',
i=1
where P., B;, pc, pis ey iy he, hi, fe, and f; are real constants. We insert this ansatz

into Egs. (5.1.2) and solve it order by order while also enforcing regularity at the origin.

In this way, we find that at NLO order in r, the fields are given by

P(r) =P, — p;@f [pi;\jgc 5%32(53%133)]# +O@, (5.5.8a)
¢(r) = de + Wﬂ +0(r), (5.5.8b)
h(r)=1— 22510 06;\2)‘??2(22 c) T3 Oy, (5.5.8¢)
flr)=fe+ F(qu) [pcﬁL‘? + /32¢31(55\4—§13Pc)} r2 4+ 0. (5.5.8d)

Overall, the expansion is entirely determined by P., ¢., and f.. Finally, we will expand

the perturbations around the origin by using the ansatz
Ho(r) = Hoe+ »_ Hogr', 6¢(r) =8¢+ > d¢ir'. (5.5.9)
=1 =1

Inserting this expansion into Eqs 5.2.10 together with the background expansion given in
Egs. (5.5.8), we find at NLO in r that

Ho(r) = Hor* + O(r?), (5.5.10)
5o(r) = 6per® + O(rt) (5.5.11)
with Hy . and d¢. being real coefficients.

5.5.2 Expansion in the Einstein Frame

We can recast the action in Eq. (5.5.1) to the Einstein frame by performing a rescaling

of the metric with
guu = F(Qs)guua (5512)
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so that g, is the new metric in the Einstein frame. In what follows we will generally use

an overhead tilde to denote quantities in the Einstein frame and thus distinguish them
from quantities we obtained in the Jordan frame. The action now takes the form of

Mgl » 1. U v -1 ~

TR - 59” VudVig| + Sm(F ™ (6)duw) (5.5.13)

Sper = /d4l‘\/ —g

and we note that in vacuum it reduces to a minimally coupled and massless scalar field.
This property is now crucial since it allows us to utilize all previously obtained results in
Sec. 5.4, such as the background expansions and the tidal contamination. As such, it is

not necessary to perform any additional expansions in this frame.
5.5.3 Matching both Expansions

In order to determine the contamination term in the Jordan frame, we next transform the
asymptotic expansions from the Einstein frame, where we already know the contamination
terms, to the Jordan frame. To this end, we first need to identify the transformation law

for the background fields.
Background

We start out by splitting the metric and scalar field into background and perturbation

modes such that
G = G+ Pyr s =0+ 69, (5.5.14)

such that overhead bars denote the background fields, while A, are the metric pertubra-
tions and d¢ the scalar field perturbations. Next, considering the metric rescaling given
in Eq. (5.5.12), we find that a metric g, in Schwarzschild coordinates results in a metric
5#,/ given by

G = diag( = F(0) £, F(6)h™", F(9)r%, F(6)r?sin®0) (5.5.15)

and note that @W is not itself in Schwarzschild coordinates anymore. We therefore need

to perform an additional coordinate transformation with
T =ry\/F(¢). (5.5.16)

This coordinate transformation together with the metric rescaling in Eq. (5.5.12) now

allows to directly relate the background fields in both frames to each other.
Perturbations

Turning to the perturbations, we start out by noting that the scalar field perturbations
can readily be related to each other using the coordinate transformation in Eq. (5.5.16),

such that

op(r) = d(r). (5.5.17)
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Turning to the metric perturbations, we insert the metric splits into the rescaling law
given in Eq. (5.5.12) to first find

Gy + Py = F (& + 60) (G + hyuw) - (5.5.18)

We next expand this equation in powers of the perturbation fields and find at linear order

that

by = E¢(¢)§uu5¢ + F(¢)huu : (5.5.19)

From this relation we can deduce that iLm, is already guaranteed to be in the Regge-
Wheeler gauge. We can deduce that since h,, and g,, only contain diagonal elements,
iL/W can also only contain diagonal elements and hence ho, b1, and G need to vanish. While
we needed to perform an additional coordinate transformation at the background level
to arrive at Schwarzschild coordinates, it is thus not necessary to perform an additional
gauge transformation. Further, since our goal is to identify a relation between Hy and

Hy, we now focus on the 00 component of this equation and use
hoo = fHo, Goo=—f, hoo= fHy. (5.5.20)
We therefore find

fHy = —F 4(8)f66 + F(¢)fHo (5.5.21)

and further note that since f = F (¢)f, we can simplify this relation to

Hy(7) = —mw(m + Ho(r) . (5.5.22)

Equipped with this relation for Hy together with the relation for 5(]3 in Eq. (5.5.17), we

are now ready to match the asymptotic expansions in both frames to each other.
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We find that
—128 MAMA + M?¢2 M? (13208 — 208) + ¢ (13582 — 308 — 27
Hos = 866961 ol P M (13208 : )+ ¢f (1358 p )
’ 1440M5
(5.5.23a)
¢1 (50 — 698) — 152M2 M2 3M3¢2  3Mo?
Ho oM 2 p. Hao 1 1
Ho—2Mpor 144M* A2 TR T soadd,
p p P
3)\hh 3)\h¢>
= Hy o — S
- R S V) -2,
$1(2—3p3) —8M2M2 3M3¢2  3Mo?
Sh3 = 30¢_o M B3 P8¢y L_ 1 (5.5.23b)
16M, SMZ 80M,
3)\h¢ 3)\¢¢
— Hy Sp_s.
87 Mp 0-2+ 47er31 ¢-2

Especially, we note that we thus found additional contamination terms to be present that

depend on f.
5.5.4 Numerical Analysis

We begin our numerical analysis by first constructing background solutions that we then
use to build the perturbations numerically on top. We will go over the techniques used

to extract the Love numbers and also comment on the numerical accuracy of our results.
Background

We integrate the background equations (5.1.2) radially outward using Egs. (5.5.8) as the
boundary conditions around the origin. We fix ¢. by demanding that ¢9 = 0 and f. in
order to obtain asymptotic flatness. By doing so, there only remains one free parameter,
the central pressure P., and we thus arrive at a one-parameter family of solutions, whose
masses and radii we plot in the left panel of Fig. 5.4. While for most of the parameter
space we find that asymptotic flatness can only be fulfilled for ¢ = 0—and the results thus
reduce to pure GR—there is a finite window of values for the central pressure that allow
for a scalarized branch of solutions. We also plot the mass-radius curve of the scalarized
branch in the left panel of Fig. 5.4 and additionally present the resulting scalar charges
in the right panel of the same figure.

Extracting the Love Numbers

Turning to the perturbations, we will first describe the general procedure for extracting
them from a given perturbation profile. From Egs. (5.4.8) we know that the perturbation
profiles are fully determined in terms of d¢_o, d¢3, Hy —2, and Hp 3. In order to extract
these coefficients from a given perturbation profile, we perform a least-squares fit of the
asymptotic expansions for Hy and d¢ to the numerically obtained profiles of H{ and d¢”.

We use the second derivative of these profiles since these converge to a constant value at
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Figure 5.4: Left: The mass-radius curve for NSs in the DEF model with 8 = —4.5 and 8 = —6,
where M, is the solar mass. We choose the DD2 equation of state for describing the property
of perfect fluids inside the NS. The dotted black line shows the non-scalarized solutions, which
are identical to the GR solutions, while the purple-colored lines represent the scalarized solutions.
Right: Scalar charge ¢, versus the total gravitational mass.

large radii, which is numerically more convenient to work with rather than the divergent
behavior of Hy and d¢ themselves. To carry out the least-square fit, we then use 100 data
points that are equally spaced in the radial interval of r ~ 60km up to rmax =~ 75 km.
The Love numbers could now be obtained by, e.g., performing a shooting procedure
on Hy. and d¢. to find a profile for which either Hy _o or d¢_o vanishes, so that one
can easily extract the Love numbers using the Eqs. (5.5.23). However, it is numerically
much more efficient to exploit the linear nature of the perturbation equations in such a
way that we only need to construct two linearly independent perturbation profiles. More
explicitly, consider two sets of perturbation profiles, which we denote as Hél), 5o for
the first set and H(SQ), 82 for the second set. Focusing on the Hy profiles, we know from

Eq. (5.4.9) that we can decompose the Hy 3 coefficient for both sets as

Hélg = Ch¢>5¢(_1% + ChhH(g}lg ) (5.5.24)
H(()Q?f = cngdo’) + ChhH(g?) 2 (5.5.25)

We can restate these equations in matrix form, such that

1 1 1
<5¢<; Hé,é) (%) _ (Hé,z?) (5.5.26)
5¢(_2% HS,EQ Chh H(()Qs)

which can be solved for ¢4 and cpj, straightforwardly to give

1
Cho | _ 5¢(_1% H (5,112
Chh 5¢(_2% H, (S?ZQ
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Likewise, we can use the two d¢ profiles to solve for cyy and cgy, with

1 )\ ! 1
cos) _ (06800 VN foot)
=0 O @ |- (5.5.28)
Coh 5%,—2 Ho,—2 Yox
In order to ensure that the two sets of profiles are linearly independent we choose the

initial conditions (Hé}lz, 5¢(_1%) = (1,0) for the first set and (H(g?ZQ, 5(;5(_2%) = (0,1) for the

second.

Having obtained the coefficients cup, che, cgn, and cge, we still have to relate these to
the Love numbers, which we can do by using Eqgs. (5.5.23). In what follows, we will differ-
entiate between corrected and non-corrected Love numbers, such that the non-corrected
Love numbers are obtained by neglecting the contamination terms in Egs. (5.5.23), while
the corrected ones take the contamination into account. More explicitly, we define the

non-corrected Love numbers as

8mM7 Ar M3
Ahhone = Chhy  Ahgne === Cho,
- 8w My 47r]\421
Ah(f)JIC = = Coh » Ad)d),nc = 3 P Cop » (5529)

Where we use the subscript nc in order to distinguish them from the corrected Love
numbers. Also, we have introduced 5\h¢, which we obtained by using the coefficient cgp,
while )4 is obtained using the coefficient ¢js. While these two numbers should be the
same when accounting for the contamination terms, the non-corrected mixed Love number
should differ depending on whether one uses ¢y or cgp,. This will later allow us to directly
demonstrate that a contamination is indeed present. Further, the corrected Love numbers
are obtained as

SwM? ¢7 (50 — 693) — 152M2M?2  3M3¢2  3Mp?
_ pl _ 271 pl 1 1
>\hh = 3 |:Chh Mﬁ¢1 144M§1 5M§l 80M§1:| s (5530&)
Am M) M2 M2 (13205 — 208) + 67 (13537 — 3053 — 27) — 128M* M),
Ahg = =3 |ho — F1 144007, ’
p
(5.5.30D)
. 8 M,
Ahp = — 773 2 eon (5.5.30¢)
dr M? #1(2—3B) —8M2M?2%  3M3¢2  3Mept
Nos — pl — 3MBd2 1 pl 1 1 530d
T3 {C‘W MBo1 16207, 5MZ T ROM} (5.5.30d)

Numerical Accuracy

Before presenting our results for the tidal Love numbers, we first study the numerical
accuracy of the outlined procedure. We can do this by considering stars in pure GR, where
one has an exact solution for Hy outside the star and can thus obtain Apj; by matching

Hy at the star’s surface to the exact solution. This procedure was first introduced by
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Figure 5.5: Absolute relative difference of the quadrupolar Love numbers Ay, on the GR branch
when extracted using the exact formula derived by Hinderer [61], to the ones obtained by the
matching procedure described in the main text. The text inset denotes up to which order the

asymptotic expansion is used for the matching, e.g., the dark blue curve corresponds to the

expansion up to (including) order r~5.

Hinderer in [61], where it was found that

AL :%ME’(l —20)*[2+2C(y — 1) — y] (5.5.31)
x {2C[6 — 3y +3C(5y — 8)]
+4C3[13 — 11y + C(3y — 2) + 2C%(1 + )]
1

+3(1-2C)*[2—y+2C(y — 1)] log(1 —2C)}

where C = M/R, y = RH)(R)/Ho(R), R denotes the stellar radius, and we have used
the superscript H to distinguish the obtained Love number from this procedure. At the
same time, we can obtain App by performing the above-described least-square fit at large
radii using the series expansion of Hy at large radii. In Fig. 5.5 we present the relative
difference between Apj and )‘Eh for various orders of the asymptotic series expansion. We
note that the relative difference first exponentially decreases for each order that is added
to the asymptotic expansion, but the improvement seems to stagnate at order 7—%, where
the relative difference plateaus for the majority of stellar configurations. We attribute
this stagnation of improvement to the finite numerical accuracy and since no further
improvement is to be expected by adding more orders to the asymptotic expansion of Hy,
we will perform all further analysis at order r—8. At this order, we find that the relative
difference is =~ 0.01 % and we will assume that the numerical errors in all further derived

quantities are of similar order.
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Figure 5.6: Left: The quadrupolar even-parity dimensionless Love numbers for NSs in the DEF
model with 8 € {—6,—4.5} and the DD2 equation of state. We obtain the dimensionless Love
numbers via A, = A\, /M®, where x € {hh,hp,¢¢}. Agp is shown for both in the scalarized
(colored) and GR (gray) branches. Note that Apg drops to zero on the GR branch, which is due
to the parity symmetry explained at the beginning of Sec. 5.5. Right: The relative difference
between the non-corrected (A ) and corrected (A,) Love numbers.

Numerical Results

We are now ready to present our results for the corrected tidal Love numbers. The left
panel in Fig. 5.6 presents the dimensionless tidal deformabilities, defined by A, = A\ /M?,
with x € {hh, ho, p¢}. We generally observe that the Love numbers are enhanced on the
scalarized branch, with this enhancement amounting up to one order of magnitude for
B = —6, but being less pronounced for 8 = —4.5. Further, the mixed Love number, Ay,
is exactly zero—within numerical accuracy—on the GR branch. This is consistent with
our earlier discussion, where we argued that Ay needs to vanish on the GR branch due to
the ¢ — —¢ symmetry. However, Ay does not vanish on the GR branch and is generally
smaller than the other Love numbers.

Further, the right panel of Fig. 5.6 demonstrates the relative difference between the
corrected and non-correct Love numbers. We observe that the relative difference is gen-
erally larger in the case of § = —6, where the largest deviation is observed in Ay, which
differs by up to 15%. The case of 5 = —4.5% is much less severe, with the largest
deviation arising in Agg at about 2.5 %.

Figure 5.7 demonstrates the relative difference between 5\h¢, and Ape. As alluded to
earlier, if the contamination is properly taking care of, then the relative difference is
expected to vanish as both values need to be equal. Indeed, we find that the relative

difference in the non-corrected case can be as high as 10% for 8 = —6 and 1% for
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Figure 5.7: Comparison of the extracted tidal Love numbers A4 when obtained via cpy from
Eq. (5.5.27) to the ones obtained via cgp, from Eq. (5.5.28). The blue line displays the relative
difference for the corrected Love numbers, as defined in Egs. (5.5.30), while the purple line demon-
strates the relative difference for the non-corrected Love numbers, defined in Egs. (5.5.29). If the
Love numbers are correctly extracted, then the relative difference should approach zero. Notably,
the curves of non-corrected Love numbers show significant deviations, with a relative difference of
up to 13 %.

B = —4.5. For the corrected Love numbers we observe that this difference significantly
drops to below 0.07 % for 8 = —6 and to around 0.01 % for 8 = —4.5. As discussed in the
previous section on numerical accuracy, we expect the results to be accurate at the order
of 0(0.01 %) and we can thus deduce that—within numerical accuracy—we can confirm

that Apg and 5\h¢ are indeed identical when considering the corrected Love numbers.

5.6 Scalar-Gauss-Bonnet Gravity

Having successfully studied the DEF model, we now turn our attention to scalar-Gauss-
Bonnet (sGB) gravity. While we will not be able to present expressions for the contamina-
tion terms, as the previously outlined method is not applicable here, it is still instructive
to see precisely why this model eludes our procedure. The sGB model is characterized by

a coupling of the scalar field ¢ to the Gauss-Bonnet invariant RéB, such that the action

is given by
4 Mgl 1 2
SsGB = /d Ty —g TR — 5V“¢Vﬂ¢+ £(¢)RGB , (5.6.1)
where £ is a real function of ¢ and
R%‘rB = R2 - 4RaﬂRa'B + RQB;WRQBMV . (562)
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This model is also captured by Horndeski’s theory and can be obtained by setting

Gy =X +8WX2(3-n|X]), (5.6.3a)

Gy = 4P X (7 - 3In|X|), (5.6.3b)
M2

Gy = 7P1 +4£@X(2 - n| X)), (5.6.3¢)

Gs = —4¢Wn | X, (5.6.3d)

where £ (¢) = d"¢(¢)/dg™.
5.6.1 Asymptotic Expansion

As we did for the other models, we now first prepare an asymptotic expansion for the
background and perturbation fields. To do so, it is convenient to first expand £(¢) in
powers of ¢ around the asymptotic value of ¢, which we denote by ¢g. We set ¢g = 0 for

convenience and can thus write
JOED & " (5.6.4)
N ; n!" o

where we have dropped the terms containing &y and &; since the former results in a
surface term in the action and the latter would inhibit spontaneous scalarization [169].
The asymptotic expansions for the background fields were already presented in, e.g., [170],

and we will therefore not further study them here.

The asymptotic expansions for the perturbations are given by

Hy_o¢?  Ho_oM@?
Ho(r) = Ho,—21* — 2Ho o M7 + — + — (5.6.5a)
3M?, 6027
Ho_2¢3(M? +48%)  Hos 4
5 5 O
* M2 s o),
Hy _oM 12Hy _o M 1)
Sp(r) = — =2 ; ¢ 12Ho, :2 Q182 —i‘”’ +0 (Y, (5.6.5b)

where we set 6¢_o = 0 for convenience. Note that &, appears at order 7~2 in the expansion
and we can thus expect that & will likely also appear within a contamination term at

3

order r~°. Indeed, from dimensional analysis it is straightforward to see that at order

r~" with n > 2 generally all coefficients &3, ..., &, can appear.

5.6.2 EFT Side

We next turn to the EFT perspective again in an attempt to leverage it for disentangling

the contamination terms. Using the same metric decomposition as before, Eq. (5.4.10),
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Figure 5.8: Leading-order diagram arising from the scalar field coupled to a Gauss-Bonnet term.
Since we consider theories in which £ is an even function of ¢, the above diagram corresponds
to the leading-order effect from &. We denote the corresponding operator, which is given in
Eq. (5.6.7), with a black square.

we find that the Gauss-Bonnet contribution to the total action can be written as

/d4x\/jg§(¢)RéB :/d4a:§(q5) |:\f(p/Mp1{2\[(a 8J¢)8Z¢ +2( ¢aj¢)81/1

M 11/13/2 M. 12¢3/2
+\/( i00I) 0' 6l 0,p011) 0'p _4(33-8]90)8%
11/,5/2 Mp12@@3/2 Mp12 12)1/2
(5.6.6)
J L 5] Jj
+ 930 w?sO)aso . zaawaw 40 90890}]
3¢1/2 ]\413l ¢3/2 Mp12w1/2

We can here now already deduce that the symmetry that enable us to previously deduce
that only even powers of 7 are allowed to appear in the expansions of 5¢3 and ¢ is not
present here anymore. In order to study the impact of the Gauss-Bonnet term more
closely, we expand it around flat space and find that the LO contribution is given by

48 i ain anja
SEO) M§ / d4x¢8,¢(883 280 aajgoaﬂw). (5.6.7)

The resulting LO diagram is shown in Fig. 5.8 and from dimensional analysis we deduce
that it results in a contribution to d¢ that is proportional to &3 /72, consistent with what
we found in the asymptotic expansion of Hy in Eq. (5.6.5a).

While we are thus not able to determine the contamination term in sGB gravity, we
were able to show that a non-trivial contamination is expected to be present, and we

postpone further investigation of it to future work.

5.7 Conclusion

We have expanded upon the results of [166]—where the authors derived the general lin-
ear perturbation equations for a spherically symmetric and static system in Horndeski
theory—Dby specializing their result to static perturbations and then presenting the gen-
eral procedure that allows us to determine the perturbation profiles. We next defined
the quadrupolar Love numbers by leveraging the PP EFT approach. Having finished this

general setup, we turned to the study of a minimally coupled scalar field and have shown
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that the 1/r3 term in the asymptotic expansions of d¢ and Hy does not solely depend
on the quadrupolar Love numbers, as is usually assumed. We identified the source of the
additional terms that contaminate the 1/7® terms and derived their exact expressions.

In order to quantitatively study our results, we chose the DEF model in the Jordan
frame. Since a conformal rescaling of the metric can recast this model into the Einstein
frame, where our previously obtained results for the minimally coupled scalar field are
applicable, we were also able to determine the contamination terms for the DEF model.
We then solved the background and perturbation equations numerically, where we used
the DD2 equation of state to model nuclear matter. When comparing the corrected to
the non-corrected Love numbers, we found that that the deviation can become quite
noticeable—e.g., 15% for § = —6 —Dbut is less than ~ 2% for 8 < —4.5, which is the
parameter range for 8 that has not yet been excluded. As such, while this difference in
the Love numbers might not be observable with current observatories, next-generation
detectors will be able to determine the Love numbers to sub-percent level precision [63],
and it will thus be crucial to have a firm understanding of their calculation.

After studying the DEF model, we turned to the sGB model. We demonstrated that
the procedure we leveraged to determine the contamination for the minimally coupled
model does not apply to the sGB model in the same way. However, we were able to show
that additional contamination terms most likely exist, and we postpone the study of their

exact shape to future work.
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5.A Background Equations

We present the definition of the functions that are used in the background equations of

motion of the Horndeski action in Eq. Eq. (5.1.2).

Ay = —h*(Gs x — 2G4 4x)8* — 2Gyph,

Ay = 21*(2Gs xx — G5 4x)8"° — 4h*(Gax — G5.4)8

Az = —h*G5 xx¢™ + h2G5 x(3h — 1)¢"?,

Ay = h*(2Gy xx — G59x)8"™" + h(3G5 4 — 4Gy x)9* — 2G4,
1

A5 =3 Gs.xxh*¢” — hGs x (5h — 1)¢| |

Ag = h(Gs4 — 2G4,¢¢)¢I2 +Ga,

A7 = —2h%(2Gy4px — G3,00)8"° — 4G4 shd

Ag = G5 oxh3¢™* — (2G4 xh — G5 sh — G5 4)¢? — 2G4(h — 1),
Ag = —h(Gax — G34)¢? — G,

1 1
Ay = 5G;,,d,th”(;s"* - 5h2(2G4,X — G5.4)¢” — Gah.
5.B Coefficients of perturbation equations of motion

The coefficients appearing in the perturbation equations of motion (5.2.10a)-(5.2.10f) are
given by

1
a; =+/fh HG4,¢ + §h(G3,X - 2G4,¢X)¢/2} r’
1
+2h¢’ {G4,X — G5, — ah(2G4,XX - G5,¢X)¢'2} r

1 1
+§G5,Xxh3¢'4 - 5Gg,,xh(?,h — 1)¢>’2] ,

() (-2 (-

VIh ¢ 2f & \f h 2 Vhe' ’
1 VTR VT H F
a3 =—g¢'ar —ras, ay=-_-H, as=ay—ay, = = g H+—=—)
1 2p+ P 1 1 1f 1 /h
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with
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2 113
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Note that £11 and &, are defined, respectively, by Egs. (5.1.2b) and (5.1.4).

5.C Asymptotic Expansions

5.C.1 Minimally Coupled Scalar Field

For the model studied in Sec. 5.4, we present the coefficients for the asymptotic expansion

of the background fields and then show the coefficients for the perturbation fields.
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5.C.2 DEF Model

For the model discussed in Sec. 5.5, we show the coefficients for the asymptotic expansion

of the background fields and also present the coefficients for the perturbation fields.
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CHAPTER 6

DI1SCUSSION AND OUTLOOK

The advent of GW astronomy enables a plethora of new ways to test models that go
beyond the standard model of particle physics and GR. In this thesis, we have explored
several aspects of how such models impact the GW signal originating from compact binary
systems.

In chapter 3, we outlined the details on how Goldberger & Rothstein’s EF'T approach to
the generation of GWs from compact binaries is modified to accommodate an additional
massive scalar degree of freedom. During the course of this chapter, we derived the
modified conservative dynamics, power loss, and GW phase for binary systems on circular
orbits—all at 1PN relative order. While doing so, we kept the Wilsonian coefficients
that appear in the PP action model agnostic, and we can thus easily apply the obtained
results to various scalar-tensor theories. Most importantly, the presented results extended
previously available computations to NLO order.

We continued in chapter 4 by shifting our focus toward NS that are admixed with
minimally coupled DM and computed their mass, radius, and tidal deformability for DM
masses of order mg ~ 10710 eV. In this regime, we were able to describe the DM content
as a classical field, so that the resulting objects can be considered to be the combination
of a BS with a NS. While the masses and radii of such objects have already been pre-
viously computed, we extended these results by investigating the tidal deformability of
said objects. We found that even a small amount of DM can significantly enhance the
tidal deformability, given that it arranges in a cloud-like configuration, which generally
happens for m, < 10710V,

Chapter 4 continued the exploration of the tidal deformability, but now focusing on
scalar-tensor theories, where an additional long-range scalar degree of freedom is present.
More specifically, we framed our analysis around Horndeski’s theory, which encapsulates
all scalar-tensor theories that have at most second-order equations of motion. We lever-
aged previous results obtained in [166], where the authors derived the general linear
perturbation equations for spherical symmetric spacetimes without specifying the gauge.

We specialized these perturbation equations for the calculation of static perturbations
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and complemented it with a detailed analysis from the PP EFT point of view. Doing so
we were able to identify and resolve an ambiguity that generically contaminates the Love
numbers in scalar-tensor theories. More explicitly, we found that, in contrast to pure
GR, there are additional terms in the asymptotic expansion of the metric perturbations
at large radii that mimic a tidal response, and we were able to calculate these terms.
There is a multitude of ways on how to expand on the here-presented results. Utilizing
the in chapter 3 presented GW phase, one can directly obtain constraints on the worldline
coefficients and scalar field parameter without having to specify the full model. Also, it
remains to investigate the behavior of, e.g., tail effects in the presence of the finite scalar
field mass. Further, while chapter 4 investigates the Love numbers of FBSs by using
linear perturbation theory [171] demonstrated that in certain cases linear perturbation
theory breaks down due to excessively large perturbations in the scalar field. Investigating
under which conditions linear theory breaks down and how to describe higher-order effects
via nonlinear perturbation theory seems a critical direction. One of the main results of
chapter 5 is the identification of the term that contaminates the quadrupolar even-parity
Love numbers, and it remains to investigate the contamination for other multipoles as

well as their odd-parity counterparts.
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